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CHAPTER-1 RELATIONS AND FUNCTIONS
Gist / Summary of the lesson:
% Types Of Relations:
Empty relation, Universal relation, Reflexive, Symmetric, Transitive and Equivalence relations.
% Types Of Functions: One — one (or injective) functions, onto (or surjective) functions, One-one
and onto (or bijective)
Definitions:
» Arelation R in a set A is called empty relation, if no element of A is related to any element of A,
e, R=0cCcAXxA
» A relation R in a set A is called universal relation, if each element of A is related to every
element of A, i.e., R=A XA
» A relation R in a set A is called
(1) reflexive, if (a, a) € R, forevery a € A,
(i1) symmetric, if (a; ,a, ) ER = (az’al)e R, for all a;,a, € A.
(ii1))  transitive, if (a; ,a, ) ERand (a, ,a3; ) ER = (a;,a3) €R, forall a;,a,,a; € A.
» A relation R in a set A is said to be an equivalence relation iff R is reflexive, symmetric and
transitive
» A function f: X — Y is defined to be one-one (or injective), if the images of distinct elements of
X under f are distinct, i.e., for every xq, x,€ X, x; # x,. implies f(x; ) # f(x,) . Otherwise, f
is called many-one.
» A function f: X — Y is said to be onto (or surjective), if every element of Y is the image of
some element of X under f; i.e., for every y € Y, there exists an element x in X such that f(x) =
y. In other words f:X— Y is onto if and only if Range of f=Y.
» A function f: X — Y is said to be one-one and onto (or bijective), if f is both one-one and onto.
Formulae:
e Ifn(A) =pand n(B) = q, then n(A X B) = pq and number of relations from set A to set

B=2P1,
e If A is a non-empty finite set containing n elements, then number of reflexive relations on set
A=2nD),
e If A is a non-empty finite set containing n elements, then number of symmetric relations on set
nn+1)
A=2 =2

e If A and B are non-empty finite sets containing m and n elements respectively, then
(1) Number of functions from A to B=n™

(i1) Number of one-one functions from A to B ={ m U

0, ifm>n
(i11)Number of onto functions from A to B
_(nCpn™ — nC;,(n—1D™ + nC,,(n—2)" —......... Jifn<m
{ 0, ifn>m

(iv) Number of one-one and onto functions
. — ) m!,ifm=n
1.e., bijective functions from A to B= {O Jifm £ n
MULTIPLE CHOICE QUESTIONS
1) Let A={3,5}. Then number of reflexive relations on A is
(A)2 (B)4 <0 (D)8
Solution: If A is a non-empty finite set containing n elements, then number of reflexive
relations on set A=2"(""1),
No. of reflexive relations on A= 22(2~1D=22=4
Answer: B

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 1|Page




2) The number of possible symmetric relations on a set consisting of 4 elements is
(A) 512 (B)1024 (C)256 (D)32

Solution: If A is a non-empty finite set containing n elements, then number of symmetric
. nn+1) ) ] 4(4+1) 4x5
relations on set A =2~ z :No. of symmetric relations on A=2" z =27z =219=1024

Answer: B
3) A relation R on set G = {All the students in a certain mathematics class} is
defined as, R = {(x, y): x and y have the same mathematics teacher}.Which of the
following is true about R ?

(A) R is reflexive and transitive but not symmetric.

(B)R is transitive and symmetric but not reflexive.

(C) R is reflexive and symmetric but not transitive.

(D) R is an equivalence relation.

Answer: D
4) Lettherelation Rintheset A={x€Z:0 < x < 12}, given by

R ={(a,b):|a — b| is a multiple of 4}. Then the equivalence class [1] is

(A){1,5,9} (B){0,1,2,5} O{1} (D)A

Solution:

Given A = {0,1,2,34, ...,12}

Now [1] = {x € A: |x — 1| is a multiple of 4} = {1,5,9}

Answer: A
5) A and B are two sets with m elements and n elements respectively(m < n). How many
onto functions can be defined from set A to set B?

(A)O (B)m! (C)n! (D)n™
Solution: Since, m <n

Answer: A

6) Forreal x, let f(x) = x3.Then

(A) fis one-one but not onto on R (B) fis onto on R but not one-one.

(c) fis one-one and onto on R (D) f is neither one-one nor onto on R
Solution:

Let f(x1) = f(x2) VX1, x2 €ER

=>x3 = x3

=X, = Xy, f IS one — one

1
Letf(x) =x3 =y, x =y3,Vy €ER
Every image y € R has a unique pre image in R.
f is onto.
f is one-one and onto.
Answer: C
7) The function f : R — [—1,1] defined by f(x) = cos x is :
(A) Both one-one and onto (B) not one-one but onto
(C) One-one but not onto (D) neither one-one nor onto
Solution:
Given f(x) = cosx,Let x;,x, € R such that ' (x1) = f(x3)
= C0SX; = COSXp, > X, =2nn X, ,NE Z
f is not one-one.
Also, range of cos x is [—1,1] which is equal to the given co-domain.

f is onto.
Hence the given function is not one- one but onto.
Answer: B
8) A function f: R— A defined as f(x)=x? + 1 is onto, if A is
(A) (—00, ) (B) (1, ) (C) [1,0) (D)[-1,00)
Solution:
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XER 2x2>20=>x*+120+1>=> f(x) =1
Range of f=[1,00)
Thus for f to be onto , A=[1,00)
Answer: C
9) Let L denotes the set of all straight lines in a plane. Let a relation R be defined by IRm if and
only if 1 is perpendicular to m ¥ 1, m € L. Then R is:
(A) reflexive (B) symmetric (C) transitive (D) Equivalence relation
Answer: B
10) A relation R on set A={x:x € Z and 0 < x < 10} as R={(x,y):x=y} is given to be an
equivalence relation. The number of equivalence classes is
(A)1 (B)2 (O)10 (D)11
Solution:
A={0,1,2,3,4,5,6,7,8,9,10}
R={(0,0),(1,1), (2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8),(9,9),(10,10)}
We observe that each element in set A is only related to itself in relation R.

[0]={0}, [11={1},  [2]1={2}, [3]={3}, [4] ={4}, [5] ={5}, [6] ={6},
[71=4{7}, [8] ={8}, [91={9},  [10]={10}

Number of equivalence classes is 11

Answer: D

ASSERTION AND REASON BASED QUESTIONS
Questions numbers 1 to 10 are Assertion and Reason based questions. Two statements are given,
one labelled Assertion (A) and the other labelled Reason (R).
Select the correct answer from the codes (A), (B), (C) and (D) as given below.
(A) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of the
Assertion (A).
(B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct explanation of the
Assertion (A).
(C) Assertion (A) is true, but Reason (R) is false.
(D) Assertion (A) is false, but Reason (R) is true.
1) X=1{0,2,4,6,8}.Pisarelation on X defined by P = {(0, 2), (4, 2), (4, 6), (8, 6), (2, 4), (0,4)}.
Assertion (A): The relation P on set X is a transitive relation.
Reason (R): The relation P has a subset of the form {(a, b), (b, ¢), (a, ¢)}, where a, b, c € X is
transitive.
Solution: P is not transitive as (4,2) (2,4)€P but (4,4) € P.
Answer: D

2) Shown below is the graph of the function f(x) = o7

o 9x-x3

A
44

N+
St
\
>

Assertion (A): The function f is not
onto.
Reason (R): 3 € R (co-domain of f) has no pre-image in the domain of f.
Solution: A is true but R is false. 0€ R does not have a pre-image.
Answer: C
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3) Assertion (A): Let f(x) = e* and g(x) = logx. Then (f + g)x = e* +log x
where domain of (f + g) is R.
Reason (R) : Dom(f + g) = Dom(f) Nn Dom(g)
Solution: Domain of f = R. Domain of g = (0, )
Domain of (f + g) = RN (0,00) = (0,0) # R
Here Assertion is false, Reason is true.
Answer: D
4) Assertion (A): Let A={x e R: =1 < x < 1}.If f: A > A be defined as
f(x) = x?,then f is not an onto function.
Reason (R): If y=-1€ A, then x = £V —1 not an element of A.
Solution: Here assertion and reason are true and R is the correct explanation of A.
Answer: A
5) Assertion (A): Let Z be the set of integers. A function f: Z— Z defined as
f(x) =3x —5,Vx € Z is a bijective.
Reason (R): A function is bijective if it is both surjective and injective.
Solution: Here f(x) = 3x — 5 is not a bijective function.
Answer :D
6) f:X — X isa function on the finite set X.
Assertion (A): If fis onto, then f is one-one and if f is one-one, then f is onto..
Reason (R): Every one-one function is always onto and every onto function is always
one-one.
Solution: For function on finite sets, a one-one function implies onto and vice-versa. This is not
necessarily true for infinite sets.
So reason is not true in this context.
Answer: C
7) Assertion (A): If n(A) = m, then the number of reflexive relation on A is m.
Reason(R ): A relation R on set A is said to be reflexive if (a,a) € R ¥ a € A.
Solution: In a reflexive relation, every element of a set is connected to itself only. So number of

reflexive relation is 2™ ™.
Answer: D
8) Let A and B be two finite sets such that n(A)=5 and n(B)=2.Then
Assertion (A):Number of one-one functions from A to B is 5P,
Reason (R): Number of onto functions from A to B is 30.
Solution: Since n(A)> n(B), Number of one — one functions from A to B is zero.
Assertion(A) is false. Reason (R) is true.
Answer: D
9) Assertion (A) : If A and B are two sets having 3 and 5 elements respectively, then the total
number of functions that can be defined from A to B is 53.
Reason ( R): A function from set A to set B relates elements of set A to elements of set B.
Solution :
A function from set A to set B relates every element of set A to a unique element in set B.
Consequently R is not true.
Answer : C
10) Assertion (A):The relation f:{1,2,3,4}—{x, y, z, p} defined by f = {(1,x), (2,y),(3,2)}is a
bijective function
Reason (R): The relation f:{1,2,3,4}—{x,y, z, p} defined by
f={1,x),2,y),(3,2),(4,p)}is one-one.
Solution: Assertion is false since f is not a function .4 has no image under f.
Answer: D
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VERY SHORT ANSWER TYPE QUESTIONS
1) Let A = {a,b, c} and the relation R be defined on A as follows: R = {(a, a), (b, ¢), (a, b)}.
Then, write minimum number of ordered pairs to be added in R to make R reflexive and
transitive.
Solution : we have relation R = {(a, a), (b,c), (a,b)}
To make R reflexive, we must add (b, b) and (c, ¢).
To make R transitive, we must add (a, ¢) to R.
Minimum number of ordered pairs to be added in R are (b, b) , (¢, c) and (a, ¢).
2) Let C be the set of complex numbers. Prove that the mapping f : C—R given by
f (z) = |z|,V z € C,is neither one-one nor onto.
Solution: we have f: C— R given by f(z) = |z|, Vz€ C
f(3 +4i)=3+4i| = V32+42 =5
f(3-4i)=|3 — 4i|] = V32 + 42 = 5,Thus f(z) is many-one.
Also |z| = 0,V z € C, But co-domain given is R.
Hence f(z) is not onto.
3) Let A={1,2,3},B={4,5,6,7} and let f= {(1,4), (2,5), (3,6)} be a function from A to B. State
whether f is one-one or not. Justify your answer.
Solution:
Given = {(1,4), (2,5), (3,6)}
Since every element of A has one and only one image in B under f, f is a one-one function.
4) A function f: A— B defined as f(x) = 2x is both one-one and onto. If A={1,2,3,4}then find
the set B.
Solution: Whenx = 1,f(1) =21 =2,Whenx =2,f(2) =22 =4
Whenx =3,f(3) =23=6Whenx =4,f(4) =24=8
Since fis both one-one and onto Range of f = Codomain of f
B={2,4,6,8}
5) State whether the following statement is true or false. Justify your answer.
“The sine function is bijective in nature when the domain is [0, 47] ".
Solution : Given function f(x)=sin x, x€ [0, 4]
Let x; x, € [0, 4m] such that f(x1) = f(x3)
= Sinx, = Ssinx,
= x; =nr+ (—1)"x,,ne{0,1,2,3}
2 Xy =X, O X{=T—X, Or X;{=2T +Xx, Or X =3T— X,
= sin X is not one-one in [0, 47].
= The given statement is false.
6) Check whether the relation R defined in the set {1, 2, 3,4, 5, 6} as
R ={(a,b) : b=a+ 1} is reflexive, symmetric or transitive.
Solution: Let A ={1, 2, 3,4, 5, 6}
Relation on R is definedas R = {(a,b) :b=a + 1}
R={(1,2),(2,3),(3,4), (45),(5,6),(6,7)}
R is not reflexive since (1,1),(2,2),(3,3),(4,4),(5,5),(6,6) €R.
(1,2)€ R but(2,1) ¢ R, R is not symmetric.
(1,2),(2,3) € R but(1,3) € R, R is not transitive.
Hence R is neither reflexive, symmetric nor transitive.
7) Let A={1,2,3,4} . Let R be the equivalence relation on A x A defined by
(a,b)R(c,d)if f a + d = b + c. Find the equivalence class [(1,3)] .
Solution: Given on set A = {1,2,3,4} an equivalence relation R on A x A is defined by
(a,b)R(c,d) iff a+d=b+c
Let(1,3)R(x,y) forall (x,y) e Ax A
> 14+y=3and=> y —x = 2
Hence [(1,3)] = {(1,3), (2,4)}
8) A={1,3,5,7,....} and B={2,4,6,8,...}.Define a function from A to B that is neither
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one-one nor onto.
Solution: Given sets A={1,3,5,7,....} and B={2,4,6,8,...}.
Letf:A— B be defined by f(x) =2,V x € A.
Since all the elements of A have the same image 2 in B, f is not one-one.
Only the element 2 in B have a pre-image in A. Hence f is not onto.
f is neither one-one nor onto.
9) Letn be a fixed positive integer. Define a relation R in Z as follows: V a,b € Z, a R b if and only
if a— b is divisible by n . Show that R is an equivalence relation.
Solution: Given that V a,b € Z, a R b if and only if a— b is divisible by n .
aRa => (a-a) is divisible by n, which is true for any integer a, as zero is divisible by n.
Hence, R is reflexive.
aRb => (a-b) is divisible by n, =>- (b-a) is divisible by n
(b-a) is divisible by n => bRa, R is symmetric.
Let aRb and bRc.
=> (a-b) is divisible by n and (b-c) is divisible by n
=> (a-b) + (b-c) is divisible by n =>a-c is divisible by n.
=> aRc, Hence R is transitive.
Since R is reflexive, symmetric and transitive, R is an equivalence relation.

10) f(x) = f_iZfo Find the range of f(x) for x € R.
Solution:
Given f(x) = P—
= f(x) = tan2x
We know that tan x € (—o0, ) and tan2x € (—oo, )
Range of f(x) is (—o0, ). i.e., R.

2 tanx

SHORT ANSWER TYPE QUESTIONS
1) Let f: A— B be defined by f(x) = g, where A=R- {3} and B = R — {1}. Discuss the

bijectivity of the function.
Solution:
To check f'is one-one: f(x;) = f(x3)

x1—2 _ x2—2

x1—3 X2—3
=> (x; —2)(xz —3) = (x —2)(x; — 3)
=>  X1X3—3X1 — 2X; + 6 = x1X,—3%x, — 2x, + 6
=>  —3x; +2x; = —3x, + 2x,
=> —X; =—X,, => X; = Xy, {isone-one

To check fis onto: f(x) = i—:z =>y= i_:;
=> y(x—-3)=x-2  =>xy -3y =2x-2
=> xy—x = 3y—2, => x(y—1) = 3y—-2
3y —2
=> X =
y—1

Fory = 1,x is not defined, But it is given that y € R — {1}
HenceXZ% € R —{1}
’ -2 3y—2-2(y—1)
_ _ 1 _ _ 3y-2-2(y-
> 1) -3 ~f &) 3y-2-3(y-1)
=>  f(x) =y, Hence f is onto.
Since f'is one-one and onto f'is a bijective function.
2) Given a non-empty set X, consider P(X) which is the set of all subsets of X. Define the relation
R in P(X) as follows: For subsets A, B in P(X), ARB if and only if A € B. Is R an equivalence

relation on P(X)? Justify your answer.
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Solution:
Given a non-empty set X and P(X) which is the set of all subsets of X.
Let A, B be subsets of X.
For A,B€ P(X),ARB if and only if AcB — — — — — )
Since every set is a subset of itself A c A.
=>(A,A)eR, Hence R is reflexive.
To check whether symmetric or not.
Let A,BE P(X)and ARB
Since ARB, A c B.But B is not a subset of A.
Hence B is not related to A.
Hence R is not symmetric.
To check if R is transitive or not.
ARB => A c B-----(ii)
BRC => B c C-----(iii)

From (ii) and (iii)) A c C
i.e., if (A,B)eR and (B,C)eR, then (A,C)eR.
=> Ris transitive.
R is reflexive and transitive but not symmetric.
Hence R is not an equivalence relation on the set P(X).
3) Let N be the set of natural numbers and R be the relation on
NXN defined by (a,b) R (c,d) if f
ad = bc for all a,b,c,dN.Show that R is an equivalence relation.
Solution: Given a relation R on Nx N defined by (a,b) R (¢, d)
iff ad = bc foralla,b,c,d € N.
Reflexive: Let (a,b) € N X N such that (a,b) R (a, b)
= ab=ba, R is reflexive
Symmetric: Let (a,b), (c,d) € N X N such that (a,b) R (c,d)
= ad=bc=> bc =ad =>cb =da=>(c,d) R (a,b)
= R is symmetric
Transitive: Let (a,b), (c,d),(e,f) € N X N such that
(a,b) R (c,d)=> ad=bc ----- (1) and
(c,d) R (e,f) => ct=de ------ (11)
acdf =bcde =>af=Dbe=>(a,b) R (e,f), R is transitive.
=~ The given relation R on N x N, is an equivalence relation.
4) Check whether the relation S in the set of real numbers R defined by S Z{(a, b);a—b+
V2 is an irrational number} is reflexive, symmetric or transitive.
Solution: Reflexive: Fora€ S,a—a + V2 =42 is an irrational number.
= (a,a)€ S, Thus S is a reflexive relation.
Symmetric : Let (a,b)E S
= a—b++2isan irrational number
But b — a + /2 may not be an irrational number.
For example: (V2,1) €S =2 —1++/2 = 2v2 — 1is an irrational number.
(1V2) & Sas1—+/2 ++2 = 1isnot an irrational number.
Here (a,b)€ S but (b,a) € S.So S is not a symmetric relation.
Transitive : Let (a, b) € § => a—b + /2 is an irrational number and
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(b, ¢) € S => b — ¢ ++/2 is an irrational number.
But a — ¢ ++/2 may not be an irrational number.
For Example :
(1/3) € Sas1—+/3 ++/2is anirrational number.

(V3.2) € Sasv3—+2 ++V2 =+3isanirrational number
But (1.V/2)¢ Sas1—+2 ++v2 = 1isnot an irrational number.
=>(a,c) € S.So S is not a transitive relation.
Thus S is reflexive but neither symmetric nor transitive relation.

5) A student wants to pair up natural numbers in such a way that they satisfy the equation 2x +
y =41, x,y € N.Find the domain and range of the relation. Check if the relation thus formed is
reflexive, symmetric and transitive. Hence, state whether it is an equivalence relation or not.
Solution: We have R={(x,y):x€ N,y € N,2x + y = 41}

Since y € N, Domain ={1,2,3,....,20}
R ={(1,39),(2,37),(3,35)....... ,(19,3),(20,1)}
Range = {1,3,5,..... ,39}
R is not reflexive as (2,2) € Ras2 X 2 + 2 # 41.
Also R is not symmetric as (1,39)€ R but (39,1) € R.
Further R is not transitive as (11,19)€ R, (19,3) € Rbut(11,3) & R.
Hence R is neither reflexive, symmetric nor transitive.
Therefore R is not an equivalence relation.

6) A function f: R — R is defined by f(x) = ax + b,such that f(1)=1 and f(2)=3. Find function
f(x). Hence check whether function f(x) is one-one and onto or not.

Solution: Given f(1)=1

f(2)=3
= 2a+b=3----(2)
Solving eqns (1) and (2) we get a=2 and b = -1.
f(x) = 2x — 1 is the required function.
One-one : Let x4, x, € R such that x; # x,
= 2x1 F 2x,
=>2x; —1#2x,—1
= f(x1) # f(x2)
Hence f(x) is a one-one function.
Onto: Let y=f(x) € R
= y=2x-1
L oyt

_ Y+l — f(2 L (XY _ 4 =
Thus forall y €R,3x = >~ €R suchthatf(x)—f(z) 2(2) L=y

f(x) is an onto function.
Hence f is one-one and onto.

7) Show that the function f: R - R defined by f(x) =

X . .
+1,‘\7’x € R is neither one —

xZ
one nor onto.
Solution :
Let x1,x, € R such that f(x1) = f(x;)
= X1 _ X2
B X241 x2+1
1 2
= x,(x2+ D=x,(x2 +1)
= x,; X2 +x; = x%x7 +x,
=> x1X5 — Xx2 = x,— X

=>x1X2 (X —X1) = X2 — Xq
=>x1%, (X —%1) — (X2 — %) =0
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=> (X2 = %) (X1, —1) =0
=>x,—x, =0 or (x;5,—1)=0
=> xz == xl Orxlxz == 1
Here f(x1) = f(x2)

1
=>x1 = xz or xl = x_z
f'is not one-one.

Let k € R be any arbitrary element and let f(x)=k
X
—_— k

x2+1
= x=k(x?+1)
= kx*?+k=x

kx? —x+k=0
o x=2""¢ Rif1-4k><0

= orif (1-2k)(1+2k)<0
= i.e.,k>% ork < _71
= fis not onto.

Hence f is neither one-one nor onto.

8) A relation R on a set A={1,2,3,4,5} is defined as R = {(x,y):|x? — y?| < 8}.
Check whether the relation R is reflexive, symmetric and transitive.
Solution:

Given set A= {1,2,3,4,5} and R = {(x,y):|x? — y?| < 8}
Reflexive:

Letxe A

=>x2 —x2 =0 < 8=>(xx)eER

R is reflexive.

Symmetric: Let X,y € A such that (x,y) € R

|x* —y?| <8

| —y? +x?| <8

|- (2 —x%)| <8

|y —x*)| <8

(y.x) €R

R is symmetric.

Transitive:

(2,3)€R as|22 —32%|=|4—-9|=5<8

(3,4)€R as|32 —42|=19—-16|=7<8

But (2,4) € Ras |22 —4?%| =|4—16| =|-12| =12 > 8

R is not transitive.

R is reflexive, symmetric but not transitive.

9) Letf: R — R be the function defined by f(x) =

43483308130

1osx vx € R. Then, find the range of f.

2—c
Solution:
1
f:R—R, f(x)= — Vx ER
Lety =22_C105x, 2y — ycosx1= 1
Cosx ===, Cosx=2-—
y y )
We know that-1<cosx <1,-1<2 —-<1

<

—1—232—%—2 <1-2,-3<-1<-1

y
1 1 . 1
1< 5 < 3,§Sy < 1, Range is [5,1]
10) Show that the function £ (-05,0) — (—1,0) defined by f(x) = 72—,
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1)

2)

x € (—o0,0) is one — one and onto.
Solution: Given f(x) = rrRE (—,0)

Since x € (—0,0),|x| = —x
Therefore f(x) = :—x
One-one: Let x4, x, € (—0,0)

o Now  fe) = f(x:)
=1 —1x1 —1 —sz
=>x1(1 = x3) =x,(1 — xq)

== X1 T XXy = Xz T XpXq

=X = X
=>Hence fis one-one.
Onto :
Lety=1+|x|
y = 1foincex € (—0,0)
=>y(1l —x) =x
= y —yx = x
2y =x+ yx
= Y=x(1+y)
. Y
1+y
For eachy € (—1,0) there exists x € (—,0) such that
y
y 1+y
=1 (r35) = ==
1+y

Hence f'is onto, Thus f is both one-one and onto.

LONG ANSWER TYPE QUESTIONS
Prove that the relation R in the set of integers Z defined as R={(a, b): 2 divides (a +
b)} is an equivalence relation. Also determine [3]
Solution: a + a = 2a, which is divisible by 2, ¥ a€ Z, = (a,a)eR,Va € Z
=R is reflexive.
Symmetric: Let (a, b) € R = 2 divides (a+b)
= 2 divides (b+a)
= (b,a) eR
R is symmetric
Transitive: Let (a, b), (b, c)eR
= 2 divides (a+b) and (b+c) both
= (a+b)=2m and (b +c)=2n
=at+2b+c=2m+2n
=a+c=2(m+n-b)
=2 divides (at+c) = R is transitive.
Since R is reflexive, symmetric and transitive,
R is an equivalence relation.

[3] = {x: x is an odd integer}

Or[3]={.... -1,1,3,5,7,..... }
If N denotes the set of all natural numbers and R is the relation on N X N defined by (a, b) R (c,
d)ifad(b + c¢) = b c(a + d). Show that R is an equivalence relation.
Solution:
Reflexive: By commutative law under addition and multiplication of natural numbers b+ a =
a +bandab =baVa,b € N.
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ab(b + a) =ba(a+b) Va,beN
=> (a,b)R(a, b)
Hence, R is reflexive.
Symmetric: Let (a,b),(c,d) € N X N such that (a,b)R (c,d)
=> ad(b+c) = bc(a+ d).
=> bc(a+d) = ad(b+c)
=> cb(d + a) = da(c +b)
=> (¢,d) R (a,b)
Hence, R is symmetric.
Transitive: Let (a, b), (c, d), (e, f) € N X N such that
(a,b)R (c,d) and (c,d) R (e, f)
= ad(b+c) = bc(a + d) and cf(d+e) = de(c +f)

_>>b+c__ a+d d+e _ c+f

an —
bc ad de cf

Adding (1) and (2)
11 1,1
= E'+Z'F;'+;

=>af(b+e) = be(a+f)
—>(a,b) R (e, f)
Hence, R is transitive.
Thus, R is reflexive, symmetric and transitive.
Therefore, R is an equivalence relation.
3) In the set of natural numbers N, define a relation R as follows:
Vn, m € N, n R m if on division by 5 each of the integers n and m leaves the remainder less
than 5, i.e. one of the numbers 0, 1, 2, 3 and 4. Show that R is an equivalence relation. Also,
obtain the pairwise disjoint subsets determined by R.
Solution:
R is reflexive since for each a € N, aRa.
R is symmetric since if aRb, then bRa for a, b € N.
Also, R is transitive since for a, b, ¢ € N, if aRb and bRc, then aRc.
Hence R is an equivalence relation in N which will partition the set N into the pairwise
disjoint subsets.
The equivalent classes are as mentioned below:
Ay =1{5,10,15,20...}
Ay =1{1,6,11,16,21 ...}
A,=142,7,12,17,22, ...}
A3 =1{3,8,13,18,23, ...}
Ay, =14,9,14,19,24, ..}
It is evident that the above five sets are pairwise disjoint and

4
AgUALUA,UA3UA, = UAi =N
i=0
4) Show that the function f: R— R defined as f(x) = x* + x + 1 is neither one —
one nor onto. Also find all the values of x for which f(x) = 3.
Solution:
Given a function f: R— R defined as f(x) = x>+ x + 1
Let x4, x, € R such that f(x1) = f(x3)
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= xf+x;+1=x3+x,+1

= (xf —x) +(x—x) =0
= (X —x) (X +x2) +(x1—x2) =0
2 (X1 —x)(x1+x,+1)=0
= (X —x)=0o0r(x;+x,+1)=0
= X1 =Xx,0rx; =—(x;+1)
= fis not one-one.
Onto:
Let y=f(x)
2 Y=x’+x+1
= x> +x+1-y=0
For x€ R,discriminant D = 0
=2 12-4x1x(1—-y)=0
= 1-4+4y=>0
= 4y-3>0
= 4y>3
= yzz
= ye [, )
= Range of f(x) is [%,00) # Co —domainof fi.e.,R

= fis not onto.

Hence f is neither one-one nor onto.

Also we have f(x)=3
>x2+x+1=3
> x2+x—-2=0

> x?+2x—x—2=0
= x(x+2)— (x+2)=0
>x+2)(x-1)=0
=>x=1-2
5) Let f: W —W be defined as

x—1, if xisodd
fe) = {x +1, if xis even
Show that f is a bijective function.
Solution:

Given, f: W —W is defined as
_(x—1, if xisodd
flx) = {x +1, if xis even

One-one function :Let x1, x2 € W be any two numbers such that f(x;) = f(x2)

Case I: When x1, and x» are odd.
Then, f(x1)=f(x2) > x1—1=x2-1
= X1 = X2
Case II: When x1, and x2 are even.
Then, f(x1) = f(x2)
o>ox1+1=x2+1
= X1 = X2
Thus, in both cases,
f(x1) =f(x2) = x1 = x2
Case III: When x1, is odd and x» is even.
Then, X1 75 X2
Also, f(x1) is even and f(x2) is odd.
So, f(x1) # f(x2)
Thus, x1 # x2 = f(x1) # f(x2)
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1)

Case IV: When x; is even and x is odd.

Then, x1 # X2

Also, f(x1) is odd and f(x>) is even.

So, f(x1) # f(x2)

Thus, x1 # x2 = f(x1) # f(x2)

Hence, from cases I, I1, IIT and IV we can observe that, f(x) is a one-one function.
Onto function:

Clearly, any odd number 2y + 1 in the codomain W, is the image of 2y in the domain W.
Also, any even number 2y in the codomain W, is the image of 2y + 1 in the domain W.
Thus, every element in W (codomain) has a pre-image in W (domain).

So, f'is onto. Since f is one-one and onto f'is a bijective function.

Therefore, f is bijective.

CASE BASED QUESTIONS
Students of a school are taken to a railway museum to learn about railways heritage and its
history.

be the set of all rail lines on the railway track and R be the relation on L defined by R =
{(l,1,): Liis parallel to 1,}.
On the basis of the above information answer the following questions:
(1) Find whether the relation R is symmetric or not.
(i1))  Find whether the relation R is transitive or not.
(ii1))  (a) If one of the rail lines on the railway track is represented by the equation y=3x+2,
then find the set of rail lines in R related toit.  OR
(b)Let S be the relation defined by S = {(14, [,): l;is perpendicular to l,}.
Check whether the relation S is symmetric and transitive.
Solution:
()Let (I1,1) ER= || L= L]l 1 =3, 1l;) € R = R is asymmetric relation.
(i1) Let (I1,1,) € R = l4|| Il and Let (I,,1l3) ER = L,]| I3
Since || I, and L;|| I3, 1] I3 = (11,13) ER
Hence R is a transitive relation.
(iii)(a) The setis {l : lis aline of typey =3x +c¢,c € R}
(b)Let(l;,l,)eS=>lL L, =1L L1 =, ES
= S is symmetric.
Let (l4,l;) € S=l; L1, and
Let (I,,l3) € S=1, 1L 15
L1l andl, L1l; = 4]
=(l4, l3) is not an element of S.
S is not a transitive relation.
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CHAPTER-2: INVERSE TRIGONOMETRIC FUNCTIONS

Gist/Summary of the lesson:
In mathematics, the trigonometric functions are also called as circular functions, angle functions.
Inverse trigonometric functions are the inverse functions of the basic trigonometric functions which
are sine, cosine, tangent, cotangent, secant, and cosecant functions.
Definition: Inverse trigonometric functions are the inverse functions of the basic trigonometric
functions which are sine, cosine, tangent, cotangent, secant, and cosecant functions

Principal Value Branches:

FUNCTION DOMAIN RANGE (Principal Value Branch)
T T
. _1 _ _
sin™' x [—1,1] [ >3
cos tx [—1,1] [0, ]
T T
-1 __- -
tan™ " x R ( 5 2)
cosec™lx R—-(-1,1) [—E E] -0
’ 2’2 =
sec”lx R—-(-11) [0,7] — {E}
cot™1x R (0,m)
GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS:
ad’ e SRR 4 =6 at? =
a2 ‘\ ; %
/\ (0, /2) -\\ ‘
/ \\ ©.0) X
(0.0) x \(1.0 S -3 2 -l 1 2 3
-3 -2 -1 1 2 3 -3 =2 -1 1 2 3
(-1 nJZ)‘ _g 'y=sin"(x)‘ —% y = cos l(,x,), y .yﬂ,‘(},),,
% , 2 , o6
7 = n ‘ R
.2 _ﬂ/ | \1 -
A 3 \\ (l,O)K’_’ i \
T e N < : ' A =5 5 = 1 2 3
(-1.-n/;)— ‘% —%
T ly=escity) ~p  [pEsE y = cot’(x)
L J _n B
Formulae:
e sin"!(—x)=-—sin"tx,x € [-1,1]
e tan !(—x)=—tan"!'x,x € R
e cosec™!(—x),= —cosec™'(x),x ER — (—1,1)
e cos !(—x)=m—costx,x €[-1,1]
e sec’!(—x)=m—sec’lx,xeR-(-1,1)
e cot™'(—x) = m —cot™lx,x €R
e sinlx+coslx=m/2,x € [-1,1]
e tan"'x+cot™'x = w/2,x € R
KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 14| Page




sec™lx + cosec™'x =m/2,x € R — [-1,1]

Additional Formulae

7.

sin"lx + sin"ly = sin_l(x\/l——yz+ym)

sin"lx — sin"ly = sin_l(x\/l——yz—ym)

cos™tx + cosTty = cosT}(xy — /1 —y2V1 —x2)
cos™tx — cosly = cos‘l(xy+\/1— 2y/1 — x2)
tan~1x +tan‘1y=tn1( ) if xy <1

) ifxy > —1

tan"'x —tan"ly = tan™?! (1+
2sin"tx =sin"1(2xV1 — x2)
2cos tx =cos™1(2x% - 1)

-1 _ -1 2x
2tan”" x = tan (1_x2)
3sin~tx = sin"'(3x — 4x3)
3cos ! x = cos™1(4x3 — 3x)

- _1 (3x—x3
3tan'x =tan 1( 2)
1-3x

MULTIPLE CHOICE QUESTIONS

For the inverse trigonometric functions, which of the following principal value branch is
not correctly defined?
(a)tan"L:R - (—g,g) (b)sec™::R — (—-1,1) - [0,7] — {g}
(c) cot™:R - (0,m) (d) cosec™::R — [-1,1] » [—g,g] Ans: (a)
If 2cos™'x =y, then
@0<y<sm b)-nmt<y<sm (©)0<y<2m d-nm<y=<0
Solution: 0 < cos™'x <m D> 0<2cos'x<2m ie0<y<2m Ans: (¢)
If tan~1x = 3y, then

3
(@—§<y:§ b)—><y sf ?_giy<%n d-=<ys<=
Solution:—;<tan x<2-)—5<3y<5 -)—g<y<g Ans: (¢)
Ifsin"!x + © = y, then
@-2<y<Z ()-T<y<sT (9i<y<T do<y<m
Solution: —gs sin~lx Sg-) —§+n <sinlx+m S§+n
%Ssin‘1x+ns37n-)§SyS37ﬂ Ans: (¢)
The domain of f(x) = cos~1(2x — 5)
(a) [-1,1] (b) [4,6] (¢) [-7,-3] (d) [2,3]

Solution: Domainof cos ™t x is [-1,1]. ie—-1<x<1
Now domain for cos™(2x —5),i.e—1<2x—-5<1=24<2x<622<x<3

Ans: (d)
The principal value of sec™(v2) + 2cosec™t(—V2) is:
(@) =~ (b) — ©)= O
Solution: sec™(v2) = E, 2cosec™(—V2) = 2.[—cosec™ V2] = 2 (— —) = —g
ec }(V2) + 2cosec™ 1( \/_)—Z—gz—z Ans: (b)

The principal value of sin™? (sm (?n))
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()% (b) = (0 ==
Solution: We have sin™! (sin (3?”)) = sin™! (sin (n - 3?”))
i (in (2)) -2

8. The value of: tan™'v3 —sec™*( —2) is
@ % (b) —= ©) —3 d) 0
Solution: We have sec™1(—x) = m — sec™1(x)

tan1(v3) — sec™(-2) = g — (n - E) =-I

3 3
9. The value of sin E —sin™?! (_71)] is

(@) 0 (b) 1 (-1
Solution: We have sin”! (-x) = —sin™ ' x

sin| ——sin"'| — || =sin| =—| — ||=sin| - |=1
3 2 3 6 2
10.  The principal value of cos™? (cos (_Tm)) is
T T -z
Iz b = -z
(a) 3 (b) 3 (© 3

Solution: We have cos(—x) = cosx

)z
Ans. (b)
Ans: (¢)
(d)2
Ans: (b)
—Ir
@5

. cos™t (cos (—Tm)) = cos™ ! (cos (7?”)) = cos™ ! (cos (Zn + g)) = cos ! (COS (g)) =7

11.  The value of tan™'+/3 — cot™'(—+/3) is

@3 ®) -3 CEE
. — _ T 5w
Solution: cot™*(—V3) = — cot5 (V3)=n— E=2
—_ — T T
tan™1v3 — cot™}(—V3) = == -7
12.  The value of x if tan 1v3 + cot™1x = g
1
a) /3 b) — /3 c) —
(a) (b) (©) 5
Solution: cot ' x=%—tan"'v3 _ E-T =" . x—cotZ=43
2 2 3 6 6
13.  Thevalue of x if sec™' 2+ cosec™'x =§
(@) v3 b 2 ©2 (d) —2
T

Solution: cosec™lx =2 —sec™12=2-2=2
2 2 3 6
X = cosec (%) =3
14. If sin~! x = y then the principal value of y is:

a) 0< y<nx b)) E<y<® o) Loy,
(a) y ()2y2 ()2y2

15.  Iftan™!x = y then the principal value of y is:

(@ 0<y<nx (b)_TESysZ (C)_—n<y<%
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Ans: (b)
@ =
Ans: (b)
T
(d) <
Ans: (a)
Ans: (a)
(d O0<y<m
Ans: (b)
(d O0<y<m
Ans: (¢)
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16.

The following graph represents: y

(0, n/2) (1, 7/2)
(a)y = cos™1x (b)y =sec™lx . o .
(1,0
(c)y =tan"'x (d) y = cosec™'x ey Ans:(d)

M

ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.
(a) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(c) A is true but R is false.
(d) A is false but R is true.

51

ASSERTION (A): Principal value of cos™* (cos ) is 2.
REASON (R): Range of principal branch of cos ! x is [ 0, ] and

cos™1(cosx) = x if x € [0,7] Ans: (a)
ASSERTION (A):  Principal value of sin™! (sin 13?”) is%
REASON (R): sin"!(—x) = —sin"1x Ans:(b)
ASSERTION(A): The range of the function f(x) = 2sin"1x + 3?11,
where x € [—1,1],is E,%ﬂ

REASON (R): The range of the principal value branch of sin™! x is [0, 7].Ans:(C)
ASSERTION(A):  Maximum value of (cos™ x)? is 72,
REASON(R): Range of the principal value branch of cos™1(x) is [— g, g]

Ans: (¢)
ASSERTION(A):  Range of [sin"!x + 2cos™ 1 x] is [0, ]
REASON (R): Principal value branch of sin~! x has range [— g, g] Ans: (d)

VERY SHORT ANSWER TYPE QUESTIONS
Find the value of  sin™! (sin (2?”)) + cos™! (cos (2?71))
Solution: We have sin™!(sin (%ﬂ)) = sin~!(sin (1‘[ — g) =sin~! (sin (g)) = g
Value of cos™! (cos (2?”)) =z
sin~1(sin (2?71)) + cos™1(cos (2?”)) =c+5=m
Find the value of : tan™* [2 cos(sin™! G))]

Solution: tan™! [2 cos(sin™! G))]Ztan‘1 [2 cos(g)]ztan‘1 [2 X \/Z—E]Zwm‘1 \/§=§

Find the value of : tan™?! [2 sin (2 cos™! (\/2—5))]

Solution: tan™* [2 sin <2c:os_1 (g))l = tan™? (2 sin (%n))

tan~! (2 X \/2_5) = tan_l(\/g) = %‘
Ifx = cot™?! e), then find the value of sinx.

) _ ) 5
Solution: x = cot™?! (l), then cotx = ~ > sinx = —
5 5 V26

Find the value of sin™! (_71) +2cos™?t (_Tﬁ)
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10.

1.

12.

13.

14.
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Solution: sin~?! (— %) = —sin~?! G) = -2 cost (— ?) =m—cos™?! (?) = -

sin™! (_?1) +2cos™? (%5) = ——+ 2x= g” =

2
Show that for |x| < 1,sin(tan"!x) =

x
Vitx2 .
LS -1, _ _ . _
Solution: Let tan™'x =y, tany = x =» siny = N

X

sin(tan™'x) =

T+x
1 . _1(3 4—7
Prove that: tan (— sin™! (— ) =7
2 4 3
: 7
Solution: Let sin ™ 3 —x . sinx= 3 , COSX = —
4 4 4

1
Solution: Let tan™ - = x tan x = s
1 tan 2x—tanZ 7
s s —tan -
tan(Zta 1———) —tan(Zx——)=—4n=—
5 4 4 1+tan 2x tanz 17
2tanx 2XZ 5

where, tan2x = = 2 = —
1-tan? x 1_(1 12
5

Find the value of sin™?! (_71) + cos™?! (_71) + tan™1(1)

Solution: sin~?! (_—) = —sin~? (1) =_r
2 2 6

cos™1 (_?1) =m—cos™! G) =7 —% = 2?” tan‘l(l)::%
w. sin™t (_71) + cos™t (_71) +tan"1(1) = _?n + 2?” +§ = %ﬂ
Find the value of sin (2 sin™* (2)) ,where 0 < 6 <=
Solution: Let sin™! (g) =0 > sinf = %
sin (2 sin™t (g)) = sin26 = 2sinfcosh = 2 X % X g = z—g

. . _1 (cos2x—sin2x 4
Simplify tan™?! (— ), where 0 < x < -
c0S2x+sin2x 4

c0s2x—sin2x Coszx(l_smzx)

solution: tan™?! (—) = tan~ ! | —— 2

cos2x+sin2x Coszx(1+coszx)

1-tan2x
1+tan2x

=tan~! ( ) = tan"~ tan (— - Zx)) = g — 2x.

Simplify: sin‘1< 1+C052x>, 0<

Solution: sin~?! ( /1+0052x) =

Simplify: cot™? ( 1+0052x)’ 0<

1—cos2x

N R

2
ZCOS ) = sin"!(cosx) :% —x

SR

2 sin2

x <
x <
Solution: cot‘1< 1+COSZX> = cot™?! <

Find the domain of p(x) = sin"1(1 — 2x2). Hence find the value of x for which
p(x) = %. Also, write the range of 2p(x) + E.
Solution: Domain of sin™!(x) is [-1,1].i.,e—1<x <1

ZCOS x) =cot ! (cotx) = x

oo [T [T AT /(4—\/7)2 _ (4=v7)
T AN4HT T NAHT T a7 R
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For Domain of sin™3(1 — 2x2), —1<1-2x2<1=2-2<-2x2<0
20<2x*<2=>20<x*<1=>xe€[-1,1] = Domain of sin"*(1 — 2x?) is [-1,1].
_r so=10q _ 9.2y _F 942 — ain—1 (T _ 9.2 _1
p(x)—6-)sm (1 2x)—6-)1 2x* = sin (6)-)1 2x =
t=1 2=t r=11
2 4 2
g,g] i.e—%Ssin_lxsg > —gs sin~1(1 — 2x2) Sg
—nSZsin‘l(l—sz)Sn-)—n+§§25in‘1(1—2x2)+§Sn+§

o 3 3 . 3
_ES 2sin 1(1—2x2)+gﬁ?n ')—gép(x) S?n-)Rangeofp(x) is [—g,?n]

sin"lx rangeis |-

SHORT ANSWER TYPE QUESTIONS
1. Write the principal value of cos™1(cos 680°)
Solution: We know that, principal value branch of cos™ x is [0, 180°].
Since, 680° ¢ [0,180°], so write 680° as 2 X 360° — 40°

Now, cos™1(cos(680)°) = cos™[cos(2 X 360° — 40°)]

= cos™1(cos 40°) [+ cos(4m—0) = cos 0]

Since, 40° € [0, 180°]

- cos™[cos(680°)] = 40° [+ cos™ (cos 0) =0; V 0 € [0, 1 80°]]

2. Simplify the following expression cos™! ? + cos™?! (_71)

Solution: cos™?! g +cos™? (_71) = cos™ ! ? +m—cos™ ! (—)

= cos ! (cosz) +m—cos™?! (cosz) Iy =3
6 3 6 3 6
3. Find the value of cos™?! (i}) + cosec™?! (M)
1+vx 1-Vx
. 1 1—\/5) 1 lVEy 1 (1—\/5) N (1—&): 3
Solution: cos (—1+\E + cosec (1_\/§) cosT s + sin )2
4. Write the value of tan (2 tan~! é)
Solution: Let tan™?! 1;: 0 = tan 0 Zé
2X1
11 2tan 0 5 5

tan (2 tan~ E) = tan(20) = i 1_(1)2 =
5. 3cos'x = cos!(4x> — 3x), X € [%,1]
Solution: Consider, RHS = cos™ (4x® — 3x)
Let x =cos 0 = 0 =cos™ x
RHS = cos™! (4 cos® 0 — 3 cos 0)
=cos™! (cos 30) [ cos 3A =4 cos® A—3 cos A]=3 cos™! x =LHS

L. . _ cosx—sinx
6. Write in simplest form: tan™! (—)
cosx+sinx
. — cos x—sinx _ 1-tanx _ T T
Solution: tan™! (—) =tan~! (—) =tan~! (tan (— — x))z - —x
cosx+sinx 1+tanx 4 4

7. Find the value of sec(tan™!(—v3))=
Solution: sec(tan™(—v/3))= sec(—tan™*(v/3))= sec(tan™* (v3))
= sec(tan™? (tan g)) = secg =2

8. If cos™t % = @, then write tan® in terms of x

Solution: cos 8 = %:> secl =x = tanf = Vsec? —1=vVx2 -1
Vimx?

9. Prove that tan™?! (
1+x

1 _
>=—cos Tx
2

. — - 2 — - —
Solution: tan™?! (i) =tan~! |== Letx = cosf =>6 = cos~ ! x
1+x 1+x
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6.

.50
- 1—-cos @ _ 2sin?> _ 0\_ 6
=tan 1< )=tan 1 2 |=tan 1(tan )—5=—cos 1x

2 cos2=
2

LONG ANSWER TYPE QUESTIONS
Prove that sin~?! (%) —sin™? (%) = cos~! (%)

Solution: Let sin™! (z) = A and sin’ (1 )— B

3
Thus, we can write sinA == and sinB =

Now, find the value of cosA and cosB, cosA = V1 —sin? A = ’1 — /1 — E
cosB= ,/[1 —sin? B] 1-— ’ & /22
17 289 289

Thus, the value of cosB = ;

cos (A- B) = cosA cosB + sinA sinB, substitute the values, we get
4 15 3 8

cos (4 = B) 255) x () + (5) (5)84

cos (A-B) = p 2> cos(A-B)y=—

(A —B) = cos (8_:) Substituting the values of A and B sin™! (g) —sin™?! (%) = cos™! (%).
- 4 (1 (1
1) Find the value of coi (2) + 2sin (2)
i) If tan'x + tan! y = 5 Xy < 1, then write the value of x +y +xy
Solution: 1) The value of cos™! (1) is <.
2) 3

The value of sin~?! G) is %.

3 cos‘1(1)+231n‘1(1)=z+ 2(5),:3 42
. zn 2 3 6 3 3 3
ii) %=tan221:>x+y=1—xy:>x+y+xy=1

Write the principal value of tan™ (1) + cos™? (_71)
- -1 (Z1\_¢ _ -1(1
Solution: tan™ (1) + cos ( > ) , T m—cos (2)

T — Vs A
=+ 1 — oS 1(Cos—)=—+7t——=—
4 3) 4 3 12

Write the value of tan™?! (2 sin (2 cos™1 \/2_5))
Solution: tan~?! (2 sin (2 cos™! \/2_5)) =tan~! (2 sin (2 cos™! (cos g)))

= tan~! (2 sin (2 X g)) =tan~! (2 sin (g)) =tan~! (2 X \/2—5)

=tan~!(v3)=tan™? (tan g) =z

3
Iftan"'a +tan™'b + tan"1 ¢ = m prove thata + b + c = abc

Solution: tan™'a = A,tan"'bh = B,tan "1 ¢c = C

= a=tanA b=tanB c= tanC

> A+B+C=mr=>A+B=nw—-C

= tan(A + B) =tan(mw — C)=—tanC

= tanAttanB _ —tanC =>tanA + tan B =tanAtanBtanC — tan C
1-tanAtanB

=

tanA+tanB +tanC =tanAtanBtanC=>a+b + c = abc.

Iftan"'x +tan"'y +tan"1z = g,then show thatxy + yz + zx = 1
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Solution: tan™!x = A, tan"'y =B,tan"lz=C=>x=tanA,y=tanB, z=tanC
=> A+B+C=2 =>tan(A+B) = tan(5— C) = cotC =

tanC
tan A+tanB 1

=> = =>tanAtanC+ tanBtanC=1 —tanAtan BtanC
1-tanAtanB tanC

=> tanAtanC + tanBtan C+tanAtanC =1
— V1+sinx+v1-sinx X
7. Prove that cot , , = =
V1+sinx—V1-sinx
in2% 2% XoinX in2X 2X_ X cin®
Jsm 2+cos 2+2<:oszsm2 +Jsm Z+cos 2 2 cos smZ

T2
Solution:  cot™ ( Ltsinc 1_Sinx) =cot™ 2
1+sinx—v1-sinx Jsin2§+coszjz—c+2 cos;—csing —Jsin2§+coszg—2 cosgsing

X X 2 X X 2
\/(COSE+SIHE) + (COSE_SmE) 1 cos;—c+sin§+cos§—sin§ 1 2 cosg
> = cot cot =

=cot™! - 2, —2) =
\/(cos§+sin;—c) - \/(cosg—sing) 2siny

cot™! (cotf) =1z
2 2

X . X X
coSs=+sin- — cos-+Ssin-
2 2 2 2

. . _ 2
8. Find the value of sin (cos 1i+ tan‘l—)
Solution: Let cos™ ——x=>cosx—§ = sinx = V1 — cos?x - g
:\/1_2 _\/25 16 , _
25 25 25 5
3 1,3 _1 (4
= tanx =_ = x = tan (Z)=cos (E) 5
“1(2) = 2 Sginy =2 2 | >
Let tan (3)—yﬁtany—3 =siny = == cosy = 7= L )

sin (cos™? §+ tan‘lg) =sin(x + y) = sinx cosy + cosx siny
3 3 4 3 21

EX\/%-FSX\/—_:T

-1 (VIfx=vi=x “l_x)— T_1 —14 _< <
9. Prove that tan (mwm =, 08T x, ==<x 1

Solution: Let x = cos8 = 6 =cos 1x

1 (\/1+x—\/1—x) — tan-! (\/1+cos 6—/1—cos 9)
Vitx+Vi-—=x/) V1+cos8+vV1—-cos 8

‘] . 50
2c0s2=— |2sin2= cos——sin—
_ \] 27 2 _
=tan™?! - = | = tan 1 <ﬁ
/2c0525+ 2sin?2 cosy+sing
]
1-tan= T 6
2] =tan (tan (— — —))
1+tan; 2

tan

Il
ot
Q
:SI
[uny
3

CASE BASED QUESTIONS
1. If a function f: X — Y defined as f (x) =y is one-one and onto, then we can define a unique
function g : Y — X such that g(y) =x, where x € X andy = f (x), y € Y . Function g is called
the inverse of f. The domain of sine function is R and function sine: R — R is neither one-one
nor onto. The following graph shows the sine function.
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Let sine function be defined from set A to [-1, 1] such that inverse of sine function exists, i.e.,

sin~! x is defined from [-1, 1] to A.

On the basis of above information, answer the following questions.

(1) If A is the interval other than principal value branch, give an example of one such
interval.

(i1) If sin~! x is defined from [-1, 1] to its principal value branch, find the value of
sin™? (— %) —sin71(1).

(111) (a) Draw the graph of sin™! x from [-1, 1] to its principal value branch.

OR
(iii)  (b) Find the domain and range of f (x) = 2 sin™(1 — x).

Solution:

(1) Principal value branch of sin™! x is [—g,g]

Now we need to find A other than the principal value branch.

A= e 2o 2o ).

i) sin' (=P -sin(D)=-I-2= -
(i) (a) .
(i)  (b) [ e

Domain of 2 sin™1(1 — x):

-1<(1-x)<122-2<-x<0

0 < x < 2, Domain of 2sin™1(1 — x) is [0, 2]

Range of 2 sin™1 (1 — x): .

Range of sin™!x orsin™!(1 —x) is [—g,g]
= Range of 2sin"1(1 — x) is [, 7T].
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CHAPTER-3: MATRICES

Definitions:
A matrix is an ordered rectangular array of numbers ( or functions).
2 0 -1 0 3 1
ForexampleA=[5 _2] ,B=1 2 6 1),C=(1 5 7),D=|7
-1 4 2 0
Order of Matrix:

If a matrix has m rows and n columns, then it is known as the matrix of order m x n.
Representation of matrix
A general matrix of order m X n can be written as

i dy ot dy ot Ay
agl agg e azj e azn
A=
dyp gy vt gyttt dyy
L T T A
= [a--] ,Wherei=1,2,..mandj=12,..n
Ulmxn
Types of Matrices:

Depending upon the order and elements, matrices are classified as:

e Column matrix
A matrix is said to be a column matrix if it has only one column.

e Row matrix
A matrix is said to be a Row matrix if it has only one row.

e Square matrix
A matrix is said to be a square matrix if it has number of rows and number of columns are equal.
Thus , an m x n matrix is said to be a square matrix if m = n and known as a square matrix of
order n

e Diagonal matrix

A square matrix B = [bi j]nxn is said to be a diagonal matrix if its all non diagonal elements are
zero, that is a matrix B = [bl- j]nxn is said to be diagonal matrix if b;; = 0, when 1 # j

Scalar matrix

A diagonal matrix B = [bi j]nxn is said to be a scalar matrix if its all diagonal elements are equal,

that is a matrix B = [bl- j]nxn is said to be scalar matrix if

bij =0, wheni# ]
bij =k ,wheni=]j

o Identity matrix
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A square matrix in which elements in the diagonal are all 1 and rest are all zeros is called an
identity matrix .

In other words, the square matrix A = [ai f]nxn is an identity matrix,
ifa;; =1, wheni=]

aij=0wheni;éj

it is usally denoted by I, of order n

e Zero matrix

Operation of Matrices:
e ADDITION OF MATRICES: Let A = [a;;| = and B =|[b;]| _ be two matrices of the
mxn mXxn
same order. Then A + B is defined to be the matrix of order of m X n obtained by adding
corresponding elements of A and B
i.eA+ B = [aij + bij]mxn
e DIFFERENCE OF MATRICES: Let A =[a;;] = and B =[b;] _ be two matrices of
mxn mxXn
the same order. Then A — B is defined to be the matrix of order of m X n obtained by
subtracting corresponding elements of A and B
.eA—B = [al-j - bij]an
e MULTIPLICATION OF MATRICES: The product of two matrices A and B is defined if the
number of columns of A is equal to the number of rows of B.
Let = [aij]mxn and B = [bjk]nxp . Then the product of the matrices A and B is the

matrix C of order m x p
¢ MULTIPLICATION OF A MATRIX BY A SCALAR: LetA = [a;;]  and k is a scalar,
then kA = k[al‘j]an = [k.aij]an
» TRANSPOSE OF A MATRIX: IfA = [al- j]mxn be an m X n matrix, then the matrix obtained

by interchanging the rows and columns of A is called the transpose of A. Transpose of the matrix
A is denoted by A'or AT
IfA = [a;] ,» then A = [a;]

mx nxm

» SYMMETRIC MATRIX: A square matrix [f 4 = [ai j] is said to be symmetric if AT = A
2 5 12
Example:eA=|5 7 3|,.
12 3 6
» SKEW-SYMMETRIC MATRIX: A square matrix A = [ai j] is said to be skew symmetric
matrix if AT = —A.
0 5 -12
Example:eA=|-5 0 -3
12 3 0

» INVERTIBLE MATRICES: If A is a square matrix of order m, and if there exists another
square matrix B of the same order m, such that AB = BA =1, then B is called the inverse matrix
of A and it is denoted by A~ !. In that case A is said to be invertible.

» PROPERTIES OF MATRICES:

e _A-B#B—-A,AB # BA ,(AB)C=A(BC)
e (A’y=A , AI-IA=A , AB=BA=Ithen A"' =B and B''=A
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e Every square matrix can be expressed as the sum of symmetric and skew-symmetric
matrices.

1 . . .
e where 2 (A + A') is symmetric matrix
1 . . )
and 5 (A — A') is skew-symmetric matrices.

MULTIPLE CHOICE QUESTIONS
1. A is 2X2 matrix and A=[aij] where a;; = (i + j)?, then A is

4 9 9 4
@ lg 16 O[5 g
(©) [g 3] (d) none of the above

Solution: a;; =4 a1, =9, ap; =9 ,ay, = 16 Option (a) [g 196]
2. A and B are two matrices such that AB = A and BA = B then B? is

(a) A (b)B (©0 (d) I
Solution: B2=BB=(BA)B=B(AB)=BA=B Option: (b) B
3.IfA= [)1( (1)] and A? is unit matrix, then what is value of x?
(@)1 (b)2 (©0 (d)-1
oo [x 1p[x 17 [x24+1 x]_[1 O
Solution: A [1 0] [1 O] = [ < 1] [0 1

x2+1=1,x=0 Option(c)0
_ 1 1 10 :
4. A= [1 1] , then A*" is
(a) 10A (b)9A (c) 2°A (d)21°A
SOlution: A2 = [1 i:l [1 i = [2 2] :2A, A3 :41222A SO AlO — 291

2 2
Option: (c) 2°A
5. Aisa3 x4 matrix. A matrix B is such that A'B and BA' are defined. Then the order of B is
(a)4 x 3 (b)3x3 (c)4 x4 (d3x4
Solution: Let Orderof (B) =m Xxn  A'Bis defined. So m = 3. BA' is defined.
Son = 4. Option: (d) 3 X 4
6. A and B are symmetric matrices of same order , then ABT — BAT is always
(a) symmetric matrix (b) skew symmetric matrix
(c) zero matrix (d) unit matrix
Solution: (ABT — BAT)T = (BT)TAT — (AT)TBT=BAT — ABT
Option: (b)skew symmetric matrix
7. The number of all possible matrices of order 3 X 3 with each entry 0 or 1 is
(a) 32 (b) 64 (c) 512 (d) none of these
Solution: There are nine places. Each can be filled in two ways. 2°ways
Option: (¢) 512
8. A is a matrix of order 2X3 and B is a matrix of order 3X2. C = AB and D = BA,
then order of CD is
(a) 3x3 (b) 2x2 (c) 3x2 (d) CD not defined
Solution: O(C )=2x%2 and O(D )=3x%3. The number of columns of A not equal to number of
rows of B. Therefore CD not defined
Option: (d) CD not defined

1 12 4y
9.If A=|6x 5 2x|is a symmetric matrix, then (2x+y) is
8x 4 6
(a)-8 (b) 0 (c)6 (d) 8

Solution: Since A is symmetric, A =AT =»6x=12 x=2; 8x=4y,y=4 then 2x+y = 8
Option: (d) 8
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10.If 2x y2 - 1] [x +3 12] then the value of x —y is
(a)20r 10 (b)-20r10 (c)2or-10 (d)-2o0r-10
Solution: 2x-1=x+3, x=4; y2 — 1=35, y=+6, then x-y = -2 or 10
Option: (b) -2 or 10

ASSERTION REASON BASED QUESTIONS

In the following questions from 1 to 10 , a statement of Assertion(A) is followed by a statement of
Reason ( R).Choose the correct answer out of the following choices.
(a) Both( A) and (R ) are true and (R ) is the correct explanation of (A).
(b) Both( A) and (R ) are true and (R ) is not the correct explanation of (A)
(c) (A) is true and (R ) is false
(d) (A) is false and (R ) is true

1) Assertion (A): If a matrix is skew symmetric, then its diagonal elements must be zero.

Reason (R): A matrix A is skew symmetric if AT = —A
Solution: By definition of skew symmetric matrix a;; = —aj;. So a;; = —a;;. hence aj; =0
Both the statements are true and second is not the reason for first. .
Option (b)
) . .Aa_]2 O _[5 0 2 _ a2 2
) Assertion (A): A 0 3] and B [O 0] ,Then (A+ B)* = A*+ 2AB+ B

Reason (R): A and B for two matrices(A + B)? = A% + 2AB + B? if AB=BA
Solution: (A+ B)? = (A+ B)(A+ B) = A% + AB + BA + B2 = A? + 2AB + B? only if
AB + BA both the statements are true and second statement is reason for first.
Option: (a)

3) Assertion (A):If A and B are symmetric matrices of same order, AB-BA is skew symmetric
matrix
Reason (R): If A and B are symmetric matrices of same order, AB+BA is symmetric matrix
Solution: Both the statements are correct. . But second statement is not the reason for first
statement.
(AB + BA)"=(4AB)T + (BA)T = BTAT + ATBT = BA + AB and
(AB — BA)T=(AB)T — (BA)T = BTAT — ATBT = BA — AB = —(AB — BA) Option: (b)

1 2 3
4) Assertion (A): The matrix [5 —7 8] can be expressed as sum of a symmetric and a skew
0 -1 9

symmetric matrices
Reason (R): If A and B, are skew symmetric matrices of same order, then AB is symmetric if
AB=BA
Solution: Assertion is correct, since any matrix A can be written as
A AT A-AT . .
A =P+ QwhereP = 2 and Q= - where P symmetric and Q skew symmetric.

Reason is also correct, since (AB)T = BTAT = —B x —A = BA. AB is symmetric if AB=BA

But second statement is not correct reason for first. Option: (b)

5) Assertion (A): If a matrix is skew symmetric, then its diagonal elements must be zero.
Reason (R): A matrix A is skew symmetric if AT = —A
Solution: By definition of skew symmetric matrix a;; = —aj;. So a;; = —a;;. hence aj; =0
Both the statements are true and second is not the reason for first Option (a)

6) Assertion (A):The points A(a, b + ¢), B(b,c + a) and C(c, a + b) are collinear
Reason (R): Area of a triangle with three collinear points is zero.

Solution: Assertion is true. Reason is correct explanation of assertion Option (a)
7) Assertion (A): If the product of two matrices is the identity matrix, both matrices must be
invertible.

Reason (R): The identity matrix is only obtained when a matrix is multiplied by its inverse.
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Solution: By definition inverse of a matrix A exists if and only if AA™? =1 = A"1A. So both
are correct and second is correct explanation for first Option: (a)

8) Assertion (A):If A is a square matrix s and A> = A, then(A+1)3 —7A =1
Reason (R): AI=I=AI where I is unit matrix.
Solution:(I + A)®> —7A=I13 +3A? +3A+ A3 —7A=1+3A+3A+A—-71 =1
since A2 = A and A3 = A So both the statements are correct. Second statement is reason for
first. Option (a)

9) Assertion(A): For a square of order 2 x 2, A”l= E](ade) , S0 |SA|=75.
Reason: (R): For a square matrix A of ordernx n, , A'= % and |adjA| = |A|™!
Solution: A (adjA) = |[A| 1= (adjA)A
Option : (a)

. 10

10) Assertion (A): [

0 1]. thenAlOZ[é 2

Reason (R): A is unit matrix..
Solution: Given matrix is unit matrix. By property of unit matrix, I X I = I.Both are correct.
and second is correct explanation for first

Option (a)
11. Assertion (A):If A and B are two square matrices such that AB and BA are defined
then it is not necessary that AB = BA

Reason (R): product of two diagonal matrices of same order is commutative

Option b)

VERY SHORT ANSWER TYPE QUSTIONS

If AZ[C9S x —sh oc] and A+A™=I. then find «
sin < cos & -

Solution: finding AT and sub in A+AT=I o=

2) If [2x 3] _13 3] [g] = O find the value of x

Solution:
2 a1 [ 2] ] -o

2>[2x 3] [x_+3)1€6] =0

getting 2x*+23x =0, x=0 and x=-23/2
3) Given AZ[_Z 4 _73] Prove that A% -9A +21 =0 and express A! in terms of A.

Solution: proving A% -9A +21 =0 and finding A'1=$

Sl T | o o e P
> aonsan=[10 292 D)2 0

1))

-36 611 7l-4
_[16—-18+4+2 —27+27

—36 + 36 61—63+2]_O
Since, A% -9A +21 =0, pre multiply A~ on both sides
2> A 1TA2 94T A+24711=4"10
= JA-9I+2A471=0
2 A-91+2471=0

N

4) Find a matrix B such that [g 2] B:[lol 101]

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 27| Page




Solution: Order of B is 2%x2. Let BZ[il 3]

6 5] [a b_[11 0
[5 6] [[ga-lfl]SC[ O6b -1|-1!d] _ [11 0]
o 11

5a+ 6¢c 5b+6d
= 6a+5c=11,6b+5d=0,5a+6¢c=0,5b+6d=11 ,solve these questions

[ 6 =5
B_[_s 6]
5) If A and B is symmetric matrices of same order, show that AB is symmetric iff AB=BA
Solution: (AB)T=BTAT=BA and (AB)T = AB iff AB = BA

1 2 «x 1 -2 vy
6) IfA=[0 1 O0fandB=[0 1 0] and AB is identity matrix of order 3x3,then find x+y.
0 0 1 0 0 1
1 2 x|[1 -2 y 1 0 0
Solution: [0 1 0] 0 1 0|= [0 1 0]
0 0 1llo 0 1 0 0 1
1 0 x+vy 1 0 0
o1 o’|=|o 1 ol
0 0 1 0 0 1
x+y=0
7) Construct a matrix of order 3x3 whose elements are given by a;; = 1ifi# j.a; = 0ifi=j.
0 1 1
Solution: [1 0 1]
1 10
$) 1fA=[2 L] then the value of LA+A>A™.......

Solution: finding A as null matrix, Then A*,A*... are all zero.
Then the value of I-A+A2-A%+....... is T— A= [—41 —31]

9) 1t A=[> ’]and A*+71kA, then find k.

Solution: finding A% +71 as 155 150] equating to kA and finding k =5

cos® sin® + sing@ [sin(b —cos®

10) Simplify: cos® |

—sin® cos® cos® sin®
] o 20 + sin@ sin@cos® — sinPcos@] [1 O
Solution: Itiplicat t[ cos“@ ]:
olution: on multiplication we ge _sindeosd + sindcosd 0520 + sin?@ [0 1

SHORT ANSWER TYPE QUESTIONS

2 0 1
1. Express [2 1 3| as the sum of symmetric and skew symmetric matrices.
1 -1 0
.. A+Ar 1 2 2 A-Ar 1 0 —2 0
Solution: writing——= ~12 2 2| = P,and — =512 0 4= Qand
2 2 0 0 -4 0
proving A = AJ;A' + A_ZA'
2 0 1 2 2 1
letA=12 1 BI,A’ =10 1 —1]
1 -1 0 1 3 0
A+Ar 1 42 2 1 42 2 . :
NowP=—== -2 2 2,-)P’=EZ 2 2| =P => P isasymmetric
2 0 2 20
. 0 -2 0 . 0 -2 0
Q=E[2 0 4] ,Q' = —5[2 0 4]=-Q-)Qisskewsymmetric
0 —4 0 0 -4 0
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1[0 =2 0 1[4 0 2 2 0 1
NowP+Q = =|2 2 2+§2 0 4=E4 2 6|=|[2 1 3|=A4
2 20 0 -4 0 2 -2 0 1 -1 0
1 2 2
2. A=| 2 1 x| and AAT=9I, Find x.
-2 2 -1
9 4+ 2x 0 9 0 O
Solution: Applying AAT=91 and getting [4 4+ 2x 54 x* —-2-x|=[0 9 0
0 —-2—-X 9 0 0 9
x = -2
7 0 30 . )
_j’_ — - =
3. X+Y [2 5 1az)ld OXY [0 g] (ljmdmatrlceszindY.
Solution: 2X=[2 8] X= 1 4 Y= [1 1

4. Find the matrix X such that:
1 2 3 -7 -8 -9
X[4 5 6]_[2 4 6]
Solution: X as 2 x 2 matrix
[a b”l 2 3]:[—7 -8 -9
c dil4 5 6 2 4 6
[—a+4b 2a+5b 3a+6b]:[—7 -8 —9]
c+4d 2c+5d 3c+6d 2 4 6
= —a+4b=-7,2a+5b=-8,3a+6b=-9
= c+4d =2,2c+5d=43c+6d=6
= a=1,b=-2,¢c=2,d=0

Hence, Xz[% _02]

5. Find the values of x, y, a and b when
2x + 3y a—Zb] _ [3 8]
2a+b 3x-—2 6 11
Solution: 2x + 3y = 3,3x — 2y = 11
x=3 and y=-1
2a+b=6,a—2b =8, a=4 and b=-2

] writing equations

x 2 =313 -1 2 5 3 3
6. If [5 y 2”4 2 5]= 19 -5 16],ﬁndxandy
1 -1 1112 0 3 1 -3 0
Solution:
3x+8—-6 —x+4 2x+10-9]1[5 3 3
15+4y+4 -54+42y 2-5+4+3 =[19 -5 16]
3—4+42 -1-2 2—-54+3 1 -3 0
3x+8-6=5 and -5+2y+0=-5, x=1 and y=0
—2
7. fA=|4]|abdB=[1 3 —6] verifythat(AB) =B’ A’
> -2 —6 12 -2 4 5
Solution: AB=| 4 12 —24] and (AB)’ =|—-6 12 15 ]
5 15 =30 12 =24 =30
1 -2 4 5
A’=[-2 4 5] B = [3]ﬁndingB’A’= -6 12 15]
-6 12 =24 =30

8. If A and B are symmetric matrices, prove that AB — BA is a skew symmetric matrix.
Solution: A & B are symmetric if A=A’ and B=B’
LetC=AB-BA C'=(AB-BA)*
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C’ = (AB) — (BA)Y =B’A’ — A’B’=BA — AB = -(AB - BA)=-C

LONG ANSWER TYPE QUESTIONS

2 -1 -1 -8 -10
1. Find a matrix A such that| 1 0j]A=|(1 -2 -5
-3 4 9 22 15
Solution: Let A=[x Y Z]
a b c

2x —a 2y —b 2z —c¢ -1 -8 -10

TR L P
—3x+4a -3y+4b -3z+4c 9 22 15

Equating corresponding elements, getting equations in variable, x=1,y=-2,z=-5

a=3,b=4,c=0 A=[§ _42 _05]

Getting

1 0 2]rx X
2. Find the value of x, . if [x -5 —-1]|0 2 1 l4l=0.Henceﬁnd[x -5 —1][4l

2 0 3111 1
1 0 2
Solution: [x -5 —1][0 2 1]=[x—2 —-10 2x-—8]
2 0 3

X
[x—2 —-10 2x-—8] [4l =[x2-48] [x2-48]=0 x=14+3
1

X
Then find the product [x -5 —1] I4l by putting x = 43, we get [27]
1
and x = -4V/3, we get [27]
1 0 2
3. IfA=|0 2 1| andA® — 6A4*+7A+KI = 0. Find K.
2 0 3
1 0 2 5 0 8]
Solution: A> =10 2 1|andA®=([2 4 5
2 0 3 8 0 13l

Sub ineqn A% — 6A%+7A+KI =0
A3 — 6A%+TA+KI =0

5 0 8] 1 0 2 1 0 2]
2 4 5]|-6|0 2 1| +7]10 2 1
2 0 3

8 0 13 2 0 3

On solving, we get K=2
4. A typist charges Rs. 145 for typing 10 English and 3 Hindi pages, while charges for typing 3 English
and 10 Hindi pages are Rs. 180. Using matrices, find the charges of typing one English and one Hindi
page separately. However, typist charged only Rs. 2 per page from a poor student Shyam for 5 Hindi
pages. How much less was charged from this poor boy?

Solution: let X :[;c]] A=[130 130] and B = Hg(s)

[10 3 ] [x] _ 145

3 100y 180

10x + 3y = 145,3x + 10y = 180

x=10andy =15, x+y =25

For Shyam instead of 15 Rs , the typist charged 2 s . So he charged Rs13 less for poor boy per page ,
for 5 pages the typist charged 13x5=65 Rs less for poor boy.
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CASE STUDY TYPE QUESTIONS
1. A manufacture produces three types of emergency lambs which he sells in two markets. Their
Monthly sales are indicated below

| | Type 1 [ Type 2 | Type 3 |
Market A 100 100 50
Market B 80 100 100

If the unit Sale price of the three types of emergency lights are 2000,3000 and 2500 respectively,
and unit cost of the above three commodities are Rs. 1500,2200, and Rs. 2000 respectively, then
based on the above information answer the following
a) Find the total revenue of market A
Solution: total revenue of market A
=100 x 2000 + 100 x 3000 + 50 x 2500 =6,25,000
b) What is profit of market B
Solution: Total profit of market B is 80x 500 + 100 x 800 + 100 x 500 =170000
Rs.3,25,000
c) Find gross profit in both market
Solution: Profit of market A=155000, Profit of market B=170000, Total gross profit =
Rs.3,25,000
2. Sushama owns a P.G for girls. One day she went to market purchase the food items. She bought
4kg onion,3 kg wheat, and 2kg rice for Rs 560.Next day she bought 2kg onion,4kgwheat and 6
kg rice. It cost her Rs:780. Another day she bought 6 kg onion,2kg wheat and3 kg rice which
cost Rs: 640.
a)Convert the given condition above in matrix equation of the form AX=B

4 3 2]xy [560
Solution : |2 4 6] Iyl=[780]
6 2 31zl l640
b)Find A+AT. Is it symmetric?
4 3 2 4 2 6][8 5 8
Solution: |2 4 6|+ (3 4 2 2[5 8 8].1‘[ is symmetric
6 2 3 2 6 3118 8 6

¢) Find a matrix P such that P = A2 — 5A

4 3 2114 3 2 4 3 2
Solution: A> — 5A=[2 4 6] [2 4 6]—5[2 4 6]

6 2 3ll6e 2 3 6 2 3
34 26 3271 [20 15 101 [14 11 22
=|52 34 46|-|10 20 30|=|42 14 16
46 32 331 130 10 151 116 22 18
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CHAPTER-04: DETERMINANTS

Definitions and Formulae:
To every square matrix we can assign a real number called determinant
» Determinant:

o LetA= [Z Z],then det(A) = |A| = ad — bc

a b c
o LetA=|d e f ,then|A|=a|e f|—b|d ]I;+cd Z|

e For easier calculations, we shall expand the determinant along that row or column which
contains maximum number of zeros

e The area of a triangle whose vertices are (x1 , y1 ), (X2, y2) and (x3 , y3), 18

L X1 Y1 1
A= > Xy Y2 1
X3 Y3 1
e Since area is a positive quantity, we always take the absolute value of the
determinant

e The area of the triangle formed by three collinear points is zero.
e Equation of line joining the points (X1 , y1 ) and (X2, y2) is

X y 1
X1 V1 1{=0
X2 Y2 1

» Minors: Minor of an element a;; of a determinant is the determinant obtained by deleting its ith
row and jth column in which element a;; lies. Minor of an element a;; is denoted by M;;.
> Co-Factors: Cofactor of an element a;; , denoted by A;; is defined by

Ajj = (=1)"J.M;; , where M;; is minor of a;;

» The value of a determinant A = sum of the product of elements of any row (or column) with their
corresponding cofactors. aijAn+anAntasA;- A

» If elements of a row (or column) are multiplied with cofactors of any other row (or column),
then their sum is zero. For example ai1Az1+ainAstaizAzz =0

> Adjoint of a Matrix: The adjoint of a square matrix A = [al- j] is defined as the transpose of the

matrix [Al- j] , Where A;; is the cofactor of the element a;; . Adjoint of the matrix A is denoted by
adj A.
» To find adjoint of a 2x2 matrix interchange the diagonal elements and change the sign of non —
diagonal elements.
> Inverse of a Matrix: Let A be anon singular ( square ) matrix.
1
-1 _ .
A" = IA] adjA
> Solution of system of linear equations by using matrix method:
Let the system of linear equations be
ax +byy+ciz=d;
ax + by +c,z=4d,
azx + by + c3z = d;
These equations can be written as

aq b1 C1lrx d1
a, b, 02‘ l)’l = [dzl
as bs c3llz ds

AX =B

X=A"1B

e A7 lexists,if |A| # 0 i.e the solution exists and it is unique.

e The system of equations is said to be consistent if the solution exists.
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e if |A| =0,then we calculate (adjA)B.
e If|A|l =0and (adjA)B # 0 , (O being zero matrix), then solution does not exist and
the system of equations is called inconsistent.
o [f|A| = 0and (adjA)B = 0, then system may be either consistent or inconsistent
according as the system have either infinitely many solutions or no solution.
» Important notes:

e The matrix A is singular if |A] = 0

e A square matrix A is said to be non-singular if |A[£ 0

e [f A and B are non-singular matrices of the same order, then AB and BA are also non-
singular matrices of the same order

e If A is an invertible matrix, then |40 and (A™) T = (AT)’!

|1A| = A"|A|,where n = order of matrix A

A(adjA) = (adjA)A = |A|l

e |adjA| = |A|""1,where n = order of matrix A
e |A(adjA)| = |A|",where n = order of matrix A
o |AB|=1AlIBl , (AB)™'=B7'A™" ,|A7Y =147, |AT| = 4]
e If A and B are square matrices of the same order, then adj(AB)=adjB. adj A
MULTIPLE CHOICE QUESTIONS
1. If A is a square matrix of order 3 such that |A| =- 5, then value of |—A] is
(a) 125 (b) - 125 (©)5 (d)-5
Solution:- |—A| =(-1’|A] =-(-5) =35 Correct option: (c)

2. What positive value of x makes the following pair of determinants equal
(a)4 (b) 8 (c)2 (d)+4
29 3]=[20 5] 2-15=32-15 2032 x=16, x4

|2x 3| |16 3

Solution:-

The positive value of x is 4 Correct option: (a)
3. If A is a square matrix of order 3 such that |adjA|=64, then what is the value of |A|
(a)64 (b) 8 (c) —8 (d) £8
Solution:-|adjA|=|A|*> =64,]A|=+8 Correct option : (d)
4.1f A (3,4),B(—7,2),C(x,y) are collinear, then which of the following is true?
@x+5y+17=0 @Ob)x+5y+13=0 (¢)x—5y+17=0 (d)x—-5y—-17=0
Solution:- If A (3,4), B(-7,2), C(x, y) are collinear, then area of triangle ABC=0

341 341
ies|-72 1|=0,ie|-7 2 1|0,
xyl xyl

i.e3(2—y)—4(-7 —x) + 1(—7y — 2x) = 0,i.e x-5y+17=0 Correct option: (c)

5. If A is an invertible matrix of order 2, then det(4™1)=
1

a) 0 (b)0 (o)1 (d) det(A)
Solution:-
ho|adi(D| _ L opapen b
det(A)= > |A|2 ladj(A)| = |A|2 |A| |A|Correct option: (a)

0
6. If cos15” sinl5
[cos75° sin75°]
2) 0 ) 1 (©)-1 d)90
Solution: Sin(15%+75%) = sin 90°=1 Correct option: (b)
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-2 0 0
7.1fA=11 2 3 ], then the value of | A (adj.A) | is
5 1 -1
(a) 1001 (b) 101 (c) 10 (d) 1000
Solution: Using |A(adjA)| = |A|™, |A| 3, we get 1000 where |A| = 10
Option : (d)
2 -1 5
8.IfA= [ai j] = |1 3 2|and Cjis the cofactor of element a;;, then find the value of
5 0 4
a21.Critaz.Cratazs.Cis.
(a) -57 (b) 0 (©)9 (d) 57

Solution: writing the values azi.c11..., finding the value as 0 Option : (b)
9. If A and B are two square matrices each of order 3 with |A| =3 and [B| =5, the |2AB]| is
(a) 30 (b) 120 (c) 15 (d) 225
Solution: using [kA|= k" |A|, where n is order, we get 2* x |A| x [B| = 120.Option: (b)
10. Let A be a square matrix of order 3. If |A| = 5, then |adjA]| is
(@5 (b) 125 (c) 25 (d)-5
Solution: |adjA| = |A|*",where n = order of matrix A, |A]*=25 Option: (c)

ASSERTION REASONING BASED QUESTIONS

Two statements are given, one labelled Assertion(A) and the other labelled Reason(R).Select the

correct answer from the codes (a),(b),(c) and (d) as given below

(a) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of the
Assertion(A)

(b) Both Assertion (A) and Reason(R) are true but Reason(R) is not the correct explanation of the
Assertion(A)

(c) Assertion (A) is true and Reason (R) is false.

(d) Assertion (A) is false and Reason (R) is true

. . _[2 3 o [—2 1
) Assertion(A): If A= 4] then Adj(A) [3_ "

a a
Reason(R):If AZ[ a1211 azlj] then Adjoint(A) can be obtained by interchanging
a1 and ax2 and by changing signs of ai2 and ax;
Solution:- Adj(A)= [_41 - 32].

Hence A is false but R is true Correct option: (d)
2) Assertion(A): If A is a square natrix of order 3, then |2A4|=8|A|
Reason(R): Let A be a square matrix of order n. Then | adj A| = |A|™!
Solution:-A is true since |24]|=2%|A|=8|A|
R is also true, but R is not the correct explanation of A Correct option:(b)

3) Assertion(A): if A= ; g] and Bz[g g] then (AB)'= [4671 8677
Reason(R): For any 2 matrix A and B, (AB)'=B'A"!
. adj(AB 1
Solution:- (AB) = # = 467 827] =BIA"!
(AB)'=B'A!
Hence Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
the Assertion(A) Correct option:(a)
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4) Assertion(A): For two matrices A and B of order 3, |A|=2 |B|=- 3, then|AB|=-6
Reason(R): The determinant of the product of matrices is equal to product of their
respective determinants, that is, |AB| = |A||B| where A and B are square matrices of the
same order
Solution:- |AB| = |A||B| =2(-3) =-6
Hence A is true but R is true.  Correct option(a)

5) Assertion(A): The system of equations 2x + 5y = 1; 3x + 2y = 7 are consistent
Reason(R): A system of equations is said to be consistent if they have one or more.

x
Solution;- The system of equations can be written in the form AX = B, where A=[§ g],X= [y]

o

On solving these system of equations by matrix method|A|=-11 # 0, Hence, A is non-singular
matrix and so has a unique solution. Hence they are consistent.
Correct option(a)
6) Assertion(A): In a square matrix of order 3 the minor of an element
a2 is 3 then cofactor of axy is -3.
Reason(R): Cofactor an element ajj = Ajj = ( -1)™ M;;
Solution:- Cofactor an element aij = Aij = ( -1)i+j Mjj
Cofactor an element a22 = A22 = ( -1)2+2(3)=3
Hence Assertion (A) is false but Reason (R) is true Correct option (d)
7) Assertion(A): If A is an invertible matrix of order 2, and det A= 3 then det( A )is

equal to é

Reason(R): If A is an invertible matrix of order 2 then det (A™") =det(A)
Solution:-Since det(A'l)ZL =2
detA 3

Hence A is true but R is false. Correct option: (c )

8) Assertion(A):The value of |§ _x 1+ alc

Reason(R):The value of the determinant of a matrix A of

order 2x2, where AZ[(CI 2] is ad-bc

Solution: |§ _x1+ ch

So Assertion A is true. |Z 3|= ad-bc

| is equal to 1

|=x@-G+DE-D=x-(-D=r-+1=1

So Reason R is true. Hence Reason(R) is the correct explanation of the Assertion(A)
Correct option: (a)
9) Assertion(A)]: For any square matrix A, |A|2 = 25 , then |A| = i%
Reason( R): |AB| = |A||B|
Solution: Assertion is false and Reason is true  Correct Option: (d)
2x—3
0 25

113
Reason(R): A square matrix A has inverse if and only if A is non- singular

Solution: |[A| = 8 + 5x , A™! exists only when |A| # 0
So Assertion is False. And Reason is true Correct option: (d)

10) Assertion(A):A= , then A™! exists if x = _?8
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VERY SHORT ANSWER TYPE QUESTIONS
1 2 1 -4
3 _ ] zind B—2[3 _12] ﬁ:d |AB|7 .
Solut10n:-_AB=[3 _ 1] X 3 _ 2] =[0 _ 10
|AB|=-70,0r |AB| = |A||B|=-7x10=-70
2. Find the equation of the line joining A ( 1, 3) and B ( 0, 0) using determinants
Solution:- Let p(x,y) be any point on the line AB
Then area of APAB=0

1. 1fA=[

131
0 0 1|=0, Equation of linc ABisy=3x
xyl
_[13 2
3. 1fA—[2 1],ﬁndthevalueof|A 2 A|

2 6
42
> 9] 1422425

Solution:- A2-2A=[Z s -[

4. If for any 2x2 square matrix A, A(AdjA)= [3 g] , then write the value of |A]
Solution:- A (adj A) = |A| I

o okl O[5 SHo

|A|=8
5. What positive value of x makes the following pair of determinants equal
2x 3] |10 3
5 xI’15 5
Solution:- 2x%-15=50-15, 2x?>=50, x=+ 5
6. IfAZ[g B 3] write A in terms of A
o Al AU _Z1f=2 = 3] _112 3] _1
Solution:- A™'= m " [ 5 9 ] " [5 _ 2] " A
2 -3 5
7. Find minors and cofactors of the elements of the determinant [6 0 4 | and verify that a;;
1 5 =7

Azl + an Apn tajz Az =0
Solution: Az1=-12, A32-22 A33=18 , then a1 A3 + a2 Az +aiz Az =0

1 1 1
8. Find maximum value of the determinant 1 1+ sin6 1| (8 isreal).
1 + cos® 1 1

Solution: Finding the determinant and equating to zero, sinf cosf = %sinZQ.
But -1 < sinf <1 —1<-sin20 <1 -2 <sin20 <2,

Maximum value is 2

3 -1
9. If|A|=3,A"'=[5 2 |find A
: : 3 1
Solution: let P = A''= _5/3 2_/3] ,using (A7) 7' =A
6 5 1 2 5
')|P|:§_§=§,P11=§,P12=§,P21=1,P22=3
T [2 2
agpls 5| <[ Mprour_sfi t o
S P 53| N EA
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1k3
10. Find k if the matrix|1 3 3
4 4

2
Solution: Using |adjA| = |A|™ 1, 2k-6 =16,k = 11.

is the adjoint of a 3x 3 matrix A and |A| = 4.

SHORT ANSWER TYPE QUESTIONS
1. A coaching institute of Mathematics conduct classes in two batches, I and II and fees for rich and

poor children are different. In batch I, it has 20 poor and 5 rich children and total monthly collection
of Rs.9000/-, where as in batch II 5 poor and 25 rich children and the monthly collection is
Rs.26,000/-. Using matrix method finds the monthly fees paid by each child of the two types.
Solution:- Let x and y be the fees paid by rich and poor children respectively.

According to the question, 5x+20y=9000, 25x+5y=26000
. . _ _[5 20 _ [*] n_[ 9000
Which can be written as AX=B, where A [25 c ],X = [y],B [26000]
|A[=-475%0
... 5 =20 4 _ -1 5 =20
adJA_[—zs 5 |+ ar=5 —25 5 |
_[X -1p_[1000] __ _
X [y] AT1B [200 , x= 1000, y=200.
300
2. If A.(adjA)=[0 3 0],then find the value of |A| +|adjA|
003

Solution:-

|A.adjA|=|Al|ladjA|=|Al|A]> =|A|]® - 27=|A|%, |A|=3, |adjA|=3*=9, |A| +|adjA|=12
3. If A is a skew symmetric matrix of order 3, then prove that det A=0

Solution:- If A is a skew symmetric matrix of order 3,then A= - AT

|Al =|— AT| =-1AT| =-1A]| (Since |AT| =|A])
2|A| =0, Hence|A|=0

1 sinx 1
—sinx 1 sinx
-1 —sinx 1

Solution:- |A|=2+2sin’x

We know that 0 <sin’x < 1 ie. 0<2sin’x<2 ie 2<2+2sin’x<4

i.e. 2<|A| <4 Hence |Al€[2,4]
5. [Ifthe points (ai, b1), (a2, b2) and (a; + a2, by + b2) are collinear, then prove that a;b,=axb

Solution;- If the points (a1, bi), (a2, b2) and (a1 + a2, b1 + by) are collinear,

4. If A= , where 0 < x <2m. Then prove that |A|€[2,4]

a, b, 1
then|a, b, 11=0
a, +a, by +b,1

On expanding we get axb1-a1b,=0 Hence axb; = aibz
6. Using determinants, find the area of APQR with vertices P(3,1),Q(9,3)and R(5,7). Also find the
equation of line PQ using determinants.

. 311
Solution:- Area =193 1f= 16 sq.units
571
xy1
Equation of PQis ({3 1 1| =0, -2x+6y=0 OR x-3y=0
931
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1o, s
0 1 3 2 2
7.IfA=|1 2 «x andA‘lz_?1 3 _?3 find the values of x and y.
2 3 1 1 1
2z V2
Solution:-
Using AA'=1
—11x Sy —1Ox 100 . .
- 13 2+xy - t7|=10 1 0], equating and solving
0 1+y 1 0 01
x= 1 and y=-
x 37
8.x=-9isarootof [2 x 2|=0 then find the other 2 roots
76 x
x 37
Solution:- |2 x 2|=0 x*- 67x+126=0 (x+9)(x-7)(x-2)=0 x=-9,7,2
76 x

Hence the other two roots are 7 and 2

o.1f A=[12 _ i] and BZ[ 1 =2 ] then verify that (AB)! =B!A"!

Solution:- AB= [5 . 4] |AB|— -11#0 (AB)"' exists
14 5 1[—4 — 3] - 32
(AB)'= 11[ __[ ]Bl:[11
BIAT=— m [14 5] =(AB)! Hence proved
x 00
10.If x, y, z are nonzero real numbers and A=|0 y 0] then prove that
00z
x710 0
Al=[0 y71 0
0 0 z1
yz 00
Solution: Find |[A| = xyz. and adjA =|0 xz 0] using the definition of A" we get
00 xy
x100
A'=[0 y1 O
0 0 z1

LONG ANSWER TYPE QUESTIONS
1. Solve the following system of equations by matrix method

3x-2y+3z=8, 2x+y-z=1 and 4x-3y+2z=4
Solution:- The given system of equations can be written as AX=B, |A|= -17#0 and

~1-5-1 —1-5-1

adjA=|-8 —6 9|, A= —%7[—8 —6 9]

~10 1 7 ~10 1 7
—1-5—1][8

X=A"B=—|-8 -6 9 H x=1,y=2,z=3
—10 1 71la
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1 2 =310 1 2
2. Use the product[B 2 —2] [—7 7 —7] to solve the system of equations:-
2 -1 11l-7 5 -4
x+2y-37=6, 3x+2y-2z=3 and 2x-y+z=2
Solution: the product of two matrices is 7 I

1 2 =3 ) 0o 1 2
And the inverse of [3 2 —2]1s =7 7 =7
2 -1 1 -7 5 —4
X 6
Let X = [yl and B =|3| using X=A'B, we get x=1,y=-5 and z=-5.
z 2
3. Using the matrix method, solve the following system of linear equations :
230 42 —-—+——1 22
X Y z Y z Y =z

Solution:- The given system of equations can be written in the form AX=B,

2310 | *| 4
Where A=| 4 — 6 5 |—|andB , |A|=1200 # 0, A exists
y
69 —20 llj
z
75 150 75 1 75 150 75
Adj(A)={110 — 100 30| Hence A" =——1110 — 100 30
72 0 —24 72 0 —24
Using X=A"'B
75 150 75 600
1700 110 —100 30 =—— 1400
72 — 24 240
1 1
x 2
—| =13].1 =2,y=32=5
y ;| Hencex =2,y =3,z =
1 1
z 5

3 -1 sin3x -
4. If| =7 4  cos2x | is asingular matrix, then find all values of x, where x € [0,5 ]

11 7 2
3 —1 sin2x
Solution | —7 4 cos2x|=0.
-11 7 2

2¢082x + sin3x = 2,
4sin3x + 4 sin®x — 3 sinx = 0,
Sinx(4 sin’x + 4 sinx —3) =0
Sinx (2sinx -1)(2sinx +3) =0
Solving, to get x=0, g

0 2 1
5.IfA= <—2 -1 —2) , find A™1 | and use it to solve the following system
1 -1 0
of equations: -2y +z=7,2x —y—-z =8, x -2y = 10.
Solution |A| =-2(2) + 1(3)=-1#0
-2 -1 -3
Adj A= (—2 -1 —2)

3 2 4
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) 2 1 3
At =rmadiA=( 2 1 2
-3 -2 —4

X 7
Given system of equations is equivalent to ATX = B,where X = (y), B= ( 8 )

z 10
X =(AN)1B=(A1TB

0)-( 1)

x=0,y=-5,z=-3
6. If0< [x] <2,-1<[y]l<1,and1 < [z] < 2, then the maximum value of  determinant

[x]+1  [y] [z]
A= [x] ly] +1 [z] |is
[x] [yl [zZ]+1
a)2 b) 6 c)4 d)none of these.

Solution let a = [x] , b=[y] , c = [z]
Given0<a <2,-1<b<1,1<c <2

Since a, b, ¢ are greatest integer values.

Possible integers are a€ {0,1}, be {—1,0}, c=1

a+1 b c

=] a b+1 ¢ |, putc=I
a b c+1

a+1 b 1

= a b+1 1|=a+b+2,sincea€e {0,1},be {—1,0} a=1,b=0
a b 2

=1+2=3

Option d) none of these.

CASE STUDY BASED QUESTIONS
1. Ram buys 5 pens, 3 bags 1 instrument box and pays a sum of Rs. 160. From the same shop,

Madhav buys 2 pens, 1 bag and 3 instrument boxes and pays a sum of Rs.190.Also Ankit buys 1
pen, 2 bags and 4 instrument boxes and pays a sum of Rs.250.
Based on the above information, answer the following questions:

1) Convert the given above situation into a matrix equation of the form AX=B

2) Find |A| 3)Find A™! OR  Determine P=A2-5A

531 X 160
Solution:-1) Matrix equation AX=B, where A=|2 1 3 leyl B=[190| where x is the number
124 z 250
of pens bought, y the number of bags and z the number of instrument boxes.
2) |A|=-22
-2 —-10 8 -2 —-10 8
3) Adj(A)=|-5 19 —13], A-lz_Lzzl—s 19 — 13]
3-7-1 3-7-1
OR
7 513
P=A’-5A=|5 8 2
833
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2. Manjit wants to donate a rectangular plot of land for a school in his village.

When he was asked to give dimensions of the plot, he told that if its length is decreased
by 50 m and breadth is increased by 50m, then its area will remain same, but if length is decreased
by 10m and breadth is decreased by 20m, then its
area will decrease by 5300 m?

1. Based on the information given above, form equations in terms of x and y
2. Write down matrix equation represented by the given information
3. How much is the area of rectangular field?

Solution:- (x — 50)(y + 50) = xy,x —y =50 (x—=10)(y —20) =xy —5300,2x +y =

550
1 —111*1_[ 50

D [ 2 1 ] [y]:[sso

2) On solving, We get, x=200 m, y=150 m, Area =200 x 150 =30, 000 sq .m

3. The management committee of a residential colony decided to award some of the students of
their colony (say x ) for honesty, some (say y) for helping others and some others (say z)for
supervising the workers to keep the colony neat and clean. The sum of all the awardees is
12.Three times the sum of awardees for cooperation and supervision added to two times the
number of awardees for honesty is 33.If the sum of the number of awardees for honesty and
supervision is twice the number of awardees for helping others.
Based on the above information, answer the following questions:
1)Convert the given above situation into a matrix equation of the form AX=B
2)Find A™!
Find the number of awardees of each category
Solution:-x +y+z=12,3(y+2)+2x=33and x +z =2y
e, x+y+z=122x+3y+3z=33and x—2y+z=0

111 x 12
Matrix equation AX=B, where A=| 2 3 3 XZlyl B=|33
1 -21 Lz 0
9-30
2)]41=3, Al=| 10 - 1] 3) X=A"'B, Hence x=3,y=4,7=5
7 31
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CHAPTER -5: CONTINUITY AND DIFFERENTIABILITY

GIST / SUMMARY OF THE LESSON

e A real valued function is continuous at a point in its domain if the limit of the function at that
point equals the value of the function at that point. A function is continuous if it is continuous on
the whole of its domain.

e Sum, difference, product and quotient of continuous functions are continuous. i.e, if f and g are
continuous functions, then

e (fxg9 ) =f(x)+t g(x)is continuous.
(f-g9)(x) = f(x).g(x) is continuous.
(g) (x) = % (wherever g(x) # 0) is continuous.

e Every differentiable function is continuous. But the converse is not true.

: : . . . : : d
e Chain rule is rule to differentiate composites of functions. If f=v o u, t=u (x) and if both d—;
df _ dv dt

dv .
and — exist then — = —.—
dt dx dt dx

e Logarithmic differentiation is a powerful technique to differentiate functions of the form f{x)
=[u(x)]*®. Here f{x) and u(x) need to be positive for this technique to make sense.
DEFINITIONS AND FORMULAE
e Continuity of a function at a point:
Let f be a real function on a subset of the real numbers and let ¢ be a point in the domain of f.
Then f'is continuous at ¢ if }CI_I)I} f(x) = f(c)

More elaborately, if the left hand limit, right hand limit and the value of the function at
X = ¢ exist and are equal to each other,
ie lim f(x) = f(c) = lim f(x) then fis said to be continuous at x = c.

X—C X—C

¢ Continuity in an interval:
(1) fis said to be continuous in an open interval (a, b) if it is continuous at every point in this
interval.
(ii) fis said to be continuous in a closed interval [a, b] if
a) f'is continuous in (a, b)
b) lim f(x) = f(a)
xX—a
) lim f(x) = £(b)
e (Geometrical meaning of continuity:
(1) Function f will be continuous at x = c if there is no break in the graph of the function at the
point (c, f(c)).
(i1) In an interval, function is said to be continuous if there is no break in the graph of the
function in the entire interval.
e Discontinuity:
The function f will be discontinuous at x = a in any of the following cases:
6) xlir(lg_ f(x) and xl—i}crll’r f (x) exist but are not equal.
(i1) xlirgl_ f(x) and xll)rcrllJr f (x) exist but are equal but not equal to f(a).
(111) f(a) 1s not defined.
e Continuity of some of the common functions

Function f(x)
Interval in the which f is continuous

1. The constant function, 1i.e. fix)=c ,forall xeR
2. The identity function,  1i.e. f(x)=x ,forall xeR
3. The polynomial function, i.e.
f(x) = aox™ + aix™ '+ axx™? + ... + an.1x + an _forallR
4. |x—al , where X € (—00, 00)
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5. x™, nis a positive integer , for all real number x

6. %, p(x) and g(x) are polynomials in x ,where the domain is R — {x:q(x) =0}
7. sinx,cosx forall xeR

8. tanx,secx where x =R — {2n+1)g: ne zZ

9. cotx,cosecx where x = R - {nm:n € Z}

10. e* for all xe R

11. logx (0,00)

12. The inverse of trigonometric functions.
In their respective domains. i.e,sin™! x,cos™! x etc.
Let fand g be real valued functions such that (fog) is defined at a. If g is continuous at a and f
is continuous at g(a), then (fog) is continuous at a.
Differentiability

The function defined by f’(x) = ;llrr(l)

w , wherever the limit exists, is defined to be

the derivative of f at x. In other words, we say that a function f'is differentiable at a point c in
its domain if both I}irgl_ w , called left hand derivative, denoted by Lf (c) and
}li%gr w , called right hand derivative, denoted by Rf ‘(c) , are finite and equal.
(1) The function y = f(x) is said to be differentiable in an open interval (a, b) if it is
differentiable at every point of (a, b).
(i1) The function y = f(x) is said to be differentiable in a closed interval [a, b] if
Rf (a) and Lf (b) exist and f (x) exists for every point of (a, b).
(ii1))  Every differentiable function is continuous, but the converse is not true.
Algebra of derivatives
If u, v are functions of x, then
d(utv) du , dv
) el
dx udx i dx
d (u Vo Y vu' —uv’
( ) = v? ‘ r v2

.y d dv du , ,
it) —(uv) =u—+v— or uv +vu
) dx( ) dx+ dx

Following are some of the standard derivatives (in appropriate domain): 1)
i =1 _ 1 .. i -1 _ . i -1 —
= (sin" x) = — (ii.) ™ (cos™ x) = — 111)dx (tan™" x)

1 d 1N 1
1+x2 v) dx (sec™ x) = lx|Vx2-1’ x| >1

1+x2 iV)

d _
a(COt 1X) = -
1

4 -1 _ -1 oy d ooy ey d _1
vi) —(cosec™ x) = Pl |x] > 1 vii) — (e*)=¢e viii) — (logx) -

EXPONENTIAL FUNCTION : The exponential function with positive base b > 1 is the function y =

f(x) = b*. Its domain is R, the set of all real numbers and range is the set of all positive real numbers.
Exponential function with base 10 is called the common exponential function and with base e is called
the natural exponential function.

LOGARITHMIC FUNCTION : Let b > 1 be a real number. Then we say logarithm of a to base b is x

if b* = a, Logarithm of a to the base b is denoted by log,, a. If the base b = 10, we say it is common
logarithm and if b = e, then we say it is natural logarithms. logx denotes the logarithm function to base
e. The domain of logarithm function is R", the set of all positive real numbers and the range is the set of
all real numbers.

1) The properties of logarithmic function to any base b > 1 are listed below:
1. logy(xy) = log, x + log, y
2. logy (g) = log, x — log, y
3. log, x™ =n log, x
4. logy b =1and log, 1= 0.
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d(e®)

i) The derivative of e* w.r.t x is e*, i.e.W =e”*.
. . .1, d(logx 1
The derivative of log x w.r.t. x, is ~;l.e. (Tg) ==

* Logarithmic differentiation is a powerful technique to differentiate functions of the form f(x) =

(u (x))v(x), where both f and u need to be positive functions for this technique to make sense.
* Differentiable of a function with respect to another function
Let u=f(x) and v=g(x) be two functions of x, then to find derivative of f(x) w.r.t g(x), i.e.,

du
d d Ix
find ==, we use the formula — = 4x,
dv dv T
e Second order derivative
dd d?y . . .. .
Eﬁ = d—x); is called the second derivative of y w.r.t X. it is denoted by y’’ or y,, if y=f(x).

MULTIPLE CHOICE QUESTIONS
sinx ,
— T cosx,if x #0
k ,if x =20

1. The function f (x) = { is continuous at x = 0, then the value of £ is

A) 3 B) 2 O)1 D) 1.5
Solution: If f (x) is continuous at x = 0, then

i . sinx : i i
S =) = MogST reosxg o o Him s T cosx =k

x—0 x>0 x x—0
=1+1=k so k=2 Answer: B
2. The function f (x) = [x], where [x] denotes the greatest integer function, is continuous at
A) 4 B) -2 o)1 D) 1,5
Solution: f (x) = [x] is everywhere continuous except at integer points.
Hence, it is continuous at x = 1.5 Answer: D

3. The number of points at which the function f (x) = X_;[X] is not continuous is

A) 1 B)2 O3 D) none of these
Solution: We know that x — [x] = 0 when x is an integer.
hence f (x) is discontinuous at every integer point. Answer: D

4. The derivative of sinx with respect to logx is

A) = B) == C) xcosx D) x2cosx
CoSx a X
Solution: {"Sﬂ == =xcosx Answer: C
Elogx o
COS3X — COSX
5. Iff: R—R defined by f (x) = X2 -, forx#0

a, forx=20

is continuous at x = 0, then « is equal to
B) -2 B) -4 C) -6 D) -8

Solution: If f (x) is continuous at x = 0, then

lim lim cos3x—cosx _

lim -2sin2xsinx
f(x)=1 e ars Ao
‘o0 x)=f0)= N a=

-0 x? x—0 x2
lim sin2x lim sinx _

x>0 2x x—=>0 «x

6. The set of points where the function f (x) = |3x - 2| is differentiable, is

= -4 0 = 4X1IXl=a=>a= —4 Answer: B

A) R B)R - {%} C) R- {%} D) none of these
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3x—2, X =

INvwiN

Solution: We have, f (x) =[3x - 2| =
—(Bx—-2) x<

3
We find that f (x), being a polynomial function, is differentiable for all x > g and also for x < %
Atx= g, we find that

(LHDatx = ) = £ (=3x+2),_2 =3
3

2\ d _
(RHD at x = 5)—a (Bx-2),_: =3

)

LHD atx = 2) = (RHD at x =
( 5= (

So, f (x) is not differentiable at x =

NWIN"‘“N

3 SO f(x) is differentiable at R - {g} Answer: C
. The function f (x) = e M is

A) continuous everywhere but not differentiable at x =0

B) not continuous at x =0

C) continuous and differentiable everywhere

D) none of these

. J_f(e* ,x =0
Solution: We have, f(x) =e P = {e‘x . <0

. lim _ im0 _
LHL'x—>.0‘f(x) x—>.0‘e =e =1
RHL: lm lim = px = g0 =1

x -0 f(x):x—>0+
And, f(0)=e° =1

lim _ lim _ . . _
Thus, ‘o O_f(x) = o0t f (x)=1(0) So,f(x)is continuous at x = 0.
Now, (LHD atx = 0) = (j—x (€™) J-o=—(e™) yoo —€®= —1

And, (RHD atx = 0) = (5= (%) )x-0=(e¥) x—o = €°=1

(LHDatx = 0) # (RHDatx = 0)

So, f'(x) is not differentiable at x = 0.

Hence, f (x) is continuous everywhere but not differentiable at x =0. Answer: A

2
. The value of & for which the function f (x) = {x x 20 is differentiable at x = 0
kx ,x <0
A) 1l B)2 C) any real number D)0

Solution: For f (x) to be differentiable at x = 0, we must have
(LHD of f (x) at x =0) = (RHD of f (x) at x =0)

lim f&-fO_ lim fx)-£0 lim kx_ lim x*
x—->0" x-0 x>0t x-0 x>0~ x x-0%«x
k= lim x = k=0 Answer: D
x—-0
. Lety= f(%) and f? (x) = x3. What is the value of % atx = ; ?
1 1
A) - B) —5; C) -32 D) -64
Solution: We have, y=f e)
ay _ e (1 _L av_1 . _1__1
SO dE_f (x) 1>< x2 = dx x3 X x2 x5
Y - __r .
Dyl (1)5 32 Answer: C
2 2

10. If y = sin?(x?), then Z—z is equal to
A) 2sinx3cosx®  B) 3x3sinx3 cos x> C) 6x?%sinx3 cos x3 D) 2x%sin?(x)3
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Solution: We have, y = sin?(x)3

dy d . d , . . i d, .
2= Z sin?x3 = = (sinx?)? = 2(sinx3)?"! Z(sinx?)
dx dx dx dx
=2 sinx3cosx® x 3x?> =6x%sinx®cosx® Answer: C

ASSERTION - REASON BASED QUESTIONS
In the following questions, a statement of assertion (A) is followed by a statement of reason (R). Choose
the correct answer out of the following answers
A) Both A and R are true and R is the correct explanation of A.
B) Both A and R are true, but R is not correct explanation of A.
C) A is true but R is false.
D) A is false and R is true.

1) Assertion (A): If f (x) = {

ax+1, ifx=>1

, i ntin tx=1, then a=2.
x+2, if x<1 s continuous at x = 1, then a

Reason (R): A function f (x) is continuous at a point & in its domain, ifx li)ma f (x) exists.
Solution: f (x) is continuous at x = a iff xll_r)na f (x) exists and is equal to f ().
So, Reason is not true.

: . _ lim _ lim _
If f (x) 1s continuous at x = 1, then ‘o 1- f(x)—x o1+ fx)=£(1)

lim lim
+2)= +)=ax1+ +2=qa+
x 1(X 2) N 1(ax N=aX1l+1= 1+2=a+1
~a=2 So. Assertion is true. Answer: C) A is true but R is false

2) Assertion (A): The function f(x) = tan’x is continuous at X = g

Reason (R) : x?is differentiable at x = g
Solution: We know that a function f(x) is continuous at a point ‘a’ in its domain iff
LHL = RHL = f(a) , but lim, tan®x is not defined so f(x) is not continuous at x = %

x ==
2
But x? is differentiable at x = g , S0 assertion is false but reason is true .  Answer : D
in5x .
sin5x ifx#0
3. Assertion (A): If f (x) = ’,Cc is continuous at x = 0, then k=15
-,ifx=0

3 )
Reason (R): If f (x) is continuous at a point x = a in its domain, then xlina f(x)=1(a)
Solution: Reason, being the definition of continuity is true.
Function f (x) in Assertion is continuous at x = 0. Therefore, by using assertion, we
lim _ lim sinsx _k lim sinsx _k
have.x_>0f(x)—f(0):x_)0 i o0 52 3

= k=15  Answer A) Both A and R are true and R is the correct explanation of A.

3) Define F(x) as the product of two real functions fi(x)= x, Xx€ R, and
1 :
f(x) = {Smx y if x#0 as follows: F(x)= {fl(x).le(x)., i 91;& 0
0, ifx=0 0, ififx=0
Assertion (A): F(x) is continuous on R.
Reason (R): f;(x) and f,(x) are continuous on R.

. 1
xsmx—,xiO
0,x=0

_lim I . . _
F(x)= x 0 XSIN = 0=F() So, F(x) is continuous at x = 0.

Solution: Assertion is true Clearly, F(x) = {
lim

x—-0

But Reason is false because f,(x) is not continuous at x=0
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lim
SN
4) Assertion (A): The function f (x) = |x| is everywhere continuous. '3
Reason (R): Every differentiable function is continuous.
) =-x v=x
X X

0 sin% is not defined so Reason is false Answer : Option C

Solution: If a function f'is differentiable at a point c, then it
1s also continuous at that point. So, Reason is correct. 2 3
Assertion is also true as it’s evident from the given graph of \

£ (x) = x|
However, Reason is not the correct explanation of assertion.
Answer: B
. , d?
5) Assertion (A): Lety = sint then, d_tZ:

d?y d ,dy
Reason (R) E = E (E)

. d? . .
Solution: d—tf=—y so Assertion is false but Reason is true ~ Answer: D

6) Assertion (A): The function f (x) = |x — 6|cosx is differentiable in R - {6}.
Reason (R): If a function f is continuous at a point ¢, then it is also differentiable
at that point.

Solution: We know that |x — 6] is not differentiable at x = 6.

Therefore, f (x) = |x — 6| cosx is not differentiable at x = 6.

Thus, f (x) = |x — 6]cosx is differentiable in R -{6}. Hence Assertion is true.

But Reason is false, because |x — 6] is continuous at x = 6 but it is not differentiable there

7) Assertion (A): The derivative of a real valued even function is an odd function.
Reason (R): The derivative of a real valued odd function is an even function.
Solution: Let f (x) be a real valued even function.

Then, f(=x) = f(x)
d d ‘ d ‘ ‘ ‘
L(F0) =2 (@)= FE02(0=fx) = -f(0)=fx
f'(-x) =-f'(x), f'(x)is an odd function. So, Assertion is true.
Let f (x) be a real valued odd function. Then,
f(-x)=-f(x)
d d s d >
L(F0)= 2 (f() = £ ()= (~0) =-’K)
= -7(x)=-1{"x%) =>f(x)=1f"(x)
Thus, £’ (x) is an even function. Reason is true.
However, Reason is not correct explanation of Assertion. Answer: B

8) Assertion (A): if x¥.y*=16, then dy/dx at (2,2) is 1
d i !
Reason (R): — f(x).g(x) = f'(x)g(x) + f(x)g'(x)
Solution : correct option is D)
- xV.y*=16 then log x*.y*=logl6 = logx’+logy* = logl6 =ylogx+xlogy=log16
;—x(ylogx + xlogy) =0 = % +logx y' + %y’ + logy =0

= y’(logx + % ) =-logy - % = 2—3; at (2,2) is equal to -1
So assertion is false but reason is true .

9) Assertion (A): If f(x) is an even differentiable function, then f’ (x) is an odd function.

Reason (R): If /(x) and g (x) are real differentiable functions, then

T AE @O} = o P @)} X 322 (0

. d )
Le. —{f(g(x))}=F (g(x) X g’ x)
Solution: Reason is the standard chain rule and hence it is true.
If /' (x) is an even function, then f'(-x) = f (x)

EIPN) o)L () = £
L () = = (@) S L ()= @)
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LX) = (%) S (x)=-1(x)

So, /> (x) is an odd function. Hence, Reason is true. Thus, both assertion and reason
are true and reason is the correct explanation for Assertion. Answer: A

VERY SHORT ANSWER TYPE QUESTIONS
(x+3)%-36 +3

1. Find the value of m if the function f(x)= { x-3
m, x=3

is continuous at x = 3.

Solution: it is given that f(x) is continuous at x = 3
(LHL at x = 3) = f(3) =RHL at x=3

lim llm (x+3)2- 62 lim (x+3-6)(x+3+6) _
L /=)= s mms

lim (x 3)(x+9)=m _ 12=m

=
x—>3 x3

x| is continuous at x = 0.
if =20 _{x, ifx=0
3x, if x <0

2. Show that the function f'(x) = 2x -
. B ( 2x—x,
Solution: We have, f(x) = 2x - |x| = {Zx (—x), if x <0

(LHL at x = 0) = l”’:)_f()— “"6 3x=3%0=0
li li

(RHL at x = 0) = lm+f()—x_l)n6+x=0

And, £(0)=0

lm:)_f( )= lmBJrf( )=£(0) So, f(x) is continuous at x = 0.

1
ex— 1
3. Show that the function f'(x) given by f(x) =4 3 .,
0, whenx =0

, whenx #0

1s discontinuous at x = 0.
Solution: We observe that,

UL aty=0)= B s = Tor©-m= 7o 7 (-
li 1 li —1—1 li
_lim er-1_ lim A _ 0-1_ . im 1 _
LHLatx-0 h>0,2., ho0Lsi_ 0+1 1 [smce,hqoe% 0
eh
Where f(0) =0 since (LHL at x =0) # f( 0)

So, f'(x) is not continuous at x = 0 and has a discontinuity of first kind at x = 0.

4. Show that f'(x) = | x| is not differentiable at x =0
Solution: We observe that:
e lim f@-rf@O_ lim fo-n-f@© _ lim fh)-£(0)
(LHDatx O) x -0 x—0 h-0 0-h-0 h-0 -h
_ lim |zhizjol _ lim |-hl_ lim h _ lim  _
h-0 -h h-0-h h->0-h h->0

L lim fe-r@_ lim fO+n-f© __ lim f-£(©)
(RHD at x = 0) x> 0F  xT0 W0 - N
lim |nl=lo| _ lim h_ lim —1

"ho>0 h  ho0h h-o0
(LHD at x =0) #+ (RHD at x = 0)
So, f'(x) is not differentiable at x = 0.

5.1 £ (x) =[cos x|, find f* (%) and f' (£F).
cosx,if O <x<Z
Solution: We have, f(x) = |cos x| = o z
—cosx,if E<x<n
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, —sin x, if0<x<§
flo=1 . Lo T

sin x, lf;<x<71'

Note that f'(x) is not differentiable at x = g

Thus, f' (E) = sinzz —%andf’ (%") —gin=1

6. Differentiate tan” [M] with respect to x
Sinx
1 2cos?Z
Solution: let f(x) = tan” [ +Cosx] = tan’! [x—zx] =tan'[tan> | = =
sinx 28in= cos— 2 2

Lf@ = 1

7. Differentiate the given function with respect to x: log(x + Vaz + x2)
Solution: Lety =log(x + Va? + x2). Then,

{log(x + VaZ + x2)} = ——— % {x + VaZ + x2}

x+\/a2+x
dy 1 { 2 2 2
—= ——11+ =(a x“) 2z X — (a X
dx x +Vaz+ x2 T 2( T ) dx ( T )
dy _ 1 {1 1 sz}_ 1 va? + x? +x
(ciix ;vc+\/1a2+x2 2vVa? + x2 x +Va2+ x2 Va2 + x2
Y _
dx  VaZ+ x2

8.1fy=/(x?)and f'(x) = (e"%), find =
Solution: We have, y = f(x?) and f'(x) = (eﬁ)
ﬂ=%vwm

dx

=f' (xz) ~(x?)
_f (xZ) 2x— e|x|2x
= 2xel
. o dy _ sin? (a+y)
9. If sin y = x sin (a +y), prove that dx _ sina

Solution: We have,

siny=uxsin (a + )
siny

 sin (a+y)

Differentiating both sides with respect to y, we get

dx sin(a + y)cosy — siny cos(a + y)

dy sin?(a +y)

dx sin(fa+y-—y)

dy  sin?(a+7y)

dy sin?(a+y)

ax d_x sina

1
-

_ ay _ cosx
10. If y = tan x + sec x, prove that & d 2 T Uosima)?

Solution: We have, y = tan x + sec x

dy 2 1 sinx _ 1+ sinx
— = Sec“x +secxtanx = =
dx cos?x = cos?x cos?x
dy _ 1+sinx _ 1
de T 1-sin2x  1-sinx

a2y _ d { 1 } d . aeq

— = — =—{(1—sinx

dx? dx \1-sinx dx {( ) }

d? . o d .

d—x);= (-=1)(1 —sinx) 2E(l—smx)

d? -1 cosx

2= (-cosx)=

dx? (1 - sinx)? (1 - sinx)?
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SHORT ANSWER TYPE QUESTIONS
m (x? —2x), ifx<0
cos x, ifx =20

1. Determine the value of the constant m so that the function f(x) = {

is continuous.

Solution: When x < 0, we have f (x) = m (x? — 2x), which being a polynomial is continuous

at each x < 0. When x > 0, we have f(x) = cos x which being a cosine function is continuous at
each x > 0. Let us now consider a point x =0. At x =0,

we have
_m. lim _lim 2 _
(LHL at x = 0) xl._) 0- fx)= lx So™m (x% — 2x) = 0 for all values of m.
_mo lim _ lim _
(RHLatx—O? x_>0+f(x) x — 0COS¥ 1

Clearly, N l_L)n:)_ fx) #+ X l_l:r:) + f (x) for any value of m.

So, f'(x) cannot be made continuous for any value of m.
Thus, the value of m does not exist for which f'(x) can be made continuous.

1, ifx <3
2. Iff(x)=13ax+b,if 3 <x < 5. Determine the values of @ and b so that f'(x) is continuous.
7, if <x

Solution: the given function is continuous at x = 3
So LHL(at x=3) = RHL(at x=3) = {(3)
) lim _ lim _ _
LHL: x_)3_f(x) x—>31 1

lim lim
: = +b)=3a+
RHL x_>3+f(x) x_)3(ax b)y=3a+b
LHL=RHL so 1=3a+b ..(1)
Also function is continuous at x =5, So LHL=RHL
lim lim
= +5)=5a+
xl'_) 5- f(x) )5._) c (ax+5)=5a+b
im _ lim
x - 5% o= x -
- LHL=RHL so
S5a+b=7 ...
By solving (1) and (2), we get
a=3,b=8
i x #0,

3. If f(x)z{?o e

57=7and,f(5)=7

Solution:.
LHL=lim == -1
x—0" ;C
RHL=Ilim==1

x—0t X

LHL# RHL, f(x) is discontinuous at x=0

IS
I IA
R ooie R

IA
—_

N
N |-

=R

4. Discuss the continuity of the function f'(x) at x Z%, where f(x) =

NIe R
AN

N w
I
=
N

Solution: We observe that:
When 0 < x < %then f(x) is pol
lim lim (1 )

1 -
(LHLatx=E)=x_)% f(x)=x_>% STX
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lim lim
1 _ — 3_,)=3_1_
(RHLatx_E)_x—);f(x)_x—>%(2 x)_z =1

lim lim
xﬁ%‘f(x) # x_,;*f(X)
Hence, f(x) is not continuous at x = %
x?sin G),ifx #0
0,if x=0

5. Show that the function f(x) = { is differentiable at x = 0 and

f'(0) =0.
Solution: We observe that,
(LHD at x = 0) = lim fr@-r©@ _ lim fo-n-r© _ lim fEh-f(©)

x - 0" x—0 T hoo0 0-h-0 h-0 -h
. —h)? si 1)\ _ .

_ lim (W7sin (_h) 0 _ lim B sin X

h-0 -h h—-0 h

=0 X (an oscillating number between -1 and 1) =0
(RHD at x = 0) = lim r@-f@© _ lim fE+h-f@©)_ lim fM®-1(0)

x - 0t x-0 T h-oo0 0+ h-0 h->0 h
. . 1 .
s @e i
h-0 h h—>0 h

=0 X (an oscillating number between -1 and 1) =0

. (LHD at x = 0) = (RHD at x = 0) = 0
So, f(x) is differentiable at x=0 & f'(0) =0

6. Ifx =secA — CosA and y = sec"A - cos"A, then prove that (x2 + 4) (Z—z)z =n?(y? + 4)
Solution: Z—j = secAtand + SinA and Z—Z = n sec™AtanA + ncos™ 1AsinA

dy n(sec™A+cos™A) dy secA—cos™A)% +4sec™A cos™A
Then &2 = B A+COSTA £ 156 (222 = p2 {¢ )
dx secA+CosA dx (secA—cosA)2+4 secAcosA

d 244 d
=72 = n?(55) 2@+ 9@ =n* 0 +4)

7. Show that the function f(x) = |x+ 1|+ | x - 1| for all x € R, is not differentiable at x =-1 and x
=1.
Solution: We have,
—(x+D)-(x—-1)= —2x, ifx < —1
f=Ix—-1]+|x+1] = x+1-(x-1)=2 if—-1<x<1
x+14+x—-1=2x, ifx =21
Differentiability at x =-1: We find that
lim  fG)-f (1)
LHD =-1)= —_—
( atx ) x—->-1" x-(-1

lim -2x-2 _ lim -2@x+1) _ l
x> —1" x+1 x - —1 x+1 X =

im _
_1- (-2)=-2

_ 1o lm f@-rcp
(RHD atx=-1) ‘o1t oD

lim 2-2_  lim o _ I
x—>—1+x+1 x—>—1+x+1 x -
~(LHD atx=-1) # (RHD at x = -1)

So, f'(x) is not differentiable at x = -1
Differentiability at x = 1: We find that

ML 0=0
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lim f-fr@_ lim 2-2_ lim _o

(LHDatle)zx - 17 x-1 x > 17 x-1 x - 17 x-1
lim 0=0
xl'_) ! x)-f (1) li li
— 1\ — m fx)-fQ@) m  2x-2_ im x—1
(RHDatx_l)_x—)T" x-1 x > 1T x-1 x - 1t (x—l)
lim )
T x - 1T

~(LHDatx=1)# (RHD atx=1)
So, f(x) is not differentiable at x = 1
Hence, f'(x) is not differentiable at x =- 1 and x = 1

8. Iff(x)=|cosx—sinx|, find f’ ( )andf ( )

Solution: We have,
cosx — sinx, if0 <x <%

f(x)=|cosx—sinx|=
—(cosx —sinx), if% <x < g
—sinx —cosx, if 0 <x < %
S x)= . Lo T T
cos x + sin x, lf— <x < 3
(T _ T E__\/_+1 T, . V3+1
f (g)——smé—ncoss— and f’ ( )—cos3+sm3— >
— 2 2 ay __ ny
9. Ify= {x+ Vxc+ a } ,thenprovethatndx— T
Solution: We have,y = {x + Vx2 + a?}
—=—{x+\/x2+a} n{x+\/x2+a} x;—x{x+\/x2+a2}

d—;_ n{x+ Va2t a?) x {20+ VaZ ¥ a2

d—y = n{x+ \/m}n_l X {1 + % (x* + az)_% X ;—x (x? + az)}
Z_y: n{x+m}n_1x{1+ﬁ><2x}

Do et VaZr @) x {1+ =)

@ _ n{x+m}“{m+X}

Vx2+ a2
_ n{x+m} _ ny
~ ewa Veea )
10. Ifx\/1+y+y\/1+x=0andxiy,provethata= ~ e
Solution: We have,

xJ1+y+yV1I+x=0
xJ1+y=—yJl1+x
x2(1+y) = y?(1+x)
X2 —y% = yix — x%y
x+y)x—-y)= —xy(x—y)

xX+y=—xy* xX=-y—xy *
y1+x)= —x; y= —f [ since,x # y]
d_y= _ {(1+x)><1—x(0+1)}

dx (1 +x)2

dy 1

dx  (1+x)2
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LONG ANSWER QUESTIONS
If f(x) = \/_wsx — ;t . Find the value of f ( ) so that f(x) becomes continuous at x

Solution: For f (x) to be contmuous atx = Z’ we must have
lim
)=y Smf@
4
lim vz _ lim \/E(cosx —cos E)
T 2cosx -1 2
£(3) T

NE

= 7T — = Vi T
X —>Z cotx —1 X —>Z cotx — cot_

llm 2 sm(; - §) sm(2 + E)

= _\/ S,szmxsm—
4 cosxsm - smxcos -
lim sm( )sm( +E)
T 2 3 2 3 . . T
—_) = — X -
f (4) A % _Sin(x —%) sinx sin

/1 lim sin(E - E) sin(E + E)
f (Z) -~ 2\/§x N _Zsinz(f_gz) cos(Z- 1) X sin x sm—
4 8 2 8

li il
lmz Sm(z—+8) X sinx sm—
4 €08 (E_E)

in(Z+7
= ZMXSlnxsm— (sinz)2 =1
) 4 2

a1 2t P
2. Ifx =sin (—1”2) andy = tan (1
Solution: Let t =tan 9,
given />1=tanf >1 = % <h<20<m

. 1 2t .1 2tan@
S X = Sin = Sin —_—
1+ t2 1+ tan260

x = sin" ! (sin20) = sin"{sin(m—20)}= m—20 = m—2tan" 't

2),t > 1. Prove thatd—y = —1.
-t dx

o _ 2 _ 2
dt 1+t2 1+t2
— —1f 2t
and, y = tan™ 17—
-1 2tan @ -1 -1
y = tan {m} = tan~*(tan260) = tan"'{—tan(m — 20)}
y = tan Htan(20 —n)} = 20 —n) = 2tan"t— 1w
dy _ 2 o 2
dt 1+ t2 T 1+t2
ay _2_
dy E — 1+t2 _1
dx dx - _ 2 -
1+t2

Ify={x+ \/x2 +1 } show that (x% + 1)y, + xy; —m?y =0
m . . . .
Solution: We have, y = {x + Vx2+1 } . differentiating with respect to x, we get

-1
Y —mx+ V2 +1) X S{x+ VX2 1)
dx dx m
dy _ o B T 2x _ m{Vx2+1+x}
dx m{x + VxS 1} X {1 + 2\/x2+1} o VxZ+1
ay _ _my . _ _my . N ) —
ax . Vi "= T yivxs 41 =my
yii{x? + 1} = m?y?
Differentiating with respect to x, we get,
271y, (14 x3) + y1? (2x) = 2m?yy,
y,(1+x3) +xy; — m?y =0
4. Ifx™y™ = (x + y)™*", prove that Z—z = %
solution: We have, x™. y" = (x + y)™*™"
Taking log on both sides, we get
mlogx +n logy = (m+n) log(x +y)
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Differentiating both sides with respect to x, we get

1 1dy m+n d
mX-+n X -—= —(x+
x y dx x+y dx( y)
m n d m+n d
T4lx Z= (1+ —y)
x y dx x+y dx
{n m+n}dy_ m+n m
y x+y dx x+y X
{nx+ny—my—ny}dy_ {mx+nx—mx—my}
y(x+y) dx (x+y)x
nx-my dy _ nx-my,. dy _y
yx+y)dx  (x+y)x dx  x

5. Ify = (sinx)®@"* + (cos x)%¢°¥, ﬁndZ—z

Solution: We have, y = (sin x)tanx + (COS x)secx — etanx.logsinx + esecx.logcosx
On differentiating both sides with respect to x, we get

dy _ d . tanxlogsinx 4 . secxlogcosx
= — (e )+— (e )
gx dx d dx a
a4y _ ,tanxlogsinx & : + secx.logcosx &
= € = (tan xdlog sinx) +e ) ™ (secx log cos x)
haCAS i tanx ; “ a .
™ (sinx) {logsmx — (tanx) + tanx —. (logsin x)}
d d

+ (cos x)3¢* {a (secx) X logcosx + secx X = (log cos x)}

dy

: , 1
= (sinx)tn* {logsmx sec? x +tanx X — X cos x}
dx sinx

+ (cos x)%¢* {sec x tan x log cos x + secx (ﬁ) (—sin x)}
Y (sinx)t"¥ {sec?xlogsinx + 1}

dx
+ (cos x)%¢“*{sec x tan x log cos x — sec x tan x}

CASE STUDY BASED QUESTIONS
1. Let f(x) be areal valued function. Then its

Left Hand Derivative (L.H.D.) : Lf'(a) = b

lim f@-n-f@

- 0 -h

Right Hand Derivative (R.H.D.) : Rf’(a) = hli" . ”“+)‘”‘”
Also, a function f(x) is said to be differentiable at x = a if its L.H.D.
and R.H.D.at x = a exist and both are equal.

|x — 3|, x=>1

For the function f(x) = {x_3

4

3 13 answer the following questions:
- ?x + o x <1 g4

1) What is RH.D. of f(x) atx =17

i) Check whether the function f(x) is differentiable at x = 1.
|x — 3|, x=>1

Solution: i) We have, f(x) = {x3

4
x3  3x 13

3x | 13
-2 +=,x <1
2 4

T_7+T’ x <1
fG)=13_y, 1<x<3
x—3, x =3

(RHDof f (x)at=1)
_ lim ra+m-fr@ _ lim 3-0+m-@-1) _ lim -h _ _
 h->0 h  h-0 h ~ h->0hr h-0
We find that: (LHD of f(x) at x = 1) = (RHD of f(x) at x =1)
So, f (x) is differentiable at x = 1

2. A function f(x) is differentiable at a point ¢ in its domain iff N

lim 1=-1

lim fx)-r©

- Cc x-c
This limit, if it exists, is called the derivative of f(x) at x = ¢ and is denoted by f'(c). Based on
the above information answer the following questions:

exists finitely.
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The function f(x) = |x + 1] ,then
(1) check the continuity of f(x) at x=-1
(i1) Check the differentiability of f(x) at x = — 1

. . —x—-1,x<-1 .
Solution: i) We have, f(x) =[x + 1| = { x+lx>—1° Clearly, f(x), being a
polynomial function, is everywhere continuous , at x = —1 also.
i _1)= m j@-rey_ lm —x-1-0
(ii) (LHDatx—l)—x_)_l_ D x> 1 xi I 1
lim f@-fn_ lim x+1-0_

RHDatx=1) = "  FoF=- W o
(LHD at x = 1) # (RHD at x = 1).
So, f(x) is not differentiable at x = —1.

3. A function f(x) is said to be continuous at x = a, if the function is defined at x = a, xlina f(x)

lim
-a
point of discontinuity of f(x).

Based on the information given above, answer the following questions:
If f(x)=[x] in [3, 7]

exists and N f(x) = f(a). Otherwise f(x) is discontinuous at x = a and a is called the

1) Find the number of points of discontinuity of f(x).
e3¥-1

i) If f(x) = {m@+2x)’ x#0 is continuous at x = 0, then find the value of k
k, x=0

Solution: i) The function f(x) = [x] is discontinuous at x = 4,5, 6 in[3, 7].
It is right continuous at x = 3 and left discontinuous at x = 7.
Hence, there are four points of discontinuity at x €{4,5,6,7}
i1) If f(x) is continuous at x=0, then

lim _ _lim e¥*-1 lim e3*-1 2x
x = Of(x) =f(0) = x = 0n(1+2x) x>0 3x In(1+2x)

3
X=-=k
2

3
>k==>
2

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 55| Page




CHAPTER -6 : APPLICATIONS OF DERIVATIVES

Gist/Summary of the lesson:
1. Rate of change in quantities: the rate of change is the ratio of change in a quantity with
comparison to change in another quantity.

. . . . . . d
To find the rate of change in a quantity P with respect to change in another quantity Q is £

If rate of change in P with respect to Q is positive, the quantity P increases as Q increase OR P

decreases as Q decrease. (P is directly proportional to Q)

If rate of change in P with respect to Q is negative, the quantity P decreases as Q increase OR P

increases as Q decrease (P is inversely proportional to Q)

2. Increasing and decreasing functions:

a) A function is increasing over an interval [a, b] if for each x;and x, € [a, b] such that x; >
Xz, f(x1) 2 f(x2).

b) A function is decreasing over an interval [a, b] if for each x;and x, € [a, b] such that x; >
X2, f(x1) < f(x2).

c) A function is strictly increasing over an interval [a, b] if for each x;and x, € [a, b] such
that x; > xq, f(xq) > f(x3).

d) A function is strictly decreasing over an interval [a,b] if for each x;and x, € [a,b] such
that x; > x5, f(x1) < f(x3).

e) A function is increasing at any point if its derivative is positive or zero at that point. (As
f(x + h) — f(x) is positive)

f) A function is decreasing at any point if its derivative is negative or zero at that point. (As
f(x + h) — f(x) is negative)

g) A function is increasing over an interval if its derivative is positive at each point of that
interval

h) A function is decreasing over an interval if its derivative is negative or zero at each point of
that interval

i) To find whether a function is increasing/decreasing at a point, find derivative of the function
and its value at that point, if the value is positive, it is increasing; and if the value is negative
the function is decreasing.

J) To find the interval on which a function is increasing/decreasing find the derivative of the
function and find the values of x for which the derivative is positive/negative.

3. Maxima and Minima:

a) The maximum/Minimum value of a function over a closed interval is called Absolute
maximum/ minimum of the function.

b) The maximum/minimum value of a function in the neighbourhood of a point, is called local
maximum/minimum of the function.

¢) A point in the domain of a function is called a turning point/critical point, if the derivative of
the function becomes zero at that point.

d) At each stationery point (other than point of inflection) the function attains a maximum or
minimum value.

e) The value attains at stationery point may be maximum or minimum. It can be decided by the
help of first derivative of the function (FIRST DERIVATIVE TEST) or Second derivative of
the function (SECOND DERIVATIVE TEST).

f) First derivative test: Function attains maximum value at a stationery point if the value of first
derivative is negative at any point to the right of the stationery point.

g) Second derivative test: Function attains maximum value at a stationery point if the value of
second derivative at the stationery point is negative.

Definitions and Formulae:

: . . . . d
e Rate of change: Rate of change in quantity A with reference to another quantity B is ﬁ

. . . dP. .
If x denotes the number of items produced, and P is Profit function, =18 known as marginal profit.
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1))

2)

3)

4)

. . . dc. .
If x denotes the number of items produced, and C is Cost function, - s known as marginal cost.

. . . dR. .
If x denotes the number of items produced, and R is Revenue function, = 18 known as marginal Revenue.

Increasing decreasing functions: A function is increasing at a point x = a, if f'(a) = 0

A function is decreasing at a point x = a, if f'(a) < 0

A function is strictly increasing at a point x = a, if f'(a) > 0

A function is strictly decreasing at a point x = a, if f'(a) < 0

WORKING RULE to find the interval on which a function is increasing/decreasing

(1) Write the given function

(i1))  Find its derivative

(ii1))  Find the values of x (interval) for which the derivative is positive/negative

Maxima and minima: Maximum value of a function in an interval is called absolute maximum.

Minimum value of a function in an interval is called absolute minimum.

At every extreme (Maximum/minimum) value, the derivative of the function become zero.

WORKING RULE to find MAXIMUM/MINIMUM value of a function.

(1) Identify the function, which is to be maximised or minimised, notice the variables in it.

(i)  Identify the relation between these variables which is given in the question as a hint.

(ii1))  Using above relation, write one variable in terms of other, and express the function
which is to be maximised/minimised as a single variable function.

(iv)  Find the first and second derivatives of this function.

(V) Find the values of x for which the first derivative becomes zero, these points are called
critical or turning or stationery points.

(vi) At each stationery point check the sign of second derivative, if it is positive-Minimum
exists at that point, if it is negative-Maximum exists at that point and if it is zero-neither
minimum nor maximum exist at that point

MULTIPLE CHOICE QUESTIONS

The rate of change in radius of a circle whose area is increasing at the rate 44 cm?/sec when the

radius of circle is 7 cm.

a) 1 cm/sec b) 2 cm/sec ¢) 3 cm/sec d) 4 cm/sec

Solution: A =nr? and % = 27r. % given that % =44 andr=7

I ar . d
Substituting all these we get, 44 = 2 X % X 7 X a_Z’ gives d—: =1 Answer:a

1
The minimum value of y = xx (x # 0) is
b1 5 d (l)e
a) e ) " c)e )

e
1 1
. 2 d = [1-logx
Solution: y = xx and 2 = xx [ £ ]

dx x2

d . . 1 . .
ﬁ = 0 gives that either xx=0 (impossible) or logx = 1 and x # 0
. . . dy . " . o
So, x = e is the turning point, and at x=3, d—z 1s positive (First derivative testused ; e < 3),

hence y attains minimum value at x=e. Answer: ¢
The Absolute maximum value of the function f(x) = sin x + cos xin the interval [0, 7] is

1
a) 1 b) —1 ©) d)v2
Solution: y = sinx + cosx , and Z—z = cos x — sin x, stationery points in [0, 7] are % only
f0) = 1,f(m) = ~Land f (5) =2
Hence absolute maximum value is v2 Answer: d

The side of an equilateral triangle is increasing at the rate of Scm/sec. The rate at which its area
increases, when side is 10v/3 cm is
a) 3003 b) 1003 ¢) 25v3 d) 75
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and(;—':=§.25$, giventhatz—':=$>< 2 x 103 x 5=75

Solution: A = ? s?

Answer: d
5) Total revenue in rupees received from the sale of x units of a product is given by R(x) = 3x? +
36x + 5. The marginal revenue, when x = 15 is
a) 96 b) 126 c) 116 d) 90
Solution: R'(x) = 6x + 36 and R'(15) = 126. Answer: b
6) A particle is moving along a curve y = 3x% — 5x + 6. The point on the curve where y-

coordinate is changes 7 times as fast as the x coordinate is
1 14

2) (2. 8) b) (3, —4) G2 d) (0.0)
Solution:Z—z = 6x — 5 and given that Z—z =7and6x—-5=7,x=2,y=8 Answer:a
7) The rate of change in volume of a cube with respect to its side is,

a) its lateral surface area b) its total surface area

c) half of its total surface area d) half of its lateral surface area

Solution: V =a?®and Z—Z = 3 a? and Z—Z = %(6 a?)= half the Total Surface area of cube
Answer: ¢

8) The slope (Slope of a curve y = f(x) is %) of the curve y = x3 — 6x2 + 19x — 20 is minimum at

a) (2,2) b)(2,-2) ) (=2,2) d) (2,0)

Solution: y = x3 — 6x% + 19x — 20 and slope = % =3x%2—12x+ 19

To find minimum value of slope, Consider f(x) = 3x? — 12x + 19

f'(x) =6x—12,and f""(x) =6 >0 f'(x) = 0 implies x = 2, at (2, 2) Answer: a
9) The function f(x) = 2x3 — 15x2 + 36x + 6 is increasing in the interval,

a) (_Oo' 2) U (37 Oo) b) (_Oo' 2) C) (—oo, 2] U [3' oo) d) [31 Oo)

Solution: f'(x) = 6x2—30x+36and f'(x) >0if6(x —3)(x —2) >0

is possible when x does not lie between 2 to 3,i.e. x € (—o0,2] U [3,0) Answer: ¢
10) The interval in which y = x2e™* (x # 0) increasing is

a) (—oo,) b) (=2,0) ¢) (2,) d) (0,2)

Solution: y = x?e™* and % =e *x.(2—x)

Z—z > 0 gives that x > 0 and x < 2 as e ™ > 0 for all x. So, x € (0,2) Answer: d

ASSERTION - REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed by a statement of Reason(R).

Pick the correct option:
A) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of Assertion (A).
B) Both Assertion (A) and Reason(R) are true but Reason(R) is NOT the correct explanation of Assertion (A).

C) Assertion (A) is true but Reason(R) is false.
D) Assertion (A) is false but Reason(R) is true.

1)Assertion (A): The function f(x) = 3 + g, x # 0 is strictly decreasing
Reason(R) : For strictly decreasing function f'(x) < 0.
Solution: f(x) =3+ ;, and f'(x) = — xiz is negative for all x € R
Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A). Answer: A
2)Assertion (A): The rate of change in area of a circle with respect to its radius is its circumference.
Reason(R) : The rate of change in area of a plane figure is always its perimeter.
Solution: Area of circle = mr?, and

: . dA . .
rate of change in Area with respecttor = ol 2nr (circumference of circle)

But it is true in case of circles, not always. so, Assertion (A) is true but Reason(R) is false
Answer: C

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 58| Page




3)Assertion (A): The total cost C(x) in rupees with the production of x units of an item is given by
C(x) = 3x? + 5x — 9, and then the marginal cost is —9 when x= 2.
Reason(R): Marginal cost is the rate of change in total cost with respect to the number of items
produced. Answer: D
Solution: C(x) = 3x? + 5x — 9, and C'(x) = 6x + 5, at x = 2, the marginal cost is
17
Assertion (A) is false, but Reason(R) is true.
4)Assertion (A): The rate of change of the function f(x) = sin x, with respect to x is cos x
Reason(R) : cos x is the complementary trigonometric function of sinx . Answer: B
Solution: f(x) = sinx, and f'(x) = cos x is true
Both Assertion (A) and Reason(R) are true, but Reason(R) is not the correct explanation of
Assertion (A).
5)Assertion (A): At every critical point (except at point of inflection), a function attains its extreme
value.
Reason(R): A function f(x) is decreasing function if f'(x) < 0 and increasing function if
f'(x)>0 Answer: A
Solution: A point is called critical point if the derivative of the function at that point is
zero, so, at this point the function is neither increasing nor decreasing.
So have a peak.
Both Assertion (A) and Reason(R) are true, and Reason(R) is the correct
explanation  of Assertion (A).
6)Assertion (A): The minimum value of f(x) = (2x —1)2 + 3is 3
Reason(R) : Square of a number is always non-negative. Answer: A
Solution: f(x) = (2x — 1)? + 3, and least value of (2x — 1)? is zero for all x € R
Hence the minimum value of f(x)is 3
Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
7)Assertion (A): Maximum value of the function f(x) = (sinx + cos x), on the interval
[0,7]is V2
Reason(R) : Maximum value of [f(x) + g(x)]= Maxf (x)+Maxg(x). Answer: C
Solution: f(x) =sinx + cosx, and f'(x) = cosx —sinx , x = %is the critical point

Max value of f(x) = /2 but Max (sin x)+Max(cos x)=2
Assertion (A) is true but Reason(R) is false.
8)Assertion (A): The function f(x) = logx, x > 0 is strictly increasing
Reason(R) : For strictly increasing function f'(x) > 0. Answer: A
Solution: f(x) =logx, and f'(x) = iis positive for all x > 0
Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
9)Assertion (A): The absolute maximum value of f(x) = 4 — x? on [1, 2] is 4.

Reason(R) : If x4, x,, ..., x,, are critical points of the function f(x) then the absolute max of f(x)
on the interval [a, b] is Abs Max = Max{ f(a), f(x1), f(x2), ... f (xp), f (D)} Answer: D
Solution: f(x) = 4 — x2, and f'(x) = —2x only critical point is 0, which do not lie

between 1 and 2. So maximum is f(1) = 3 but the reason is correct
Assertion (A) is false but Reason(R) is true
10) Assertion (A): The function f(x) = cotx, {x:x € R, x # nm,n € Z} is strictly decreasing

Reason(R) : For strictly decreasing function f'(x) < 0. Answer: A

Solution: f(x) = cotx, and f'(x) = —cosec?x is negative for all x € R

Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
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VERY SHORT ANSWER TYPE QUESTIONS
1) Question: Show that the function given by f(x) = cos x is strictly decreasing on (g, n)

Solution: A function is strictly decreasing over an interval, if its derivative is negative (non-zero)
in that interval.

given f(x) = cosx, and f'(x) = —sinx, and —sinx < 0 for all x € G,Tr)

2) Question: Find the interval on which f(x) = xe* is increasing.
Solution: A function is increasing over an interval, if its derivative is positive in that interval.
given f(x) = xe*,and f'(x) =e*(x+1),ande*(x + 1) = 0forall x € [-1,0) ase* isa
non-negative function.

3) Question: Prove that the logarithmic function is strictly increasing on (0, o).

Solution: A function is strictly increasing over an interval, if its derivative is non-zero positive in
that interval.
given f(x) = logx, and f'(x) = i, andi > 0 for all x € (0, )

4) Question: Find the values of ‘k’, for which f(x) = x? — 2kx + c is an increasing function on
[1,2].
Solution: A function is increasing over an interval, if its derivative is positive in that interval.
given f(x) = x? — 2kx + ¢, and f'(x) = 2x — 2k = 2(x —k), and the function is increasing, if
x—k=>0,ork <xforall x € [1,2], hence k < 1.

5) Question: Show that the function f(x) = 7 — 5x is always decreasing.
Solution: A function is decreasing over an interval, if its derivative is negative in that interval.
given f(x) =7 —5x,and f'(x) = =5, and =5 < 0 for all x € (—o0, )

6) Question: The volume of a cube is increasing at the rate of 9 cm?®/sec. How fast is the surface
area increasing when the length of an edge is 10 cm.

: d d
Solution: Let volume of cube V = a3 and d—‘: =3a%2%%,

dt
da 1 dv da 3
—=_—— Wweget—=—
dt 3a? dt dt 100
2 ds da 3 2
Surface area of Cube =S =6 a“ and s 6.2a.a =12 x 10 X 00" 3.6 cm*©/sec

7) Question: A particle is moving along the curve x? = 2y. At what point, ordinate increases at the

same rate as abscissa increases?
o iven % — Y _dy Ay
Solution: given x* = 2y, and 21x =2 = and x = Tx and Tx 1 implies x=1.
Hence the required point is (1, E)'
8) Question: A balloon, which always remains spherical has a variable radius. Find the rate at
which its volume is increasing with the radius when the latter is 10 cm.

Solution: Let Volume of Sphere be V, and radius be r.
V= §7TT3 and Z—Z = %n. 3r2 = %n. 300 = 4007 cm3/sec
9) Question: Surface area of a balloon (spherical), when air is blown into it, increases at a rate of 5
mm?/s. When the radius of the balloon is 8mm, find the rate at which the volume of the balloon
is increasing?
Solution: Let Volume of Sphere be V, Surface area be S and radius be r.

. ds das dr . . dr 5
Given— =5; S =4nr? and = = 4 . 2r.— implies — = —
P dt | dt dt dé 647
4 74 4 r . . %4
V= gnr3 ;=S XTX 3r? x —» substituting values we get — = 20cm’/sec

10) Question: The radius of a cylinder is decreasing at a rate of 2 cm/sec and the altitude is
increasing at the rate of 3 cm/sec. Find the rate of change of volume of this cylinder when its
radius is 4 cm and altitude is 6 cm.

Solution: Let Volume of cylinder be V, radius be r and altitude be h.

. dr dh
Given — = —2 and — =3 andV = nr2h
... av , dh dar
mplies—=m [r —+ h.2r.—

ST dt dt
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substituting values, we get % = m[48 — 96]=—48n
11) Question: The base of a triangle is decreasing at the rate of 3cm/sec and its altitude is increasing
at the rate 2 cm/sec. Find the rate at which the area of the triangle is changing when the base is

10cm and the altitude is 8cm.
Solution: Let base of the triangle be x and altitude be y. Given % = -3, % =2
0w e - _xyoda_1[ ay  dx
and x = 10,y = 8. Area of triangle A = T [ — —

o dA
substituting the values we get ol -2 cm?/sec

12) Question: Find the maximum and minimum values, if any, of the function given by f(x) =
2sin3x + 5.
Solution: the maximum and minimum values of sin x are —1 and 1.
—1 <sin3x <1 implies —2 < 2sin3x < 2
—2+4+5<2sin3x+5<2+5=3<2sin3x+5<7Max7,Min 3
13) Question: Find the absolute maximum and absolute minimum of the function
3x,x € [-2,2].
Solution: f(x) = x3 — 3x, f'(x) = 3 x? — 3 turning points are —1 and 1
f(=2)==-2,f(-1D)=2,f(1) =-2,f(2) =2
Absolute max = 2, Absolute minimum = -2.
14) Question: Prove that the function f(x) = tanx — cotx do not have maxima or minima.
Solution: f(x) = tanx — cotx , f'(x) = sec? x + cosec?x
We do not get turning points as sec? x + cosec?x cannot be zero for any x.
No turning point implies no Maximum or No minimum.
15) Question: Find the greatest and least value of the function f(x) = x3 — 18x2 + 96x in the

f@) = -

interval [—5, 5].
Solution: f(x) = x® — 18x% + 96x , f'(x) =3 x% —36x + 96 = 3(x — 8)(x — 4)

turning points are 8 and 4
f(=5) = —1055, f(4) = 160, f(5) = 155
Greatest value 160, least value -1055
SHORT ANSWER TYPE QUESTIONS
”) is

1) Question: Find the intervals in which the function f given by f(x) = tanx — 4x, x € (O, =

(a) Strictly increasing(b) Strictly decreasing
Solution: (a) f(x) =tanx — 4x and f'(x) = sec’x — 4
f(x) is increasing if f'(x) > 0 i.e. sec?x > 4 or secx < —2 or secx > 2

-, =

secx < sec%n, and secx > secg so, f(x) is strictly increasing on (3 :)
(b)  f(x) is decreasing if f'(x) < 0 i.e.sec’x < 4
—2<secx<-—-lorl<secx<?2
2 )
?n< x < m (out of domain) or 0 < x <§,

so, f(x) is strictly decreasing on (0, g)
2) Question: Find the intervals in which y = [x(x — 2)]? is
(a) increasing function (b) decreasing function
f@x) = [x(x — 2)]? and f'(x) = 4x(x — 1)(x — 2)

Solution:
f(x) is increasing if f'(x) > 0 —

ie.dx(x—1)(x—-2)=0 °o 1 2 3
s0, f(x) is strictly increasing on (0, 1) U (2, )
and so, f(x) is strictly decreasing on (—oo, 0) U (1, 2)
3) Question: Prove that f(x) = log|sin x| is increasing on (0, g] and decreasing on [g, )

Solution: f(x) = log|sin x|
For x € (0, 7], |sinx| = sin x hence f(x) = logsinx
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f'(x) = cotx
f(x) is increasing if f'(x) > 0
For all x € (0, g] cotx = 0 (quadrant 1), so f(x) is increasing

For all x € [%,n) cotx < 0 (quadrant 2), so f(x) is increasing

4) Question: Prove that f(x) = ;j:sxx — Xx is increasing on [0, g]
. 4sinx
Solution: fx) = reoes | |
f’(x) _ (2+cosx)4c((;ia(c:0—si)szmx (—sinx) 1
2 in2y — 4— 25—
f’(X) — 8 cosx+4cos x+(425:2105xx)24 Cos“x—4cosx
0 = s

Forall x € (0,%] ,cosx >20and4 —cosx >0 forallx €ER
f'(x) is positive
f(x) is increasing for all x € [0,%]
5) Question: A ladder 25m long is leaning against a wall. The bottom of the ladder is pulled along
the ground away from the wall, at the rate of 2 cm/sec. How fast is its height on the wall
decreasing when the foot of the ladder is 24 m away from the wall.

Solution: Let the foot of the ladder is x cm away from the wall, and the top of ladder touches the
wall at y cm height from ground at any instant time ‘t’.

As per given data, x? + y% = 625 and so, y = V625 — x?2
Given% =2,andy = 7whenx = 24

Also, 2x % + 2y Z—Jt/ = 0, substituting values, we get, % = — %
The height is decreasing at the rate g m/sec.

6) Question: sand is pouring from a pipe at the rate of 12 cm?/sec. The falling sand forms a cone
on the ground in such a way that the height of the cone is always three times the radius of the
base. How fast is the radius of the sand cone increasing when the height is 6 cm.

Solution: given % = 12, and h = 3r; Volume of cone = énrzh =nrs

% = 3nr2. % substituting values we get % = %

7) Question: The length x of a rectangle is decreasing at the rate of 2cm/min and the width y is
increasing at the rate of 5 cm/min. When x = 7 cm and y = 9cm. Find the rate of change of (a)

the perimeter, and (b) the area of the triangle.

Solution: given & = -2, Y5
dt dt
Perimeter of the Rectangle = 2(x + y)
Rate of change in perimeter = 2 (% + %) =6 cm/min
Area of rectangle = xy
Rate of change in Area = x. % +y. % =17 cm?/min

8) Question: Find both the maximum value and the minimum values of
3x* — 8x3 + 12x2 — 48x + 25 on the interval [0, 3]
Solution: given f(x) = 3x* — 8x3 + 12x? — 48x + 25
f'(x) = 12x3 — 24x2 + 24x — 48 = 12(x3 — 2x? + 2x — 4)
f'(x) =12(x% + 2)(x — 2)
Turning points are given by f'(x) = 0 i.e. x = 2 is the only turning point
f(0) =25,f(2) = =39, f(3) = 16 Max value: 25, Min Value: -39
9) Question: Prove that the product of squares of two numbers whose sum is 15 is maximum when
they are equal.
Solution: Let the numbers be x, and y




Given that x + y = 15 and required x2. y? is maximum.

f(x) = x*(15 — x)*

f'(x) =2x.(15 — x)% + x%.2(15 — x)(—1)

f'(x) = 2x(15 — x)(15 — 2x)

f"(x) = —4x(15 — x) — 2x(15 — 2x) + 2(15 — x)(15 — 2x)

Critical or turning points are 0, 15 and 1?5
124 12} n 15
£ > 0,£7(15) > 0, (3) <0
So, f(x) is maximum when x = 12—5, ie. x=y

10) Question: Prove that the function given by f(x) = lo% has maximum at x = e

logx

Solution: The given function is f(x) = .

1-1 .. . .
f'x) = xozg % critical points are given by logx = 1 orx = e

e = 10{’;—2_3 f"(e)<0asloge—3=-2<0
So, f attains a maximum value at ‘e’.
LONG ANSWER TYPE QUESTIONS
1) Question: Show that the right circular cylinder of given surface area and maximum volume is
such that its height is equal to the diameter of the base.
Solution: Let the height of cylinder be h, radius of base be r, &Volume is V,Surface area S.

Given that S = K (constant), means 2nr(h + 1) = K, or h = % —-r

AndV = mr2horV = mr? (% - r) = % — o3 and required V to be maximum
V is considered as f ()
f'(r) = g— 3mr? and f"'(r) = —6nr is negative for all positive r

Critical points are given by g —3nr’=0o0rK = 6nrr?

, K . .
So,at K = 6mrlorr = po Volume is maximum.

When K = 6mr? the value of h = 3r — r=2r = diameter of base.
2) Question: Prove that the largest cone that can be inscribed in a sphere of radius R is % of the

volume of the sphere.

Solution: Let the height of cone be h, radius of its base be 7, x be the

perpendicular distance of the centre of sphere from centre of cone base

and Volume of cone is V, and radius of sphere be R.

h=R+ Xandr? = R?> — X?

AndV = § mr2hor 3V = m([R? — X?][R + X]) = n(R® + R2X —

RX? — X?) and required V to be maximum

V is considered as f(X)

f'(X) =R?—-2RX —3X?and f""(X) = —2R — 6X

Critical points are givenby X = —R or X = g(as X 1s length, X = —R is impossible)

So,at X = gand f" (g) = —2R—-6 (g) which is negative, so Volume is maximum.

2
When X = 5then h= ﬁVolume of cone= lnR—ﬁ = i(i7rR3)
3 3 379 3 27\3

3) Question: An open tank with a square base and vertical sides is to be constructed from a metal
sheet to hold a given quantity of water. Show that the cost of material will be least when depth
of the tank is half of its width.

Solution: Let the side of the base be x cm and height of vertical side be y cm.

Given that V = K (constant), means x?y = K, ory = xﬁz
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And S = 4xy +x%orS = 4x.:—2 +x% = % + x? and required S to be minimum
S is considered as f(x)
f'(x)=— 1—5 + 2xand f"'(x) = i—f + 2 is positive for all positive x
Critical points are given by — 1—12{ +2x =0 or2K = x3
3
So,at K = x? or x = ¥Y2K Volume is minimum.

3
When K = x? the value of y = g

4) Question: A water tank has the shape of an inverted right circular cone with its
axis vertical and vertex lowermost. Its semi-vertical angle is tan~1(0.5). Water
is poured into it at a constant rate of 5 cubic meters per hour. Find the rate at
which the level of the water is rising at the instant when the depth of water in
the tank is 4 m. RS
Solution: Let the semi vertical angle of inverted cone be a, radius of top is r and vertical height
be h

Given that « = tan™

1

N | =

1 r
-, meanstana =-=—,or h = 2r
2 h

dv 1 1mh3 h
And— =5, V==nr?horV =-—asr =—
dt 3 3 4 2

W _ T gp2dh - 2 dh
3255 So,5=1.3(4)%5

at 12" dt . 3
i ) : 3
Rate of increase in water level is O meter/hour

5) Question: Show that height of the cylinder of greatest volume which can be inscribed in a right
circular cone of height h and semi vertical angle a is one-third that of the cone and the greatest

. . 4
volume of cylinder is Znh3 tan? a. 0

Solution: Let the height of cylinder be H, radius of its base be R, and « L \ J

Volume is V, and the height of Cone be h, radius of the base of cone is r, y N -\T

semi vertical angle a —— }l |

Given that - = tana = —— so R =~ (s ™
h h—H h

nr2(h—H)?H _ mr?

And volume of cylinder V = wR?H or V = - —. (h?H + H3 — 2hH?)

and required V to be maximum
V is considered as f(H)

f'(H) = "Trz (h? + 3H? — 4hH) and f"'(H) = Z”Trz. (3H — 2h)

Critical points are given by h? + 3H? — 4hH = 0 implies H = hor H = %
So,atH = g,f”(H) < 0 Volume is maximum.
2(h—H)2 n? tan? a(n-") "
When h = 3H the Volume of cylinder is (hh HH T :( 2) 5 = ;—:h“ tan’

CASE BASED QUESTIONS
1) Question: In a rice mill husk is being poured in the shape of a cone so that the height of the cone
is always one third the base diameter of the cone.

Using the above information answer the following

questions.(2+2)

(1) Find the rate of change in the base area when the amount of
husk poured at the rate 100 cc per minute and radius of the
base is 5 cm.

(i1) Find the rate of change in the volume of the cone when the

height is 7cm and increasing at the rate icm/min
Solution:
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. . dv 1 2
(i) Given that — = 100 and v = gnrzh orv = ;nrg'
dv 2 dr . . dr 150
So, — = 100 = =7tr? =— implies — = —
> dt 3 dt p dt  mr?
dr

) dA
Now area of the base is A = 7wr? and ol 2nr =

. ) . dA )
Therefore, rate of change in area of base at radius =5, is prl 60 cm? /minute

(i) Giventhat L =2andh =7
dt 11

3
Then v = ~7r2h = Zand hence, & = 2gp2. &
v 3 4 dt 4 dt
E:2X7X9: 126 cc/min
2) Question: A sweet shop owner wishes to order the carton boxes in cuboid form such that the
length of the box is double the width to hold 72 cc
halwa by using least amount of carton. g
Assume the length of the box as a , breadth as b : b :
and the height as x as shown the figure given
below.
Using the above information answer the following
questions e -
(1) Find the volume of the box in terms of b
and x, and write x in terms of b ’
(i)  Write the formula for total surface area of the box and express it as a function of b
(i)  Find the dimensions of the box for which the total surface area is least.
Solution:
(1) Volume of C=1lbh= a.b.x= 2b.b.x and given V=72, x = %
(i)  Total Surface area of the box = 2(ab + bx + ax) = 2(2b? + 3bx)
Hence TSA = f(b) = 4b% + =2
(i) f'(b) = 8b — "’bﬂ and f(b) = 8 + “bij
Critical points are given by f'(b) = 0i.e. b3 = % = 27 so b=3
And at b=3, f"'(b) is positive, surface area is minimum
So the dimensions are a = 6,b = 3,and x = 4
3) Question: A cylindrical tank is attached with two pipes .

and qoy:- qin fills the tank at the rate 5 cc/sec with water
qour €mpties the tank at the rate 3cc/sec. the radius of the
tank is given as 7 cm.

Based on the information given above, answer the i
following questions.(1+1+2) h .
(1) If both the pipes are running simultaneously, find ) LN

R——3

rate at which the height decreases.

qin
and

the

(ii)  Ifthe area of cross section of the g,y pipe is 0.3 cm? find the speed of the water flown

out. (speed the rate of change in distance)

(iii))  If the water flown out from cylindrical tank is stored in tank whose base is a square of

side 30 cm, find the rate at which the water level is increasing.

Solution:
(1) If both pipes are running, net increase in the volume = 5 — 3= 2 cc/sec
dv dv dh , . dh 2 1
So,— =2and v = nr?h,— = nr?— (ris constant) — = — = —cm/sec
dt dat dt at  nr?2 77

(ii))  Area of cross section of pipe is given as 0.3 cm?. The water flowing at the rate 3cc per

second. The water stagnated in the pipe in 1 second is in the shape of cylinder. So %
3,and v = nr’h = 0.3h
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1)

2)

3)

4)

)

dv dh . .. dh _ 3
Hence — = 0.3 — implies speed of water = — = — = 10cm/sec
dt dt dat 03

(ii1))  Water flowing out at the rate 3cc/sec

This water is stored in cuboid shaped tank whose base area is 900 cm? and height h

dh 1 dv_ 3 1
(assume) v = lbh = 900h and — = —— = — = — cm/scc.
dt 900 dt 900 300

HIGHER ORDER THINKING SKILLS - QUESTIONS
Question: The function y = tan™! x — x is strictly increasing in the interval
(a) (1, 00) (b) (—1,) (¢) (—o0,0) (d) none of these
Solution: here f(x)=tan"'x — x and f'(x) =

1+x2
1

-—1>00r1>1+x?
1+x

And f(x) is strictly increasing if f'(x) > 0 i.e.

But this impossible for any real number x
Hence the solution is (d) none of these

Question: The function f(x) = 2log(x — 2) — x% + 4x + 1 is increases in the interval (a)

(1,3) (b) (3,) (¢) (—o,-3) (d) (=3,1)

Solution: here f(x) = 2log(x —2) —x*+4x + 1and f'(x) = xZTz —2x+4
f(x)isincreasesif f'(x) > 0,i.e.2> 2x—4)(x —2)or(x —3)(x—1) <0
The possible values for x are x < 3 and x > 1 so the interval is (1, 3) (b) answer

2_
Question: Find the minimum value of the function f(x) = §2+1 for all real numbers.
— _ x%-1 ' _(x?+1)@0)—-(x%-1)2x _ 4x
Solution: here f(x) = ——and f'(x) = )2 = Grre

Critical points are given by f'(x) =0,i.e.x =0
' _ (x2+1)°.4-4x 2.(x?+1).2x . . _
and f"(x) = T is positive for x = 0
at x=0, f(x) attains minimum value that is —1
Question: Find the least value of ‘a’ such that the function f(x) = x? + ax + 1 is strictly

increasing on (1, 2).

Solution: f(x) = x>+ ax+1land f'(x) =2x +a ol
f is strictly increasing if f'(x) > 0 or x > —% /I<Q
So, least value of the domain is 1 and it should be more than —%

. N 0 Y
The least value of a is —2 A\ME0 (: 0]
Question: Find the area of the greatest isosceles triangle that can be -

2 2
inscribed in a given ellipse z—z + i—z = 1with its vertex coincide with =)

one extremity of the major axis
Solution: Let A(a, 0), P(h, k) and P’(h, -k) are vertices of triangle.
2 2 2
Here (h, k) is a point on the ellipse, so % + 1;_2 =1land k? = % (a®? — h?)
And Area of triangle APP’ is % X AM X PP' = % X (a+ h) x 2k
LetZ =A% = (a+W2K? = (@ + W25 (@ — h?)=2 (a — h)(a + h)?
Z is considered as f(h)
, b? 2b?
f'th) = ;[(a —h)3(a+h)?>—(a+h)3] = ?(a + h)?[a — 2h]
2 2
and f'(h) = Z-{(a + W*(=2) + 2(a + h)[a — 2]} = 2 (a + h)(—6h)
a

Critical points are given by (a + h)*[a — 2h] = 0 impliesh = —a or h = 2
So,ath = %,f”(h) < 0 Area is greatest

Area of triangle is = /% a’b? = %E ab
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CHAPTER - 7: INTEGRALS

Definitions and Formulae
1. Introduction
Integrals are a fundamental concept in calculus that involve finding the anti-derivative of a
function, effectively reversing the process of differentiation. They can be either indefinite or
definite, with indefinite integrals having no limits and representing family of functions, while
definite integrals have limits and will be numerical value.
2. Some properties of indefinite integrals

Let :—x F(x) = f(x). Then ,we write [ f(x)dx =F(x)+C. these integrals are called indefinite
integrals or general integrals, C is called a constant of integration. All these integrals differ by a

constant.
If two functions differ by a constant , they have the same derivative.

) S[f)dx=f@)and [f(x)dx =f)+C,

where C is any arbitrary constant.

i) [ f@)dx == g(x)dx, then [ f(x)dx
and [ g(x) dx are equivalent

i)  J(F) g@)dx =[f(x)dx+ [g(x)dx

iv) [kf(x)dx =k[f(x)dx ,kisany constant

V) [ fi(o) + kafo () + ksfs(x) + - ook fr (X)) dx

=k, [ fi()dx+ ... kn [ fu(x)dx.
3. Methods of integration
a) Integration by substitution
b) Integration by trigonometric formula
c) Method of partial fraction.

S.No. | Form of the rational function Form of the partial fractions
1. px +q A B
,a #b
(x=a)(x = b) x—a ' x—b
2. px +q A N B
(x —a)? x—a (x—a)?
3. px*+qx+r A N B N C
(x—a)(x—b)(x—c) x—a x—b x-—c
4. px?+qx+r A 4 B C
(x —a)*(x = b) x—a (x—a)* x-—b
5. pxt+qx+r A N Bx+C
(x—a)(x?>+ bx+c¢) x—a x*+bx+c
Where,x? + bx + ¢ cannot be factorised
further

d) Integration by parts
Jf Ggdx =f (x) [ g(x) dx = [[f (%) [ g (x)dx Jdx
If we take f as the first function , easily differentiable and g as the second function, easily
integrable then this formula may be stated as follows:
Note:- For choosing the first function f (x) use the abbreviate as ILATE ,
ILATE- inverse, log, arithmetic, trigonometric function, exponential function.
4. Definite integrals

f: f (x)dx= F(b) —F(a) , if F is an antiderivative of f (x)
3. Fundamental theorem of calculus
(1) Areafunction: The function A (x) denotes the area function and is given
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by A(x)=J. f (x)dx

6. Properties of definite integrals

po: [ f (dx = [7 f (D)dt

p: [) f (dx = [ f (x)dx , in particular, [* f (x)dx = 0

Dy f:f (x)dx = fbcf (x)dx + fcbf (x)dx,a<c<b

p3:fabf(x)dx=f:f(a+b—x)dx

pa:fy f ()dx = [ f (a—x)dx

Ds fozaf (xX)dx = foaf (x)dx + foaf (2a — x)dx

2a 2[5 f ()dx,if f Qa—x) = f (),
: dx = 0
pe: 2 f ()dx {Oif 2 0 =
py () [ f ()dx =2 [ f (x)dx,if f isan even function i.e, f (-x) =f(x),
(i) [ f G)dx =0,if f is an odd function i.e., f(—x) =- f(x)
Formulae:
Xn+1

* [x"dx = +C,n#-1

I n+l *J 2dx 2:_10g +C, ifx>a
*J’de:x_,_c X"—a~ 2a |x+a

- § R
*IT:2 x+C a—-x" 2a |a—-x
IX *I dx =lt _1§+C——lcot Xic

*I;dx=logex+C xz+a2 a a a a
*Iexdxzex+c dx =sin "~ —+c—-cos1§+c

X

*.[axdx= +C
log.a

*Isin xdx = —cosx +C

>X‘J‘cosxdx =sin x+C

*sec? x dx = tanx + C

* | cosec’x dx = —cotx + C

J
J
*Isecx.tanx dx =secx+C

*Icos ecx.cotx dx = —cosecx +C
%

[ tan x dx :—10g|cosx|+C: 10g|secx|+C

*[cotx dx =log|sinx |+ C
>’<J‘secxdx=10g|secx+tanx|+C
=log|tan LI e
2 4

Icosecxdleog |cosecx —cotx |+ C

=—log | cosec x + cot x | + C=log

tan

i+C
2

a

Jor ﬁ
log|x+\/x +a’ | +C

=log|x+vx?—a’ [+C

a+x

e

2

*.[ x* -|-:c12dx:§\/x2 +a’ +%logx+\/xz+a2 +C
2

"‘J'\/x2 —a’dx :%\/x2 —a’ —a?log x+vxi-a?|+C
2

*j\/az —x2dx :%\/a2 —x? +a?sin_1£+C

a
* j () £ (x) £, £ (x)}dx
ijl(x)dx + Ifz x)dx *.......... + an (x)dx

* jkf(x)dx:kjf(x)dx+c

*[f (0)g(x)dx =

f) gt dx—[If' ®[g (x)dx]dx
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MULTIPLE CHOICE QUESTIONS
_ dx is (CBSE 2024)

1. The value of [ - (lolg

(logx)* 3
a) 2 log (logx)+c  b) log te o e d) Tz +c
. (t)
Solution: Let log x=t then; dx = dt fx(logx)z = [——adt f— dt=——+c Answer: (b)
a dx T .
2. If [[ — s —dx =< ,1thenals
a) > b); )2 d)3
Solution:
lradx m 11 -1 X =T -1 a _ I -1 =r -1 q=21 .
2Jo T2 % > 4 L T| tan {yJ 5 -)[tan zx]0 " = tan™" 2a 4-)23 1 ;a 2Answer.
4 2 2 o
(a)
3. The value of [ e*(cosx — sinx)dx is
a) e*cosx +C b) e*sinx +C ¢) —e*cosx+c d)—e*sinx + C

Solution : since[ e*(f(x) + f1(x))dx =e*f(x) +C
here take f(x) = cosx, f1(x) =-sinx Answer : (a)
4. is equal to (CBSE 2025 65/2/2)

smzxcos2
a) tanx + cotx + ¢ b) (tanx + cotx)? +C
¢) tanx — cotx +C d) (tanx — cotx)? + C
. dx sin?x+cos?x sin?x cos?x
Solution : = =
fsinzxcoszx f sin2xcos?x fsinzxcoszx fsinzxcoszx

=[sec? x dx + [ cosec® x dx = tanx — cotx + C Answer: c)

5. The solution of f dx (CBSE 2026 65/1/1)
a)—ln|b2+c |+C b)—lnIb2 2x2|+C

9) z%lnlczx2 —b?|+C d) ;‘%;lnlb2 + c?x?|
Solution : let v=b% + c?x? ,dv=2c%xdx Answer: a)

6. [F X dx  x#0 is (CBSE 2026 65/1/1)
-1 x

a) -1 b) 0 )1 d)2
Solution: First split the integral as f_ol lxﬂ dx + | 01 % dx
f_01 —7de +[ 01 gdx and integrate and find the value as 2; Answer: d)

7. Iffi—fdx = k2%‘ +C,thenkis  (CBSE 2025 65/1/1&2&3)
a) - b) — log2 c) -1 d)1
Solution: put % =t,dt=— xiz dx,Answer: a)
[EETtdxis  (CBSE 2025 65/112)
a)tanx —2 secx +C b)) -tanx +2secx +C  ¢) - tanx — 2 secx +C d) tanx + 2 secx +C

log2
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dx -2 fcsol:fx dx = [ sec’xdx -2 [ tanx secx dx

tanx -2 secx + C Answer : a)

ASSERTION - REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed by a
statement of Reason(R). Pick the correct option:
a) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
b) Both Assertion (A) and Reason(R) are true but Reason(R) is NOT the
correct explanation of Assertion (A).
c)Assertion (A) is true but Reason(R) is false.
d)Assertion (A) is false but Reason(R) is true.
1. Assertion: The value of [ e* (tanx + sec?x)dx is e*tanx + C
Reason: The integral value of e*(f(x) + f ‘(x)) ise*f(x) + C
Answer: a), apply f(x) = tanx

2. Assertion: f log (1+x)d =0
Reason: If f is an odd function, then f_aa f(x)dx =0
Answer: a) since f(x) is odd function i.e,f(-x)= -f(x).
3. Assertion: If the derivative of function x is % (x)=1,
then [()dx=x+c.

d xTL+1
Reason: If — (
dx \n+1

)= x™, then the corresponding integral of the

. . xn+1
function is [ x™ dx =
n+1

+C, n #-—1.
Answer: a) since %(x) =land [dx=x+C

6
4. Assertion: [ e>1°9% dx = % s

Reason: e!9% = x . Answer a), reason both true and correct explanation
5. Assertion: [[sin(logx) + cos(logx)]dx = x sin (logx) + C
Reason: :—x [ x sin(log x)] = sin (log x) + cos(log X). Answer: a)
d( . d . . d
T {xsm(log x)}=x o sin(logx) + sin(logx) P (x)
=Xcos(logx)xi + sin(logx) = cos(logx) + sin(logx)

VERY SHORT ANSWER TYPE QUESTIONS
1. Integrate ,(% - x% + 3CW) w.r.t.x

Answer : [ (Z—a — i i+ 3CW) dx= [2ax"2dx-[bx~%dx+[3cx3dx

_4a\/—+b 9cx3+c

1 x +|x|+1
2 Evaluateaf_1 x24+2|x|+1
Answer ,
_rt x3+|xl+1 o
Letl= [ il _f_1x2+2|x|+1 f_l x2+2| 1+1 dx ,{ 0dd + even}
1 |x|+1 X
_o+ 2f > To —2f 0 (x+1)2 —Zfo x+1 dx

= [2log|x + 1|]§ = 2log2
3.Verify the following using the concept of integration as an anti-derivative

fm dx = x——+——log|x+1|+C
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d x?  x3
Answer : a(x—7+?— loglx + 1| + C)

3
x+1 x+1

x?  x3 x
Then,(x——+——loglx+ 1] +C):f_ ax
. d?) x+1
X
4. Evaluate: [ 2Sin%x+5 cos2x’

Answer, Dividing Nr and Dr by cos?x
= f sec?x

~ 2t((111t12x+5 . - - ,
=/ 7oz » DY putting t= tanx, dt = sec®x dx
Y - (25
5. Evaluate : [ V10 — 4x + 4x2 dx.
Answer: 1= [V10 — 4x + 4x2 dx = [ /(2x — 1)2 + 32 dx
=%f\/ (t)% + 32 dx , by putting t= 2x-1, then dtType equation here.=2dx

— 224 2 log|t +VEE + 9] + C
1 9

=Z(2x—1)\/(2x—1)2+9 + zlog|(2x—1)+\/(2x—1)2+9 +C
6. Evaluate : [# V1 + sin2x dx

Answer :We have, 1 = [#./(sinx + cosx)? dx =[*(sinx + cosx ) dx

V2tanx
V5

+(C=—tan~! (

T )+C.

= (—cosx + sinx)g =1

7. Evaluate : f28 %

8 Vi0-x
Answer, [ = fZ Wlox——x X o (1)
_ (8__ 410-(10-x)
2 V10—x+,/10—-(10-x)
8 Vx
_f2 m AX ooviiiiiiii (2)
Adding (1) and (2) We get 21 = f28 1 dx =[x]5=8-2 =6, Hence, 1= 3.

tan7x

8. Evaluate, [

cot’x+ tan’x

z tan’x
Answer, we have, = |2—————dx ............... 1
i i fO cot”’x+ tan’x ( )
i tan7(§—x)

0 cot7(§—x)+ tan7(§—x)

dx ,since foaf(x)dx = foaf(a — x)dx

cot”x

I=[2—25% gy )

0 tan7x+ cot’x

Adding (1) and (2)

= tan’x+ cot”x
We get 2= f02 cot”x+ tan”x
dx
9. Evaluate f(x—T(ﬁ—x)’ ﬁ >a
Answer: Putx-a = t2. Thenf —x=—(t> + a) = —-t?’-a=p —a — t?
And dx= 2tdt. Now

= 2tdt 2tdt dt o
: f\/tz(ﬁ—a—tz) ft\/(ﬁ_a_tz) =2 fm —> where k ﬁ a

=2sin"' L+ ¢ = 2sin~! /ﬂ +cC.
k B—a

10. Evaluate [ tan®x sec* x dx

dx=[21dx= [x];% :% Hence,1=%.
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Answer : | = [ tan® x sec* x dx =[ tan®x(sec? x) sec? xdx
= [ tan® x (tan® x + 1) sec? xdx
=[ tan'® x sec? xdx + [ tan® xsec? xdx
_ tar;lllx_'_ tan® x e

SHORT ANSWER TYPE QUESTIONS
x3
1. Evaluate fm dx
Answer: Put x?=t. Then 2x dx =dt

3
x° dx 1 tdt
Now 1= ==
fx4+3x2+2 ft2+3t+2

t243t+2 t+1  t42
Comparing coefficient, we get A= -1, B=2.

Consider

Then I——[2ft+2—f—]

t+1

== [ 2log | t+2]-log|t+1] ]
+2
“log |55 +

2. Evaluate : [ x% tan™! x dx
Answer : [ x? tan™! x dx
= -1 2 - —_——
tzm x [ x? dx f1+23dx
X an1.1 ( __x )
—tan™' -2 [ (x — 5 )dx

x3 _ x2 1
Z?tan 1 X-?‘f‘ glOg |1+X2| +C

Answer : We have
3 3
I _ fx +x dx :f X

x%-9 x4—9

dx+f;‘d" =L+

Now I1 =

x*-9

Put  x? =uso that 2x dx=du . then

J—— — 1 P—
2 _2fu2 (3)2 2><6 |u+3|+c2
g| 2+3|+C2
Thus 1_11+12
_1 4 _ 1
I—4l0g|x 9|+12 +C.

4. Evaluate : fol x (tan 1x)% dx
Answer | 01 x (tan™1x)?% dx
Integrating by parts, we have
IZ[xZ—Z (tan™1 x)] fl 22
_ m? 1

32 01+2

tan~ xdx

2
3 1
= - I, where I,= || Tonz

32
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1x241-1 1
Now [
1=y 1+x 0 1+

Here Iz—f tan™lxdx = (x tan"x)} — fol = dx _Z_ E (log|1 + x2|)3 Z%-%logZ.

1+x2

2
z 15 _ 2
(tan 1x)?2 )o =l -

1
tan~'xdx = [ tan~'xdx —

2
Thus I ==— %logZ- Z—Z

2 _m?
Therefore = —- - +—10g2 —=—- —+—10g2
32 16
n2—4m
= +ogv/2.

5. Evaluate fol f(x)dx, where f(x)=|x +1|+x|+|x-1]|
2—x,if -1 <x <0
We can redefinedf as f(x)={ x+2, if0<x<1
3x,if 1<x<2)
Therefore f_zlf(x)dx = f_ol(Z —x)dx + fol(Z + x)dx + flz 3xdx (by p,)
= (2x- D% + (5 + 208 37
h_5,5,2_D1
—0(2- D+ +3d-h=24342=2
6 . Evaluate, f(;* log(1 + tanx) dx

Sol :I = [+log(1 + tanx)dx

Y

4

f log(1 + tan - — x))dx
0

= %1 1 tang—tanx J
- fO Og( + 1+tanntanx) X
I f4 log(1+tanx)dx =J#log(2) dx — 1

2n=f3 1og(2) dx=log2(; — 0) = 7log2; = 2log2
7. Evaluate : [
2

Sol (1—x)(1+x2) 1-x
>A=1B=1,C

b 1_] 2 d‘J( 1 +x+1)d
el =l a-ona+a) T\ a0 "1+ 2/
_f 1 d +fx+1d

) 1—x x 1+ x2 x
—f1d+1f2xd+f1d
)12 1v 2T ) T 2™

= —log|1 — x| +§log(x +1)+tan"x+C

1- x)(1+x2) dx
A Bx+C

-x 1+x2

1

8. Evaluate: f;%{ox__x X
Sol: [ = ff%{o"__xdx ............... )
8 x
= , \/T++\/}dx ..(2)
(by using property faf(x)dx = faf(a — x)dx)
Adding (1) and (2) ’ ’
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8 V10 —x p +f X
——————————————— x —————————————————
2 Vx +V10 — x » V10 — x +Vx

810 — x +Vx 8
21 = —\/—dx=f1dx=(8—2)=6
2v10—x+\/§ 2

I+1= dx

Hence, 1=3

T x tanx

9. Evaluate: [ ————
secx+tanx
xtanx

SOL :I= f —————dX (1) (by removal of x property)

0 secx+tanx
m  (m—x)tan(m—x)

0 sec(m—x)+tan(m—x)
T (m—x) tanx

=1= fO secx+tanx “-(2)
Adding (1) & (2)
2 = frc mtanx _ fn' tan x _ J-n' tan x secx—tanx
0 secx+tanx 0 secx+tanx 0 secx+tanx secx—tanx

=7 [ (tan x secx — tan® x)dx = [, (tan x sec x — sec? x + 1)dx
I= %{n(secx —tanx + x)]§ Z%n(n -2)
10.Evaluate : f e

Sol [ 1= t)(z D
2A=1B=-1

. "f 1 dt—f( 1 1)d
encel = (1—t)(2_t) - (1—t) 2—t x
) it 2-t
= [ Zdx - [ =—logl1 - t| + log|2 — t| + C=log /=] + C

2—sinx

(1—sinx) (2—cosx)

=+
1-sinx

LONG ANSWER TYPE QUESTIONS

x%+x+1
1. Evaluate:fm X

Sol x?+x+1 _ A | BxtC

(x%2+1)(x+2) X+2  x2+1
52 +x+1=AX+ 1)+ Bx+C)(x+2)
=>x+x+1=x>(A+B)+x(2B+C) + (A +20)
On comparing the coefficients of x>, x and constant terms both sides, we get
A+B=1...... (11)

2B+C=1........ (1i1)

and A+2C=1....... (iv)

On substituting the value of B from q. (ii) in Eq. (iii), we get
2(1-A)+C=1=22-2A+C=1=22A-C=1....... (v)

From above equations we get
A 3 B 2 dC !
= = — = — = —
50 5 LTS
x2+x+1 A  Bx+C
= = +
(X2+1)(X+2) x+2 x?+1

f fZX-I—l
x+2 x2+1

3] +j d+1j L
= _
5)x+2 5)x%2+1 5) x2+1 X
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3 1 1
= glog(x +2)+ glog(x2 +1)+ gtan‘l(x) +c

2. Evaluate :f_21|x3 — x| dx
Sol: f_zllx3 — x| dx = f_ollx3 — x| dx + follx3 — x| dx + flzlx3 — x| dx

:f_ol(x3—x)dx—f1(x3—x)dx+f2(x3—x)dx

2 1 2
x*  x? x*  x? x*  x?
O I RGN IR
4 2)_4 4 2/ 4 2)1 2 4
sin@-2)cos6

3. Evaluate : [ ¢

—cos20-4sin@

(3sm9 2)cosf (3sin8—-2)cosO
Sol: f5 00529—4sin0 f sin20—4sinf+4
Let sinf =y
cosfdo = dy
(3y-2) (By=2)
e y?- 4y+4 f(y 2)? dy
By —2) A B
let =

= +
r—2? y=-2 (y-2)°
On comparing or equating corresponding coefﬁcients, we haveA=3 ,B =4

€ —2)
155 v=155 "o 5 dy=logly-2/— = +e
=3log(2- sm@) +
4. Evaluate: [

+
nec
2

\/x2+2x+3
Sol: we have x + 2 = A;—x(x2 +2x+3)+8B

x+2=AR2x+2)+B
On comparing or equating corresponding coefficients, we have

A—— B——
J‘ (2x + 2)dx +_f 2dx dx
Vx2+2x+3 2 \/(x+1)2+(\/§)2

I=vx% + 2x + 3 Hog|x + 1 + Vx% + 2x + 3[+C

5. Prove f: log sin xdx = —mlog2 using properties of definite integration.

Sol: Since log[sin(r — x)] = log sin x
/2

I = 2] log sin xdx ... ... ..... (3)

0
/2

= I=2j logsin(=—x)dx
" logsin (-
/2

= I= 2f log cos xdx ... ... ..... (4)
0

Adding (3) and (4)
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/2
21 = 2[ log sin xcos xdx
0

/2 sin 2x
=1 =f log( > )dx
0
/2

/2
= f log sin 2xdx — long 1-dx
0 0

s
=1 =1 —logZ[x]g/2 =1 —ElogZ

Where I; = f;/zlogsin 2xdx

Let2x =t = 2dx = dt

1" 1"
= —f log sintdt = —J log sinx dx
2), 2 ),

1 /2
==X Zf log sin xdx
2 0

From (5) = [ = ~1 — Llog2
rom (5) =3 > log

CASE STUDY BASED QUESTIONS
1. The given integral [ f(x)dx can be transformed in to another form by changing the independent
variable x to t by substituting x = g(t)
Consider I = [ f(x)dx
Put x = g(t), % =g'(t) , we write dx = g'(t)dt
Thus I= [ f(g(t))g'(t)dt.
This change of variable is very important tools available to us in the name of integration by
substitution.
Based on the above information answer the following questions
Evaluate, [ 2xsin(x? + 2)dx
1) To evaluate the above question which quantity we assume as another new variable.
i1) Solve the given question using fundamental integrals.
iii) Consider y is the solution then find y'.
Solution [ 2xsin(x? + 2)dx
i)Letx?+2=t
i1) Differentiate with respect to t
we get, 2xdx = dt,
Now, we will evaluate, [ sint dt = - cost +C = - cos(x? + 2) + C
Hence, y=- cos(x? + 2) + C
iii) y'= 2xsin(x? + 2)
2. Let f be a continuous function and differentiable function defined in a closed interval [a,b] and F
be an anti-derivative of f then, f; f(x)dx = F(x) + C =F(b) — F(a) called definite integral.
It is very useful because it gives us a method of calculating the definite integral more easily.
There is no need to keep integration constant as it gets cancel by substituting the upper limit and
lower limit
Based on the above information answer the following
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d
Evaluate, f 1x+;2 dx

1) which technique you will use to evaluate the integral.
i1) To evaluate the above question which quantity we assume as another new variable.
i1i1) what is the value of definite integral.

1) using substitution method,
ii) let 1 + x?2

iii) differentiate with respect to t, we get 2xdx = dt , f o E = [logt], N

=logl0-log5 = log2.
3. The rational functions which we shall consider for integration purposes will those denominators

can be factorised in to linear and quadratic factors. Assume that we want to evaluate f p( ) dx where,

px) .

q(x)
rational function by a method called partial fraction decomposition. After this the integration can be

carried out easily using the already known methods.
px+q

(x-a)(x—b)

+ % where A and B are to be determined

Based on the above information answer the following;

dx
Evaluate,f m

1) What are the values of A and B when we use partial fractions

i1) After finding the values of A and B how will you evaluate integral and write the final answer.
Solution.

(1) since itis a proper fraction, we can write partial fraction

is a proper rational function. It is always possible to write the integrand as a sum of 51mpler

If the rational function is of the form then we write the partial fraction is of the form ——

A
(x-a)

DY) il -t , After taking L.C.M and simplifying we get,

1 = A(x+2) + (x+1), on comparing we get A + B=0, 2A+B =1
On solving these equations, we get A =1 and B = -1
(1) A=1 andB——l

Therefore [ f —dx

(x +1)(x+2) x+1
= log(x+1) — 10g(x+2)

=log (ﬂ) +C

xX+2

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 77| Page




CHAPTER — 8 : APPLICATION OF INTEGRALS

GIST OF THE LESSON
Integrals are useful in finding areas under simple curves such as lines, circles, parabolas & ellipses.
e Standard Form of Some Important Curves:
Straight line: ax + by = ¢
Circle: x2 + y? = r? (A circle with centre at origin and radius r)

(x — h)? + (v — k)? = r? (A circle with centre at (h,k) and radius r)
¥ y

(h, k)
,
k/ x x

x? 4 y? =t (x—m:+(y—k)3=r?
Parabola:
y-axis y-axis
A A
7
{0,a)+ F
(-a.0) (a,0)
e F -axia N e " xaxis
xta=0 {0,-a)
\ yta=0
¥ = 4ax x2 =4ay
Y Y
3 . y-axis
Ellipse: c v \ x, Vi
;2+§=1 v] (0,b) az b?

y-axis

] S

y-axis

(=]

- .
(3,0) x-axis X-axis

VTOHJ)

Area of the region bounded by the curve y = f(x), x-axis and the lines x = a and x = b (where b>a) is
given by

Area= [Ty dx= [ f(x) dx

Area of the region bounded by the curve x = g(y), y-axis and the lines y = ¢ and y = d (where d>c)
is given by

d d
Area=['x dy=[ g(y) dy
MULTIPLE CHOICE TYPE QUESTIONS

1. The area of the shaded region (Figure I) represented by the curves
y = x2,0 < x < 2 and y-axis is given by [2025]
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2 2 4 4
a) [ x%dx b) [T\[ydy o) [ x*dx d) [ Jydy Ans. d
2. The area enclosed by the curve y = V16 — x? and x-axis is equal to

a) 8w squnits b) 20 squnits c¢) 167 sq units  d) 2567 sq units Ans. a
3. The area of the region bounded by y = x + 1 and the lines x = 2and x = 3 is

a) % sq units b) g sq units ¢) % sq units  d) ? sq units Ans. a

4. The area bounded by the parabola y? = 36x, line x = 1 and the x-axis is sq units.
a)?2 b) 4 c)6 d) 8 Ans. b

5. The area bounded by the curve y = x|x|, x-axis and the ordinates x = —1 and x = 1 is given by
a) 0 b) 0= d)= [2026] Ans. ¢

6. The area of the region bounded by the curve y = x? and the line y = 16 is

. 5 . . .
a) 33—2 sq units b) 23—6 sq units  ¢) % sq units  d) % sq units Ans. b

7. The area of the shaded region of the circle (Figure 2) is equal to:  [2026] :
x2+y2=9

Q) Vo= y2dy b)2[9-y7dy W

o) [TV —xZdx d)2f V9 — xZdx Ans. b
8. The area of the region bounded by the curve y = x3, x-axis and the lines
x=1landx =4is

Figure 2

a) % sq units b) 22—5 sq units  ¢) 12—5 sq units  d) % sq units  Ans. a
9. The area of the region bounded by the curve x = 2y + 3, y-axis and the linesy = 1l and y =
—1is

a)4 squnits  b) 3/2 sq units ¢) 6 sq units d) 8 sq units Ans. ¢
10. An ant is observed crawling on a sheet of paper along a straight line given by equation y = 2x —
4. Area of the surface covered by the ant bounded by y — axis, x — axis and x = 1 is: [2026]

a) 1 sq unit b) 2 sq units ¢) 3 sq units d) 4 sq units Ans. b

ASSERTION - REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed by a statement of Reason(R).
Pick the correct option:
A) Both Assertion(A) and Reason(R) are true and Reason(R) is the correct explanation of Assertion (A).
B) Both Assertion(A) and Reason(R) are true but Reason(R) is NOT the correct explanation of Assertion
(A).
C) Assertion (A) is true but Reason(R) is false.
D) Assertion (A) is false but Reason(R) is true.

1. Assertion(A): The area enclosed by the circle x2 + y? = 16 is 167 sq B0, 0
units. /d; x
Reason(R): The area enclosed by the circle x? + y? = a? is given by « y A0
a
4 f;\JaZ =% dy \/
Solution: A) both assertion and reason are correct and reason is the correct
explanation Y

2. Assertion: The area enclosed by the curve y = x?, the x-axis, and the lines x = 0 and x = 2 is
2
Jy Aydy

Reason: The definite integral gives the area under a curve between two limits.
. . 2 :
Solution: D) Assertion is false as area = fo x?dx but reason is true.
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3. Assertion: If f(x) is an even function f_aa f(x)dx =2 foa f(x)dx
Reason : Even functions are symmetric about the y-axis.
Solution: A) both assertion and reasoning are correct and reason is the correct explanation

4. Assertion: fozn cosxdx =0

Reason : The area bounded by the curve y = cos x between x = 0 and x = 2m is 0.
Solution: C) Assertion is true and reason is false as for calculating area we take absolute value for
the curve lying below x-axis.

2 2
5. Assertion: The area of the ellipse ;—5 + 31]—6 = 11is 207 sq. units

2 2
Reason: The area of a standard ellipse z—z + % = 1 is calculated as mwab sq. units

Solution: A) both assertion and reasoning are correct and reason is the correct explanation.
6. Assertion: Area enclosed between a curve and x-axis is always positive.
Reason: While calculating area, modulus/sign adjustment is used if the curve lies below x-axis.
Solution: A) both assertion and reasoning are correct and reason is the correct explanation
7. Assertion: The area under a speed—time graph represents distance travelled.
Reason: Integration of speed with respect to time gives total distance.
Solution: A) both assertion and reasoning are correct and reason is the correct explanation

8 Assertion: The area of region bounded by the curve x = /4 — y? and the y-axis is 27 sq. units.

Reason: The curve x = /4 — y? represents a full circle of radius 2.

Solution: C) Assertion is True and reasoning is false because the square root function only returns
non-negative values, making it a semicircle, not a full circle.
9. Assertion: The area of a triangle formed by the lines y = x,x = 0,and y = 4 is 8 sq. units.

Reason: The area is calculated by [ 04 x dy along the y-axis.

Solution: A) both assertion and reasoning are correct and reason is the correct explanation.
10. Assertion: The area of a triangle with vertices (2, 0), (4, 5), and (6, 3) can’t be found using the

method of integration.

Reason: Integration can find the area under any bounded region if the equations of the boundary
lines are known.

Solution: D) Assertion is false as area can be found by framing the equations of sides of triangle and
then integrating.

VERY SHORT ANSWER QUESTIONS

1. Find the area of the region bounded by the curve y = 2x — x? and the x-axis
Solution: [ 02 2x —x%dx = g sq. units

X<

(0.0)0/1 \ "
2. Find the area bounded by y = x , the x- axis and the ordinate x = -1 ,x =2 L3

. 2 0 5 .
SOluthH: A = fO X dx + |f_1 X dx| = E Sq- units Area Bounded by y = x, x-axis, x= -1l and x =2
ap— H

Ares above xaxs
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3. Area bounded by the circle x2 + y? =7r? B(0, r)
Solution: A=4 x fOT\/rZ —x2dx = mr?

X
A(r, 0)

B(O, b)

x2

4. Find area of the region bounded by the ellipse
Solution: 4 = 4 X Zfoa\/az —x2? dx =mab

2

Yy
+Z =1 ,
a? b2 X A(a,)%))

5. Using integration find the area of the region bounded by the line y — 1 = x, x-axis and the
ordinates x = —2 and
x =3

Solution: A= |7 (x + 1) dx | + [% x + 1 dx

17 .
= 5. units

6. Using integration find the area of the region bounded between the line x
=2, and the parabola y? = 8x

Solution: A =2 02 V8x dx= 33—2 sq.units

=% ¥=x
7. Using integration ,find the area of the region bounded by the curve
y=x? and y=x gy
. 1 1 . / x=2
Solution: A = [ xdx — [ x2dx == sq. units
0 0 6 X< 3] 2 3 X
0.0
v

8. Draw the graph of y = |x + 1|and find the area between x- axis x
=-4andx =2

Solution: A = f__: —(x+1dx+ f_zl x 4+ 1= 9 sq. units

9. Sketch the region bounded by the lines 2x +y =8,y = 2,y = 4 and
the y-axis. Hence, obtain its area using integration. [2023] ©.4) RS

Solution: A = f; (S_Ty) dy = 5 sq. units >

(0,2) 59
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10. Find the area of the region bounded by y =+/x andy =x =
Solution: A = fol Vx dx - folx dx = % _1

1 .
- =-=15q. units
2 6 0.0}

y=x

SHORT ANSWER QUESTIONS
1. Find the area of the curve y = sin x between 0 and 7. Y
Solution: y =sin X
Area of OAB=| : ydx=/, On sinx dx=[—cosx]§
=—[cos m—cos 0] =-(-1 -1) = 2 sq units

2. Find the area of the region bounded by the two parabolas y = x* and y* = x.
Solution: The point of intersection of these two parabolas is O (0, 0) and A I y—x2

(1, 1) as shown in the below figure.
y2=x, y=Vx =f(x) y = x% = g(x), where, f (x) > g (x) in [0, 1]. o
X

3 1 .
Area of the shaded region = fol ydx=f01(\/§ — xz)deE Xz — %3] u\ ‘
0
= (%) — (%) = % sq. units yi=x

3. Find the smaller area enclosed by the circle x>+ y* = 4 and the line x +y = 2.

Solution: Equation of circle is x>+ y? =4 =>y = /(22 — x2)
Equation of a linesis x +y =2 Yy
Area of OACB, bounded by the circle and the coordinate axes B02)

. 2
is=[, V2% —x%dx c
2 2

= [2\122 — xz + Z_SIn_l f:l B M Al2,0) s
2 2 2 0 x [s] 2 X
2 22 . 42 0 22 . 40

:EVZZ—ZZ-}'?SIH 1E_EV22_02+ ?Sll’l 15 \
1 . _ 1 T

==sin"!l=x-=nx
2 2 2

Area of triangle OAB, bounded by the straight line and the vY
coordinate axes is

~ [ ydx=[ (2 — x)dx—]2 —ﬁ]2=2x2—£—[2x0—o]=4 2-0+0=2 it
o Yax=J, (2 — x)dx=|2x 71, 5 -2- $q. units
The required area = Area of OACB — Area of triangle OAB = (1 — 2) sq. units

4.Using integration, find the area of A ABC, the coordinates of whose
vertices are A (2, 5), B (4, 7) and C (6, 2).

71
Solution: Equation of the line AB is given by S LR e R I 61
Xo—X1 Xo2—X1 7= -2 51

=>y=x+3 41
Equation of the line BC is given by JZ/T_; = g =y = _Tsx + 17 : |
Equation of the line AC is given by 32/%;- = 2%; =>y = _Tg’x + 12—3 "

Required area = (Area under line segment AB) + (Area under line
segment BC) — (Area under line segment AC)

=[x+ [0 (-2 417)de - [F (-2 + D) ax
:[’“72+ 3x]4 + | 4x2+17x]6dx— [
0 4

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 82 |Page

—-3x%  13x
8

+—] —12+9-14 = 7 sq. units
2 13




5. Using integration, find the area of the triangular region whose sides have the equations
y=2x+ 1y =3x +1landx = 4 y

Solution: By solving these equations we get the vertices of

triangle as A(0, 1), B(4, 13) and C(4, 9).
=~ Required area = Area (OABDO) — area (OACDO)

e e e e B o] e

LY==+

8 (4,13)
y=2x+1

C(4.9)

2
T 44— 0- (42 +4-0)
= 24+4-20=8 sq units
"
6. Find the area of the region in the first quadrant enclosed by
the x-axis, the line y = x and the circle x> + y* = 32
Solution: Required area = Area of region OABO

=f04xdx + f:ﬁ\/BZ — x2dx

X
(—4JZ,0)

. 42
S e O

2 a
=2 F\/a2 — x? +a—sin‘1£]
2 a alg/\2

o (g — 1) $qg. units

2

9. Area of the region bounded by the curve y =x2? +2,y=x,x=0and x =3

Solution: A = f03(x2 + 2)dx — f:x dx
15 9 21 .
=——-  =-squnits

2 2
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42 0?2],1 2 2 2 . 142
[ Z)id 4z | (4V2) = (4E)" + (4v2) sin 1 22
2 2 .4 4
(4 / (4V2)" — 42 + (4v2) " sin 1m)l v
=116 —-0)+2 in"1(1) — 16 — 32sin" 1 (L)|=8+1(32F - 16 — 32%
=2 (16— 0)+3 [0 + 32 sin™1(1) — 16 — 32sin~* (5) |- 8+3 (325 — 16 — 325
=8+ 8m — 8 — 4w = 4 sq units
Y i
7. The area bounded by the curve y = x|x| and the ordinates x =-1 and x = 1. s :D
Solution: A = 2 fol x% dx = %sq units " y I
) x::l
y=-x* _
8. Find the area of the smaller part of the circle x* + y% = a? cut off by ARy
inex= % ~
the line x % . /
Solution: A =2 [a Va? — x? dx ) ( - W
V2 ’ (1,0}X




10. Find the area of the following region using integration: {(x,y):y? <
2x and y = x — 4} [2024]
. 4 4 y?
Solution: A Z[f_z(y + 4)dy — f_zjdy]
=30-12
= 18 sq. units

LONG ANSWER TYPE QUESTIONS
1) Sketch the curve {(x,y): 100x2 + 25y? = 2500} and find the area of the

Ellipse: i + r{‘;u: 1

Vertex Vi {0, 10}

region enclosed by it, using integration.
100x* | 25y% —1 = x2  y?
2500 2500 25 ' 100 100 25

Solution:

Area of ellipse =4 x Area of AOB =8 fOS
5
=8 [EVZS —x? + Esin_lf]
2 2 51g
=8 [22—5 sin‘l(l)] =8 X 275 X g = 50 7 sq. units

(25 — x2)dx

2) Find the area of the region bounded by y* = 9x, x =2, x = 4 and
the x-axis in the first quadrant.
Solution: y* = 9x, y = +V(9x), y = £3Vx

Required area= f: ydx=3 f; Vx dx

1 a4
o R N e | AT ey

=2[8 —2V2]= 16 — 42 sq units

3) Find the area enclosed between the parabola 4y = 3x* and the

straight line 3x —2y + 12=0
4

Solution: Required area = f4 (3x+12 — SL) dx = [— + 6x 23]
-2

2 2

+ox4—1]-[2-12+7]

=12+ 24 —-16 —3 + 12 — 2 = 27 sq units

[3><42

[2026]

]

oy =3 +12

©.6) (4,12)

X' -
70 (20|0 @,

=Y
2

Yy*

4) Using integration, find the area of the region bounded by the lines 2x +y=4,3x -2y =6 and x—

3y+5=0
Solution: Required area of AABC
= Area of region ABNMA — (Area of AAMC + Area of
ABCN)

(5

[ +5x] — [4x — x?]3 —

—f (4—2x)dx—f (3x 6)(Jlx

2

]

3
[+ 2) - G o)HE -0 -0
24) — (6 — 12)]
=§><42—5-1-3—1?5—4 = - (. units

5) Draw arough sketch for the curve y = 2 + |x + 1]. Using integration, find the area of the region

bounded by the curve y =2+ |x + 1|, x=—4,x=3 and y = 0.
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Solution: The function can be reduced to

2 + (x + 1) =x + 3 fOT‘x > _1 8 Graph of y =2 + |x + 1| with shaded region for area

— ) —_— — y=24[x+1]
{2—(x+1)=1—x,f0rx<—1 '
A= [T, (A= x)dx+ [ (x +3)dx ‘

= 22—1 + 16 = ? = 26.5 sq. units

=]
o

6) A woman discovered a scratch along a straight line on a circular table top of radius 8 cm. She
divided the table top into 4 equal quadrants and discovered the scratch passing through the origin
inclined at an angle ©/3 anticlockwise along the positive direction of x-axis. Find the area of the
region enclosed by the x-axis, the scratch and the circular table top in the first quadrant, using
integration. [2025]

Solution: Coordinates of A (4+/2, 0) ==
A= f:ﬁx dx + f4sﬁV64 —x? dx

=16+16m-16-8n
=8m sq. cm

::A:’-fn’-M

v=2/
|

CASE BASED TYPE QUESTIONS
1. The bridge connects two hills 100 feet apart. The arch on on the
bridge is in a parabolic form. The highest point on the bridge is 10
feet above the road at the middle of the bridge as seen in the
figure.
Based on the information given above, answer the following
questions:

(1) Considering the highest point of the bridge as origin, find
the equation of the bridge Ans: x?=-250y

2
(i1) The value of the integral f_sg 0 zxﬁ dx is Ans: % sq units
(ii1) (a) The integrand of the integral f_5§ o x? dx is either even or odd function. Ans: even
OR
iii) (b) Find the area formed by the curve x* = -250y, x-axis , x = 0 and x = 50 Ans: 22 sq
3

units

2. In the figure given below O(0, 0) is the center of the circle. The line
y = x meets the circle in the first quadrant at point B. Answer the
following questions based on the given figure

(i) Find the equation of the circle Ans: x? +y2 =32
(i1) Find the co-ordinates of B Ans: (4,4) X
(i11) Find the area of AOBM using integration.  Ans:8 sq. units.

OR
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(iv) Find the area of the region BAMB. Ans: 4 — 8 sq. units

3. An insect moves on a curve path represented by y = x3 . It started from a point (-2,-8) on the curve
and as soon as it reached at a point (2,8) got tired and slept.The path of its movement is given
below. Based on this information answer the following questions. »

(i) Find the area enclosed by the curve y= x3, the lines x = 2 and 1 -
x = —2 and the x-axis. Ans. 8 sq. units

(i1) If it would have moved from (-1,-1) to (1,1) along the curve Il '
represented by y = 2x3, find the area bounded between x-axis, T Jeal %
x=-1landx =1.. Ans. 1 sq. unit | [ 1 el

(-2,-8)

6. There is a triangular park in the society. The park is divided into two sections as shown in the
figure. [2026]
In the region OAC, children are allowed to play games like cricket, football, while in the region

AOB, activities which involve running are not allowed.
The vertices of the triangular park ABC are A(0, 4) B(- 2, 0) and C(3,0). Based on the above

information, answer the following questions :

A

4 5
(1) Write the equation of the boundary line AB of the park. Ans.y =2x + 4
(i1) Write the equation of the boundary line AC of the park. Ans.y = — gx +4
(ii1) (a) Using integration, find the area of region OAC, in which children are allowed to play cricket,
football. Ans. 6 sq. units
OR
(111) (b) Using integration, find the area of region AOB. Ans. 4 sq. units

7. A racing track is build around an elliptical ground whose equation is given by 9x? + 16y? =
144. The width of the track is 3 m as shown below: [2026]
Based on given information, answer the following questions:

/}"
=

(1) Expressy as a function of x from the given equation of ellipse. Ans.y = %\/ 16 — x?

(1) Integrate the function obtained in (1) with respect to x. Ans. gx\/ 16 — x% 4+ 6sin” ! G) +C

(ii1) (a) Find the area of the region enclosed within the elliptical ground excluding the track using

integration. Ans. 127 sq. m

OR
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(ii1) (b) Write the co-ordinates of the points P and Q where the outer edge of the track cuts x axis and y
axis in first quadrant and find the area of the triangle formed by points P, O, Q using integration.
Ans. Coordinates : P(7,0), Q(6,0) Area (APOQ) = 21 sq. units

8. Roundabouts are often made on busy roads to ease the traffic
and avoid red lights.
One such round-about is made such that equation representing
its boundary is given by Ci: x> + y? = 64. There is a circular
pond with a fountain in the middle of the roundabout whose
equation is given by Cz: x2 + y? = 4. [2026]
Based on the given information, answer the following questions:

(1) Represent the given equations C; and C; with the help of a

diagram.
Ans . Graph of Two Concentric Circles with Radius 2 and Radius 8
. y

(i1) Express y as a function of x, (y = f(x)), for both C: an C».
Ans. Ci:y =v64 —x2 ,Criy = V4 — x?
(iii) (a) Using integration, find the area of region covered by the roundabout.  Ans. 647 sq. units
OR
(iii) (b) Using integration, find the area of region covered by circular pond. Ans. 47 sq. units
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CHAPTER-9-DIFFERENTIAL EQUATIONS
GIST/SUMMARY OF THE CHAPTER
e Definition, order and degree, general and particular solutions of a differential equation.
e Solution of differential equations by method of separation of variables.
e Solutions of homogeneous differential equations of first order and first degree.
e Solutions of linear differential equation of the type:

. d .
(1) d—i + py = q, where p and q are functions of x or constants.

o d :
(i1) ﬁ + px = q, where p and q are functions of y or constants.

DEFINITIONS AND FORMULAE:

e An equation involving derivatives of the dependent variable with respect to independent variable
(variables) is known as a differential equation.

e Order of a differential equation is the order of the highest order derivative occurring in the
differential equation.

e Degree of a differential equation is defined if it is a polynomial equation in its derivatives.

e Degree (when defined) of a differential equation is the highest power (positive integer only) of
the highest order derivative in it.

e A function which satisfies the given differential equation is called its solution.

e The solution which contains as many arbitrary constants as the order of the differential equation
is called a general solution and the solution free from arbitrary constants is called particular
solution.

e Variable separable method is used to solve such an equation in which variables can be separated
completely i.e. terms containing y should remain with dy and terms containing x should remain
with dx.

e A differential equation which can be expressed in the form Z—z = f(x,y) or 5—; = g(x,y)

where, f (x, y) and g(x, y) are homogenous functions of degree zero is called a homogeneous
differential equation.

e A differential equation of the form % + Py = Q , where P and Q are constants or functions of x
only is called a first order linear differential equation. Another form of first order differential
equation is Z—; + Px = Q where P and Q are constants or functions of y.

® (i). The integrating factor (L.F) of the differential equation Z—z +Py=0Q isel PO
Its solution is given by y (LF) =[ [Q.(I.F)]dx + C.
e (i1). The integrating factor (I.F) of the differential equation Z—; +Px=Qise [ Py

Its solution is given by x (LF)=[ [Q .(I.F)]dy + C
MULTIPLE CHOICE QUESTIONS
1. Ifp and q are respectively the order and degree of the differential equation,

d (d .
™ (ﬁ) = 0,then (p-q) is
(4)0 (B)1 (©)2 (D)3
om: & (%) = €
Solution: — (dx) = -
Here p =2, g=1 p-9=1 Answer: B

2.The order and degree of the following differential equation are respectively:
4 dy

ZTZ + 2edx +y2 =0

(A)-4,1 (B) 4, not defined (O1,1 (D) 4,1

Solution: Here order =4
4 dy

a*y et 2 . . .dy
—_— d —_
o 2edx + y“ is not a polynomial in =
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So its degree is not defined. Answer: B

(A)-4,1 (B) 4, not defined O1,1 (D) 4,1
3. The solution for the differential equation log (Z—z) =3x +4yis:
(A)3e® +4e73*+(C =0 B)e3*™ W + (=0
(C)3e™3Y +4e™ +12C =0 (D)3e™ +4e3* +12C =0
o avy\ _
Solution: log (dx) =3x+4y
ay _ 3% +4y
dx d
_y — p3x L4y
déc ¢
y — p3x

m = e>*dx

Integrating both sides :

[ e™dy=[ e¥ dx

A
-4 3
3e ™ =—4¢3 —12C
3e™ + 43 +12C =0 Answer: D
4.The differential equation % = F(x,y) will not be a homogeneous differential equation if F(x, y) is
i 2+ 2
(A) cos x — sin ( %) (B) % ©) % (D) cos? (3)
Solution :

IfF (x,y)=cosx — sin G) ,thenF (Ax, Ay) = A°F(x,y)
Hence Z—Z = F(x,y) will not be a homogeneous differential equation.Answer : A

3_ 4N
5. For what value of n is the following a homogeneous differential equation: Y : Y >
dx xXcy +xy
(A1 (B) 2 <€ 3 (D) 4
Solution : For the given differential equation to be homogeneous, the value of n should be 3.

Answer : C
6.The integrating factor of the differential equation (x + 2y?) Z—z =y(y > 0)is:

(A) 7 (B)x ©y (D)
Solution: Given differential equation is (x + 2y?) Z—z =y(y > 0)
dx 1 dx 1
=>@=;x+2y ﬁa—;x=2y

dx
It is a linear dif ferential equation of the form @ + Px = Q where

P=_?1andQ =2y

LF=el Pay—¢] T e 109y = glogy™ — elog% = = Answer:D
y
7. The number of arbitrary constants in the general solution of the differential equation:
dy _
a + y = 0
(A)0 (B)1 (©)2 (D)3

Solution: Number of arbitrary constants = Order of the differential equation
The order of the given differential equation

d .

ﬁ + vy = 0 is one.

Number of arbitrary constants in the general solution of the differential equation is one.
Answer:B
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8. A particular solution of the differential equation
xZ—i/+y= O,whenx =1landy =1is

1
(A)y=x (B)y = e* ©) y=- (D)y =log x
Solution: Given differential equation is x Z—z +y=0
dy
X E ==Yy
d_y dx

X

y
Integrating both sides

dy dx
fy _J x
logy = —=logx +C
logy + logx =C
logxy = C - (1)
=C=1logl =0
Substituting C = 0 in eqn(1) we get log xy = 0

>xy =1
1
Answer: C

9. The curve for which the slope of the tangent at any point is equal to the ratio of the abcissa to the
ordinate of the point is :
(A) an ellipse (B) parabola (C) circle (D) rectangular hyperbola

; d
Solution: Slope of tangent to the curve = %

According to th tion® = %
ccor Lng (0] eques londx = y

= ydy = xdx
Integrating both sides we get

J ydy = J x dx
2 2

= y? = x? + C

= y? — x? = 2C which is an equation of rectangular hyperbola.

Answer:D

10. Family y = A x + A3of curves will correspond to a differential equation of order

(A)3 B)2 O 1 (D) not defined

Solution: Given family of curves y = Ax + A3 - (1)

=2 =y Putting the value of % in eqn(1) we get

dx 3
dy dy
Yy = (a)x * (a)

ASSERTION AND REASON BASED QUESTIONS
Question numbers 1 to 10 are Assertion - Reason based questions. Two statements are given, one
labelled Assertion (A) and the other labelled Reason (R). Select the correct answer from the codes (A),
(B), (C) and (D) as given below.
(A) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct
explanation of the Assertion (A).
(B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the
correct explanation of the Assertion (A).
(C) Assertion (A) is true, but Reason (R) is false

Order =1 Answer:C
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(D) Assertion (A) is false, but Reason (R) is true.

1) Assertion (A):The degree of the differential equatlon —y -3 (Zz) = x?%log ( ) 1S one.
Reason(R) :If the differential equation is a polynom1a1 in differential coefficients, then its
degree is defined.

2 2
Solution: Given differential equation % -3 (Z—z) = x2log ( ) is not a polynomial
equation in Z—z. Its degree is not defined.

Here A is false,R is true. Answer: D
2) Assertion (A): The general solution of the differential equation Z— 1+ 2 ( )

x +y = Cx?
Reason(R) : Correct substitution for the solution of the differential equation
ay .
Tx —f( )lSX = vy.

Solution: Given differential equation is Z—x =1+ 2 (%)
Put y = vx, it reduces to the form

v+ x.— =1+2v
dx
dv

> x—=1+4+v
dx
dv _dx

= = —
1+v X
Integrating both sides,we get

j‘ dv _ dx
14+v ) «x

= log|1+ v| = log|x| + log|C;|

= |1+ v| =|Cix|
= x+y=+Cx?
=>x+y=Cx* where +C; = C
Aistrue. Ris false. Answer: C
3) Assertion (A): == — ycosx = 5is a first order linear differential equation.

Reason (R ) :If P and Q are functions of x only or constants, then the differential equation of the

form % + Py = Q is a first order linear differential equation.

Solution : The given differential equation Z—z — ycosx = 5 isin the form of

dy _
T Py = Q.

Here P = —cos x is a function of x and Q = 5 is a constant.
Here A and R are true and R is the correct explanation of A. Answer : A

4) Assertion (A): The dif ferential equation 2y e¥ dx + (y — 2xey ) dy =0 can be

solved by making the substitution y =
Reason(R) : A homogeneous differential equation of the form
dy

Z—f} = h (g) can be solved by making the substitution x = vy and of the form =

h G) by the substitution y = vx.
Solution: Here A is false since the given differential equation is of the form

Z—; = h (%) and can be solved by making the substitution x = vy.
But R is true. Answer:D
5) Assertion (A):The number of arbitrary constants in the solution of the differential equation

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 91| Page




d?y .

W = 0 is 2.

Reason(R) :The general solution of a differential equation contains as many arbitrary constants
as the order of the differential equation.

d (d
=>—(—y> ~ 0
dx \dx

On integrating we get d_z =C

. d’y
Solutlon.ﬁ =0

= dy = C dx Integrating both sides we get

[ar = [ cax

y =Cx + C'
. . . . . . d?
There are two arbitrary constants in the solution of the differential equation d_x32/ =0

We had a differential equation of order 2.
So both A & R are true and R is the correct explanation of A.  Answer: A
6) Assertion (A): Integrating factor of the linear differential equation

xZ—z + 2y = 4x + 5x?is x>

Reason(R) : Integrating factor of the linear differential equation Z—; +Rx=Sise/ R

Solution: Given differential equation is

d
x%+2y=4x+5x2
dy
dx

Comparing it with Z—z + Py = Q,wegetP=

+§y=4+5x

RN

,Q = 4+ 5x

N

2
Integrating factor = e/ P 9% = eIz (x = glog ¥* — y2

Assertion (A) is true.
Also Reason ( R) is true but R is not the correct explanation of A. Answer: B

7) Assertion ( A) : A curve passing through the point (1 ,%) and slope of the tangent at any point
(x, y) is given by % — cos? (%), then the equation of the curveisy = x tan™?! (log| 5 |)
Reason(R) : The integrating factor (I.F) of the differential equation
Z—z+Py= Q iselPdx
Its solution is given by y (LF) =[[Q . (I. F)]dx + C.

Solution: Given & =2 — ¢ps? (X) ----- (i)
dx X X
Putti _ ; y N dv
uttingy = vx we ge dx_v x'dx
Substituting in (i) we get
v 2
V+ X.— =V — Ccos°v
dv —dx
= =
cos?v x .
:fseczvdv = —f;dx
= tanv =-log|x|+C——————— (ii)

Given that the curve passes through the point (1 , %)
So tan G)=-log1+C=> c =1
Putting the value of C =1 in (ii) we get
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tan (%) =-log|x| + 1

= tan (%) = log |§| Sincee =1
= ==tan (log |x|)

Assertion (A) is true.

Also R is true but R is not the correct explanation of A. Answer:B
8) Assertion (A): The general solution of the differential equation

2
LI _ 22 g 1+x2=C(1+y2)

xdx 1+ x2
Reason(R) : [ dx = - log(l + x)+C

1+2
y _ 1+y*

xdx  1+x2

=>f Y d-] ad d
1+y2y_ 1+x2x

> ~log(1 + y?) = 2 log(1 + x?) +log C
> (1+y?)=>0+x>)C
or (1+x?)=C(+y?
Assertion and reason both are true and reason is the correct explanation of assertion.
Answer: A
9) Assertion (A):The equation of the curve passing through (3,9) which satisfies the differential

Solution: The given dlfferentlal equation is

equation;i—;/ =x + i is 6xy = 3x3 + 29x — 6
dy
Reason(R) : The solutlon of the differential equation d— =4 — y?,ye[-22]is
y = 2sin(x + C)
x2

1
> y=Z - -4C ()

2
Given (1) passes through (3,9).

So9=3—1+c=>c=2
2 6

d
Solution:Given = = x + —
dx x2

2
On substituting C = — % in (1) we gety = x_ _ 1,2

x 6
3x3 —6+29x

= = 6xy = 3x3 —6+29x
= 6xy = 3x3+29x -6 Assertionis true.

Given d_y= Vi — y?
dx
f,/4 — _'y f

>x + C :>§ =sin(x +C) =2y=2sin(x +C)
Both assertion and reason are true but reason is not the correct explanation of assertion.
Answer:B
10. Assertion (A): Order of the differential equation whose solution is
y = Cie*tC + (Cze*tCis 4.
Reason(R) : Order of the differential equation is equal to the number of independent arbitrary
constant mentioned in the solution of the differential equation.
Solution: Given differential equationis y = C,e** % + Cze
>y = Ce¥e’? + Cze¥e
=> y=¢e*(4 + B)

>y =

x+C4_
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=y = Pe*
Ais false.But R is true. Answer:D
VERY SHORT ANSWER QUESTIONS
1) The bottom valve of a conical tank is opened to remove sugarcane juice in a factory. The rate at
which the juice pours out from the conical tank is directly proportional to the cube root of the
rate of change of height of the juice present in the tank. If K is the constant of proportionality,
write a differential equation depicting the scenario:
Solution:
Let “V’ be the volume of the sugar cane juice in the conical tank, ‘h’ be the height of the sugar

cane juice and ‘t’ be the time.
1

1
) av dh\3 av dh\3
Given — «a (—) 5> — =K (—)
dt dt dt dt

3
= (Z—Z) =K (%) which is the required differential equation.

2) Solve the differential equation log () = x —y.

Solution :
Given differential equation is log (% =x -y
% =e* V> e¥dy = e¥dx
Integrating both sides [ e¥ dy =/ e*dx
= e = e* + (= e* —e?+C =0

3) Solve the differential equationj—z +y = cosx — sinx
Solution :
Given differential equation Z—z + y = cosx — sinxisa linear differential equation of the
form
Z—Z + Py = Q.HereP =1 ,Q = cosx — sinx
Integrating factor = e/ P3¥ = gf1ldx — ox
The solution of the linear differential equation is given by
yAIF)=[[Q.(I.F)ldx +C
ie,y.e*=[ (cosx — sinx)e*dx )=.y.e* = e¥cosx + C
= y = cos x + C e is the solution.

4) Ify(x) is a solution of the differential equation

2+sinx\ d . T

( )—y = —cosx and y(0) = 1, then find the value of y (—)

1+y dx 2

. . 2+sinx\d
Solution: Given (—) 2 = —cosx
1+y dx
1 dy CcoS X dy cos x
1+y dx 2+ sinx 1+y - 2+sinx

Integrating both sides we get

f dy f cos x
= — | ——dx
1+y 2 + sinx

log| 1 +y|=-log |2 + sinx| + log C
log| 1 +y|+log |2 + sinx| = logC
log (1+y)(2 +sinx)=1log C

=>(1+y)(2+sinx)=C ;=1 +y=

c 2+sinx
Troe 1---(1) Whenx = 0,y =1
Substituting the values in eqn ( 1) we get
1=2-1 22=2 5C=4

>y =
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Hence eqn (1) reducesto y = 2+jinx —1 Tofindy (g)
Whenx=£,y= 4.7:—
2 2+sm5
4 -1
= Y =3 -1 Y73

5) Write the integrating factor of the differential equation :
(v —xdy = (1 + y*)dx
Solution: The given differential equation is
(v — x0dy = (1 + y*)dx

This can be written in the form &= ~%
dy (1+y?)
dy 1+ y? 1 + y2
ax x y
dy 1+ y2 1+ y2
dx 1 y
= == _

dy 112X T T4y2
This is a linear differential equation of the form

& + Px = Q.HereP = 7 ,Q0 = T
1
: 1
Integrating factor =e /P4 = e

Integrating factor of the given differential equation is e” .
6) Solve the differential equation % + 1 =e**Y

Solution : The given differential equation is Z—z +1=c¢e

Putx+y=tineqn (1)

Differentiating both sides w.r.t x we get

dy _ 4t
1+a—dx (2)

Substituting eqn (2) in eqn (1) we get % = et

Separating the variables we get % = dx

Integrating both sides [ e~tdt = [ dx
Cox+C > G =x+C >-1= e (x+C) = " (x +0) +1=0
7) Solve xZ—Z = y(logy — logx + 1)

Solution :

The given differential equation is x % = y(logy — logx + 1)
ay _ ¥ - @v_y Y
= == (logy — logx + 1) === [log (x) + 1] —(1)

d
Puty =vx
Differentiating both sides w.r.t x we get
o @
o = vt x— (2) )
Substituting eqn ( 2) in eqn (1) we get v + x.d—z =vlogv +v
= Z_yi 5>— dy = &

x'dx viogv viogv v= X

. . 1 1

Integrating both sides we get [ Tios dv = f; dx

log (logv) = logx + log C
= log (log v) = log C x=> log v = Cx=> log (%) - Cx

8) Find the general solution of the differential equation

dy
edx = x
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Solution:
. . . -4
The given differential equation isedx = x

Taking logarithm on both sides

2

dy _ 2. W _ -
dx—logx, dx—Zlogx:dy 2 log x dx

Integrating both sides we get/| dy = [ 2logx dx
>y=2f logxdx y =2[logx[ dx -| %.xdx
=y =2(xlogx —x) +C

9) In a controlled condition within a laboratory, a spherical balloon is being deflated at a rate
proportional to its surface area at that instant. The spherical shape of the balloon is
maintained throughout the process. Form a differential equation that represents the rate of
change of its radius.

Solution :

Takes V, S and r to be the volume, surface area and radius of the balloon at time t.
Since the volume of the balloon is decreasing with time, the rate of

Change of its radius is negative.

Uses the given information and expresses the relationship between volume and

Surface area as

av . ..
o =-kxS, where k is a positive real number.

Differentiates the above equation after substituting the expressions for volume and
Surface area of a sphere to get the required differential equation as:

2B L = —kx4nr?;, L=k
3 dt dt .
10) What family of curves does the solution of the differential equation 2x ﬁ = 7 + y represent
?
Solution:
Integrates the given differential equation as:
ay _ ax . ~1
fm =[5 ilog(7+y) =3logx + log C

7+y=+xC ;(7+y)?=xC?
Comparing the above equation with the general equation of parabola we can conclude that
the solution of the given differential equation represents the family of parabola.

SHORT ANSWER QUESTIONS
1) Find the particular solution of the differential equation

[x sin? (%) — y] dx + xdy =0, given thaty = %, when x =1
Solution: The given differential equation
22 (Y _ _
[xsm (x) y]dx + xdy =0

- gl o

Puty =vx
Differentiating both sides w.r.t x we get

dy ﬂ_“
oVt X (2)
Substituting eqn ( 2) in eqn (1) we get

dv . dv .
V4 x.— =v — sin*v 2x.— = —sin®v
dx dx a
X

dv dx 2
=|—= = -|cosecvdv = | =
sin2v fx f x

Integrating both sides we get — [
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= cot v =log x| + C= cot G) = log |x| + C, given thaty = %, when x =1
Therefore cot (E) =logl+C=>C=1
Hence the particular solution of the differential equation is cot G) = log |x| +1

2) Solve the differential equation Z—z — 3 ycot x =sin 2x,given that y = 2,whenx = %

. . . . . ..d .
Solution : The given differential equation is ﬁ — 3 ycot x = sin 2x,

d
which is of the form d—z + Py =Q
Here P=-3 cotx Q=sin 2x
Integrating factor (LF) = e/ P 4x = gJ ~3cotx dx — o =3logsinx ﬁ
The solution of the linear differential equation is given by
. 1
y(LF)=[ [Q.(.F)]dx +C; y. = [sin 2x..——dx
y
sin3x

sin3x

=f25inxcosx. — dx
sin3x

y
sin3x

= chotxcosecx dx + C

= —2cosecx + C

sin3x
y = —2sin?x+ C sin3x---(1) Given When x Zg,y =2
2=-2+C = C=4 Substituting C=4 in eqn ( 1) we get
y = —2sin?x+ C sin3x which is the required solution.
3) Find the general solution of the differential equation
e*tany dx + (1 —e*)sec’ydy =0
Solution :
The given differential equation
e*tany dx + (1 —e*)sec’ydy =0
= e*tany dx = (e* — 1)sec?ydy
Separating the variables
e¥ ‘= sec?y dy
(e¥*—1) tany
On integrating both sides we get
X 2
f(ef_ Sdx = f% = logle* — 1| = log|tany| + log |C|
=(e*— 1) = £ Ctany =(e* — 1) = C tany,where C; = +C
4) Find the particular solution of the differential equation given by

dy y
2= —y+xsin(=)=0
Xto- Tyt xsin <x)
Solution:
The given differential equation is
dy y
Z— —y+xsin(=)=0
) x %x y + xsin (x)
Y — v — in (2 DY _ sin(2
=x— =y — xsin (x) = == —sin (x) -—-(1)
It is a homogeneous differential equation.
Puty =vx
dy ﬂ_“
S oVt X (2) ) )
Substituting (2) in (1) we getv + x.é = v — sinv;=> x.d—: = —sinv
dv dx
> —= - —
sinv x
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dv dx

Integrating both sides we get [

sinv X

dx
X
= log |cosec v — cot v| = -log [x|+ log [¢;; =X (cosec v - cot v) =t¢;

= fcosecv dv = —

=X (cosec % — cot %) = C where C ==%¢,;

5) Solve the differential equation (1 —x)dy — (3+y)dx =0
Solution:
The given differential equationis (1 —x)dy — (3 +y)dx =0
=1 —x)dy = (3+y)dx

dy  dx
3+y 1-—x
On integrating both sides we get [ 3dTyy = fox

= log|3 + y| = —log|1l — x|+ 1logC

= log|3 + y| + log|1l — x| =logC

=(1-x)( 3+y) = C which is the required solution of the given differential equation.
6) Find the general solution of the differential equation

y2dx + (x> —xy +y?)dy = 0
Solution :

The given differential equation is y2dx + (x? — xy + y?)dy = 0

We can write this as Z—; =—(— —Z4 1) ————— (1)

Which is a homogeneous differential equation of the form
dx
— = F(x,y) Putx = vy

ay
:Z—;: v+ y.Z—;; v+ y.j—; =—(@w?-v+1)
y.j—; =—-(*-v+1); :>.1:1va2 = —%y
On integrating both sides we get v = —log |y| + C
:% + log |y| = C which is the required differential equation.

7) Find the particular solution of the differential equation :

d
2xy + y2—2x2—y =0:y=2whenx =1

dx
Solution :
The given differential equation : 2 xy + y? — 2x? Z—i =0
dy dy _ 2xy+y?
=2xy +y* = fxz dx’ :>d_xd = T2 T (1
— LYY av
Puty=vx; Tx v+x.dx (2)

Substituting eqn ( 2) in eqn (1) we get

dv  2x.vx + v?x?
v+ x.— =

dx 2x2
dv 2vx2 +v2x2 dv 2v + v dv 2v +v2-2v
>v4+x— =— S50+ x.— = =2X— = —
dx 2x2 dx 2 dx 2
2dv  dx
> — =—
v X

2.-_71=l0g|x|+C; 2._7x=logx+C ------ (3) Giveny =2whenx =1
2= =logl +C =>C=-I
Substituting C = -1 in eqn (3) we get _TZX = log x — 1 which is the required solution.

8) Find the particular solution of the differential equation
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% + sec?x.y = tanx .sec’x , given that y(0) = 0.
S olution : The given differential equation is
2 4 sec’x. y = tanx .sec’x which is of the form -+ Py =Q

Here P =sec?x Q=tanx.sec?x
Integrating factor (LF) = ef Pax = gf sec*x dx — ptanx
The solution of the linear differential equation is given by

y (LF)=[[Q.(I.F)]dx +C

:>yem"x = [tanx.sec’x e'™*dx +C --—(1)
Put tanx =t sec?x dx =dt
yelmx = [tet dt+C = yeld"X = tet — et + C

Syel®™* =el(t — 1) + C >ye'™ = (tgnx — 1) + C
Giveny(0) =0.i.e., Whenx =0,y =0
0=(0-1)e® + C >0=-1+C =2 C =1
Hence the particular solution of the differential equation is
yelan* =etanX(tqnxy — 1) + 1
9) Find the general solution of the differential equation
ydx = (x + 2y?)dy
Solution : The given differential equation is

2
= 2 2 =>d_x = x+zy =>d_x — l = 2
ydx = (x + 2y*)dy & e y
This is a linear differential equation of the form
dx -1
— Px = Q. H P = — = 2
i + Px =4Q ere_1 " ,Q y
Integrating factor = el PAx = edey = ¥ = elogy™ :%

The solution is given by x.(LF) = [[Q .(I.F)]dx +C
=X = [2y.- dy + C

= x =2y%+ C y is the general solution of the differential equation.
LONG ANSWER TYPE QUESTIONS

1) Givenx + (y+1) d—y =2
(1) Solve the dlfferentlal equation and show that the solution represents a family of
circles.
(i1) Find the radius of a circle belonging to the above family that passes through the
origin.

Solution : Givenx + (y+ 1) Z—z =2
(y + 1)% =2—-x =W+ Ddy=2—x)dx

:>f(y+1)dy :f(ZZx)dx

v, 2x -+ ¢

= — = - —

2 2 > y X > 1
:y?+x?= 2x —y+ C x> +y*=22x—y+Cy)

= x? —4x + y2+2y =20,
=>x? —4x +4+y*+2y +1=2C,+5
= (x—-22%+@+1)2=C whereC =2C,+5
Hence it represents a family of circles with centre at (2,—1)
(i) We have equation representing family of circles
x-22+@+D?=C-—-——- D
Since (1) passes through (0,0)
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0-22+((0+1)?%=cC
=24+1=C ;=C=5
Therefore ( 1) becomes (x — 2)? + (y +1)? =5
(x =22 + (y +1? = (V5)°
Centre is ( 2,—1) and radius = /5 units
So its centre is ( 2,—1) and radius = V5 units
2) Find the general solution of the following differential equation.

. d .
smxé = (y + /sin®x — y2)cosx
dx 1

) ) d
Solution: Putsinx=t cosx ==1 Z=

dt dt cosx
d +yt2—y? .
d—jt/ = %where t=sinx

Substitutes y = vt and gets Z—Jt] =v +t.%
v +t.% =v+V1—-v2wherev = % and reduces it to
v _dt o-1. _
== sin v=Ilog|t| +C
sin‘l% = log|t] + C; sin™?! (ﬁ) = log|sinx| + C
3) Solve the differential equation (x?> + y?)dx + xydy =0,y(1) =1
Solution : The given differential equation is
(x? + yH)dx + xydy =0,y(1) =1

2
y
dy (x%2+y? _ dy 1+(3) dy dv
S e L S = - )= =v xX.—
dx xy dx % ()d + dx
dv 1+ v? dv 1+ v?
(1)becomes v + x.— = = X.—= — -
dx v dx v
dv (1+2v2) v dx
> x.— =- = ==
dx v 1+2v2 x
J‘ v p dx
—_—dy = — R
1+ 2v2 X
1J 4v p dx
—_ —_— v = —_— —
4) 1 + 2v2 X

=2 log (1 + 2v%) =-log |x| + log C=log (1 + 2v?) = log &

N2 _ D
=1+2(2)" = 2. D=C*Giveny (1)=1; Whenx =1,y =1 , D=3
The solution of the differential equation is 3 = (2 y? + x2)x?
4) Find the particular solution of the differential equation
tan xZ = 2x tanx + x2 —y (tanx # 0) .Given thaty = 0whenx = g

dx
Solution :
. . . . d

Given differential equation is tan x ﬁ =2xtanx + x* —y

d x? d 1
=2 = 2x + -2 33X y=2x + x?cot x

gx tan x tan x dx tan x

y

— + cot xy=2x+ x2cot x

This is a linear differential equation of the form
Z—z+Py=Q. HereP = cotx ,Q = 2x + x%cotx
Integrating factor = e/ P 4% = efcotxdx — plog (sinx) — giny
The solution of the linear differential equation is given by

y (LE)=[[Q . (I.F)]dx +C
y.sinx = [(2x + x?cot x)sinx dx + C

= y.sinx = [ 2x sinxdx + [x*cosx dx +C
= y.sinx = [ 2x sinx dx + x?sinx — [ 2x sinx dx dx (Using integration by parts)

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 100|Page




= y.sinx = x?sinx + C----(1) Given thaty = 0 whenx = g

2
Putting x =§andy = Oineqn(1)weget 0 = ﬂT + C;=>C=
2
y. sinx = x2sinx - HT = 4y sinx = 4x? sinx — m?

5) Birds are sensitive to microwaves that are emitted by mobile phones, which has resulted in a
decline in the bird population, especially sparrows. The population of sparrows in a certain
region is decreasing according to the following equation due to the extensive use of mobile
phones.

dy _
=k
ac = Y
where, y represents the population of sparrows at time t (in years) and k is a constant.
The population, which was e1? five years ago, has decreased by 25% in that time. Find
k. (Note: Take In 3= 1.09 and In 4 = 1.38.)

Solution: We have Z—f =ky

Uses the variable separable form to rewrite the given equation as:
d
Do kar
y

Integrates the above equation on both sides to get:

d
f—y=jkdt
y

log y=kt +C, where C is a constant.
Writes the above equation in terms of ¢ as:
y = ekttl=y = ekt e
Uses the given conditions to write:

Att=0, y eC— elowhere e1%is the initial population.

At t=5, y——e = e 10, e5k=Z

Takes the natural logarithm on both sides to find the value of k as-0.058.The
log(e5) = log (2) = 5k = log3 - log4 =>5k=109-138
=>5k=-029 =>k="""0K=-0.058
CASE STUDY BASED QUESTIONS
1) A Veterinary doctor was examining a sick cat brought by a pet lover. When it was brought to the

hospital, it was already dead. The pet lover wanted to find its time of death. He took the
temperature of the cat at 11.30 pm which was 94.6°F. He took the temperature again after one hour;
the temperature was lower than the first observation. It was 93.4°F. The room in which the cat was
put is always at 70°F. The normal temperature of the cat is taken as 98.6°F when it was alive. The
doctor estimated the time of death using Newton law of cooling which is governed by the
differential equation: dT dt o«<(T—70), where 70°F is the room temperature and T is the temperature
of the object at time t. Substituting the two different observations of T and t made, in the solution of
the differential equation dT =k(T—70) where k is a constant of proportion, time of death is
calculated.

(1) Find the order and degree of the above given differential equation.

(i) Which method of solving a differential equation helped in calculation of the time of
death?

(iii))  Find the solution of the differential equation Z— k(T —70)

Solution :
(1) Order is one and degree is 1

T _ kdt
T—-70

kt ,C

(i1) Given % =
variable separable method
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(iv)  The given differential equation is Z—: = k(T — 70)
Integrating both sides we get

dT r d
f T —70 f ‘
log| T—70|=kt+C
2) Polio drops are delivered to 50K children in a district. The rate at which polio drops are given is
directly proportional to the number of children who have not been administered the drops. By
the end of 2" week half the children have been given the polio drops. How many will have
been given the drops by the end of 3 week that can be estimated using the solution to the

differential equation
3
dx
thousands) who have been given the drops. Based on the above information answer the

following questions :

(1) Find the order and degree of the above given differential equation.
(i1) Find the solution of the differential equation o= (50 —y)
dx
(ii1))  Find the particular solution of the given differential equation,
given that y (0)=0

Solution :

= k(50—y) where x denotes the number of weeks and y the number of children (in

1) Given differential equation is Y = k(50 -y).
dx

: o : : . ... d . .
The highest order derivative present in the differential equation is % .So its order is one.

) ) d C ) )
Here degree is the highest exponent of d—z which is one.Thus its degree is one.
dy

(i1) Given differential equation is ol k(50 —y) = 5odi]y = kdx

Integrating both sides we get | 5odi] S = [k dx

= -log|50-y= kx+C

(ii1) The general solution of the differential equation Z—z = k(50 —y)is
-log |50 -y|= kx+C

Given y(0) =0 ;i.e., when x=0, y=0; -log|50 - 0|=k.0 + C

= C=-log50

- log |50 - y|= k x -log 50 is the required particular solution.

3.Answer the questions based on the given information.

The mixing tank shown below generates saline water (a mixture of salt and water) for the
cooling of a thermoelectric power plant.

5000 L/min .
20000 L of water mixed
(| with 2000 kg salt

3000 L/min

The tank initially holds 20000 L of water in which 2000 kg of salt has been dissolved. Then,
pure water is poured into the tank at a rate of 5000 L per minute. The mixture in the tank,
which is The tank initially holds 20000 L of water in which 2000 kg of salt has been
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dissolved. Then, pure water is poured into the tank at a rate of 5000 L per minute. The
mixture in the tank, which is stirred continuously, flows out at a rate of 3000 L per minute.
The quantity of salt in the tank at time t is denoted by Q, where t is in minutes and Q; is in

kilograms.
The rate of flow of salt into the tank is measured as :(%). = 0kg/min
mn

The rate of flow of salt out of the tank is measured as :

Quantity of salt in the tank at time t

(th

—) = Rate of flow of water out of the tank X
dat /out

Amount of water in the tank at time t
The rate of change of quantity of salt in the tank with respect to time is given by

(%), - (),
dt in dt out
(1). Find the expression for the rate of change of quantity of salt in the tank with time t.
(i1). Find the general solution of the differential equation corresponding to the rate of change
of quantity of salt in the tank with time t.
(ii1). Find the general solution of the differential equation corresponding to the rate of change
of quantity of salt in the tank with time t.
Solution :
(1) According to the given condition, the rate of change of quantity of salt
can be written as

dQ; Q¢ —3Q;
ar - 073000 X500 5000 — 3000¢ 20 + 2t

Which is the required expression.

.. : . . . d -3
(i1) Consider the differential equation ; 2o _ 230
dt — 20+2t

Separates the variables of the differential equation as follows:
dQ; dt

—30Q, 2042t
Integrates both sides to obtain the following:

f—c?cst :fzocfth

—éloth = %log(lO +t)+C

(i1)
Takes initial condition Q;(0) = 2000 to obtain c as follows:
1 1
—glog 2000 = Elog 10 +C
C = 1l 2 3l 10
-39

Frames the equation as : —gloth = %log(lO +t)— ;log 2 — %log 10
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CHAPTER-10-VECTOR ALGEBRA
Gist/Summary of the lesson (Definitions and Formulae)
PRODUCT OF TWO VECTORS
There are two types of products between two vectors.
1. Scalar Product (OR) Dot Product.
2. Vector Product (OR) Cross Product.
Scalar Product:

Ifd, b are two non-zero vectors and if the angle between them is 0 then @.b is defined as @ .b =
|a I|B| Cos6
Case (1).If @, b are Like vectors then 6 = 0° .
d@.b=|d||b| Cos0° = l|d ||
Case (2). If a, b are Unlike vectors then 0 = 180° .
@.b=|d||b| Cos180° = —|d ||b|
Case(3). If a, b are Perpendicular vectors then 6 = 90° .
@.b=1d||b| Cos90° =0 = d.b=0
Ifd = a,i + a,j + azk and b= b, 4 b,j + bsk are two vectors then the Scalar Product d b is
definedas d.b = a,b, + ayb, + ash; (Scalar)
Properties of Dot Product:
I.d.b=b.d 2d.(-b)=—(da.b) 3.d.d= |dl|ldlCos0°=|d|*>= a?
4. (md).b=m(a .b)=a.m(b)
Angle between vectors:

Let 0 be the angle between two non-zero vectors d , b. Then
> 7 - 7 E
a.b= |a||b|C050 = Cosf =

||b|

Q

Ql

Composition Table of Dot Product:

OO~
— oo |&)

E
(=Rl e

Projection of a Vector:
- N -_—> - > -
LetOA=a, OB=b. Let0 be the angle between a and b.

~.The Projection of bon d =OM = %,

Vector ( or Cross ) Product of two vectors:

[l

a.

Similarly the Projection of d on b =

S

The vector product of two non — zero vectors d and b is denoted by z
G X b and is defined as
@Xb=|d||b|Sin6n >y
Where 0 is angle between @ and b , where 0 <0 <7 and A is a unit X\A
vector perpendicular to both @ and b such thatd, b and i form aright "
handed system.
(i). Ifeitherd =0 or b=0then @ X b =0
(ii). @ X b is a vector. k .
(iii). If @ and b areparallel then & X b = 0 J
(iv). IfF0=90°thend x b = |d |||
Composition Table of Cross Product: .
l
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X { Ji k
{ 0 k —J
j —k 0 D
k Ji -1 0

Angle between vectors:

Let 0 be the angle between two non-zero vectors @ and b. Then

dXb=l|dl|b|sin6a = |dxb|=|dl|lb|Sin6 = Sind =

ar
)
S

Q
=i

Unit vector | both the vectors 2 and b:
@Xb=|d||b|Sin0f ...(1) then
laxb|=alb|sin® ...2) (=@ A= 22

|@axb|

Ifd = a,i + a,j + ask and b = b,i + by} + bsk are two vectors then the Vector Product @ X b is

. i j k
definedas aXb =|a; a, a;
by by bs
Area of a Parallelogram: |Ei X b |
Note: Area of a triangle with d and b as adjacent sides = Area = % |51 X b |
Note: When diagonals d_l) and d_2> are given, Area of a Parallelogram = % |d_1) X dj |

Relation between Dot and Cross Product:
L o2 R -2 21712
(a.b) + |a X b| = |al |b|
Note: Stress on Position Vector Concept

Convert a position vector to Cartesian form of a point and vice-versa
Position Vector (Vector Geometry) Point in 3D Geometry(Cartesian Form)

013) =xi+ yj + Zi{\ P:(X5Y9Z)
0A=2i+3j—k A=(2,3,-1)
C:(19_29_3)

Y=(-2,-5,-7)

MULTIPLE CHOICE QUESTIONS
6i+4j+5k, 4i+5j+6k and S5i+6j+4Kk,

1. If the position vectors of the vertices of a triangle be
then the triangle is
(a) Right angled (b) Isosceles  (c) Equilateral (d) None of these

Sol: (c¢) Equilateral, since each side is of length Je.
2. The perimeter of the triangle whose vertices have the position vectors
and (1+31+9K), s oiven by
() 150157 (b) 15157 () V15 =17 (@ 1517 sol: (@)
a=4i+2j—4k=|a| =16+16+4 =6
b=-3i+2j+12k=| b| =144 +4 19 =157
c=-i-4j-8k=|c| =v64+16+1=9
15+4/157.

3. The position vectors of two points 4 and B are 1+JK and 21-J*K respectively. Then
(a)2 (b) 3 (c)4 (d)5 Sol: (b)

i+j+k), (5i+3j—-3k)

Hence perimeter is
| 4B| =
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AB=i-2j+2k = AB|=3.
4. The magnitudes of mutually perpendicular forces a, b and ¢ are 2, 10 and 11 respectively. Then
the magnitude of its resultant is

(a) 12 (b) 15 ()9 (d)None Sol: (b)
R=v4+100+121 =15.
5. The system of vectors 1, J, k is
(a) Orthogonal (b) Coplanar (c) Collinear (d) None of these Seol: (a)
It is a fundamental concept.
6. The direction cosines of the resultant of the vectors A +i+k). Ci+i+k), (-j+K) 554 (+j-k),
are

(a) [% % %] (b) [% %’ %} © (_%’ _%’_%] (d) (% %%J Sol: (d)

Resultant vector =21 +2i+2k.

11 1 J
Direction cosines are (ﬁ YERRE)

Si+4j+ak -i+2j-2k

7. The position vectors of P and Q are and
between them is 7, then the value of a will be
(a)-5,1 b)5,1 (¢)0,5 (d)1,0 Sol: (a)
7:\/(5+1)2+(4—2)2+(a+2)2:a+2:i3 a=-5, 1.
8. A zero vector has
(a) Any direction  (b) No direction (c) Many directions (d) None of these Sol: (a)
Direction is not determined.

respectively. If the distance

T

9. A unit vector a makes an angle 4 with z-axis. If **1*J is a unit vector, then a is equal to
i j. Kk i j Kk i j. Kk
—+—+— -t ——
@2 2 V2 )2 2 Y2(¢) 2 2 V2 (d)Noneofthese Sol: ()

Let @ =A+mj+nK, whore 2 4m? +n? =1,

T

a makes an angle 4 with z-axis.

1 1
SnE—= Pyt = )
2 2 ...(1)

. .k
La=litmj+—

V2

atidj= (4 Di+(m+ )+

V2

o R
Its magnitude is 1, hence 2 ...(1)
-1

lz+1+2l+m2+1+2m=%:>%+2+2l+2m:%:>l+m=—1:>l=m=7
From (i) and (i1),

a-_ L _J, K
Hence 2.2 V2 .
10. A forceisa
(a) Unit vector (b) Localized vector ~ (c) Zero vector  (d) Free vector Sol: (b)

It is a fundamental concept.
ASSERTION AND REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed by a statement of
Reason(R).Pick the correct option:
A) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
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B) Both Assertion (A) and Reason(R) are true but Reason(R) is NOT the correct explanation of
Assertion (A).

C) Assertion (A) is true but Reason(R) is false.

D) Assertion (A) is false but Reason(R) is true.

. Assertion: a x b=a x ¢ then b =1da +c

Reason :If a x b =0 , a is collinear to b

Sol. [A] Exb=Bx8, Bxb-B =0

ie. =¥ =sb=24+¢

Assertion : If ax b=¢x d,and axc= bx d then a— d is perpendicular to b—c.
Reason : If ris perpendicular toqthen r.q=0
Sol.[D](Assertion false & reason is true)

axb=cxd .. (D
axc=bxd .. (2
subtract

ax(b—c)=(c—b)xd(a—d)x(b-c)= 0; So a—d isparallel to b — ¢
Assertion : If three points P, Q, R have position vectors a_{, ﬁ ¢ respectively and2a+3b-5¢ =0 , then

the points P, Q, R must be collinear.
Reason: If for three points A, B, C, ; AB=1 A_é, then the points A, B, C must be collinear.
Sol. [A] 2a+3b-5¢=0 ,3(b—a)=5(c—a)
b-a=5/3(c—a) , AB=5/3 AC
AB& AC must be parallel since there is common point A. The points A, B , C must be collinear.
Assertion: If the difference of two unit vectors is again a unit vector then angle between them is
600
Reason : If angle between £ & b is acute than |§.§| < ¥ |§|
Sol. [B]
Assertion : 5= i+pj+ 2% and b=2i+ 3]+ qk are parallel vector. If p =3/2, q = 4.

Reason: If f=aji+ayj+agkandb=bi+byj+b3k areparallel b—1= 2—222—3
2 3
Sol. [A]
: 5o . . .8 Ja-b|
Assertion: If a & b are unit vectors & 6 is the angle between them, then sin ST

Reason : The number of vectors of wunit length perpendicular to the vectors
- R - R .
a=i+j&b=j+kistwo:
> > - - > > - -
Sol.[B] Assertion: |[a —b [°=|a |*+| b [*2|a||b|cos 8 =2(1—-cosB) (a |~ b|=1)

|a—b|2—22sm LN sm—= ]
2 2 2

- -
Reason: Number of vectors of unit length perpendicular to the vectors a & b are two,

ie.t (aXb)

|a><b|
Assertion: If i x5=0 and 7.b=0 then either 2 =0 or b = 0
Reason: 3 X b =0 OB 0
b

a =
i.6=0,3=0, Oora is perpendicular to b.

0 or a is parallel to b.
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Sol: A
Since a cannot be both parallel and perpendicular to b, we have 2 =0 or b= 0.

8. Assertion: If £=xi+ yj+zk then equation P x(2i—j+3k)=3i+k represent a straight line.
Reason: If £=xi+ yj+7k , then equation Px (+2j-3k)=2i—] represent a straight line
Sol.[D] Reason:

i
Px(+2j-3k) = |x
1

—-3y-2z=2,3x+z=-1,2x-y=0
1e.—6x+2z=2,3x+tz=-1
Straight line 2x —y=0,3x +z=-1
Assertion :

k
2 |=i(=3y—-22)—j(=3x—2)+ k(2x—y)

N < o

-3

s
Px@i-j+3k)=|x y z|=iBy+2z)—j 3x—22)+ k(- x—2y)
2 -1 3
3y+z=3,3x-22=0,-x-2y=1,3x-2(3-3y)=0,3x+ 6y =6, x +2y =2
Now, x +2y=-1,x + 2y =2 are parallel planes

—
=~

Px(2i-j+3k)=3i+k is not a straight line
9. Assertion: Angle between i + fand {"is 45°
Reason: i + f'is equally inclined to bothi and J" and the angle between { and j is 90°

Sol: B= cosO = fé
lal|b|
10. Assertion:  If d=1+2/+2k and b=-1—-2j—2k , then |d|=|p|
Reason: If |a| = |B | , then it necessarily implies that @ = +b. Sol. [C]
ld| = |I;| need not imply d = +b, eg: d=1+2j+2k and

b=20++2k

VERY SHORT ANSWER TYPE QUESTIONS
1. Given AB=3i- J- 5k and co-ordinate of the terminal point is (0, 1, 3). Find the coordinate of
the initial point.
SOL: Given AB = 3 — j — 5k
B(0,1,3) 0 OB=J+3k then OA =?

We know that,
AB=0B—0A OA=0B-AB

2. If |a]| =2, |_l3| =5 and |§ X f)| = 8, find the value of 3e b.
SOL: Given || =2, |b| =5 and [dxb| =8, deb="2
3||b|Sin6 =8 [ (2)(5)Sin® = 8
Then, Sin0 = % and CosO = %
a.b = [a|[b| Cosd = (2)(5)2 =6
3. Ifa, b are any two unit vectors and 0 is the angle between them, then show that Sin (g) =

1> =g

1la—b|

2 P

SOL: Given |8 = 1, |b| = 1, 3.3= |3||3] Cos0°=|3|? = a?

G- b = &%+ [p|2—23e b =(1)?+ (1)?—2[3|[b| Coso
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=14+1-2(1)(1) Cosd =2(1— Cosd)
=2 (2si23) O [@-b|=28in7 ., sin(;)=:[d-b|
4. If5=i+2i-i{andi)=3i+i-5i{,ﬁndaunitvect0r in the direction of 3 — b
SOL: Given: 3 =1+ 2J —kandb =31+ ] — 5k
Then, a—b=1+2j—k —(31+J—5Kk)= —2i+]+4k = ¢(say)
A unit vector in the direction of C is %
¢ -2i+J+4k j 4k

. : o S —2i
Unit vector in the direction of ¢ = A VT - t =15

5. If the position vectors of the points A and B are 2i + 3] — k and 3i + 2 + k then find the
vector of magnitude 6 units in the direction of AB
SOL: Given OA =21 + 3] —kand OB = 31+ 2]+ k then AB=0B—0A =i—]+ 2k

) ) ) ) — AB i—7+ 2K i K
A Unit vector in the direction of AB = — = — Ttz _ 1 J 2

V6
The vector of magnitude 6 units in the direction of AB=6 ( % - % + \2/—2 )

6. IfP(1,5,4)and Q (4, 1, -2), find the direction ratios of ﬁ
SOL: LetP (1,5,4)and Q (4, 1,-2),then OP =1+5j+4k 0Q =4i+]— 2k
and Wi=®)— 0P = 31 — 4] — 6k .
The direction ratios of P_(i =3,-4,-6
7. Find A, if the vectors 3i + J — 5k and 31 + J — Ak are parallel
SOL: The vectors 31 + J — 5k and 31 + ] — Ak are parallel
3 1 =5
Then,— = - =—— So, A=5
31 -4
8. Find A, if the vectors 31 — j — 5k and 21 + 3] — Ak are perpendicular
SOL: Let 3= 31— j—5kandb = 21+ 3] — Ak
If3andb are perpendicular then deb = 0
~3(2)-13)-5 (=) =0 05h=-3 then A==

9. Ifa=4i+2j— kandb =51+ 2j— 3k find the angle between 3+ banda — b
SOL: Let3= 41+ 2] — kand b =51+ 2] — 3k

Then 34+ b =91+ 4] — 4k = &, i—-b=—-i+2k=4d
¢d  9-1D+40)-4@2) _ (-17)
[€|[d| ~ VBl+16+16 Vi+4 1135
10. Find the projection of =1+ j + 4k on b =2i +] + 2k
SOL: Given the projection of a=1+ j + 4konb =21 +] + 2k

- &b 1) +1(D)+4(2) _ 11

Projectionof @ on b == =
ojection ot a0 6] Jiviva 3

SHORT ANSWER TYPE QUESTIONS

So, the angle between ¢ and d = Cosf =

1. Find the position vector of a point R which divided the line segment joining the points P and
Q with position vectors i +2j— k and —i +j+ k respectively in the ration 2 : 1 i)
internally ii) externally.

SOL: The position vector of a point R which divided the line segment joining the points P and Q with

position vectors T + 2] — kand —1 +j + k respectively in the ration 2 : 1

mb+na _ 2(-i+j+k)+1G0+2-k)  -2i+2j+2k+i+2j—k _
m+n 2+1 - 3 -

Position Vector of a Point R is OR =
—-i+4j+k

3
KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 109 |Page




2. Show that the points A (2, 6, 3), B (1, 2, 7) and C (3, 10, -1) are collinear.
SOL: Given points A (2, 6, 3), B (1,2, 7) and C (3, 10, 1)
Then, OA = 21+ 6]+ 3k, OB=1+2j+7k, OC=3i+10j—k

=g

AB= OB— OA=-1—4f+4k AC=0C— OA =1+4]— 4k

AB = (-1)AC, AB is parallel to AC and A is common point. (Alter D.Rs of two vectors

are in proportional) So, the given points A, B, C are collinear
3. Ifd,band € are three - unit vectors such thatd+b + ¢=0, provethatd X b=b X ¢=

¢ X d.

SOL: Given 3,band ¢ are three vectorssuchthat3 +b+¢=0 a+b= —¢

By pre cross multiplication of @ and b on both the sides respectively, we have
daX(3+b)=—3X¢ implies aXa+3aXb = —3X¢ thatis aXb = ¢X3 ....(1)

—

bX(@+b)=-bXé¢ = bXa+bXb=-bX¢ = aXb = bX¢ ...Q2)
From (1) and (2), we conclude that X b = bX¢ = ¢X3
4. Find the area of the parallelogram with diagonals 31 + J + 2k and i — 3] + 4k.
SOL: If d_l) and d_z)are diagonals of Parallelogram then AreaZ% |d_1)Xd_2)|
o k| pg Kk
diXd;=|a; a; az|=([3 1 2
b; b, b; 1 -3 4
=14 +6) —j(12 — 2) + k(-9 — 1) = 10i — 10] — 10k
|d; X d; | = V100 + 100 + 100 = 10v3

1 —  —
Area of Parallelogram = > |d; X d, | = 5V3 square units

5.  Find the unit vector perpendicular to vector @ = i — 7] + 7k and b=3i- 2] + 2k
SOL: Given 3 =1—7]+ 7k , b=31—2]+ 2k

A Unit vector perpendicular to @ and b =f=
|t 7k i 4§ k
Xb=la; a, azg|{=[1 -7 7
bl bz b3 3 _2 2
=1(-14 4+ 14) = j(2 — 21) + k(-2 + 21) =19] — 19k
EXb| =192+ (19)2 = 19V2

81

A Unit vector perpendicular to @ and b=f= éi% = 191];\/1; k:%
6. Show that (3—b)X(@+b)=2(aXb)
SOL:LHS=(3-b )X (3+D) Note: aXb = —b X3
=@X3)+ (@ Xb)— (bX3d)—(b Xb) =0+ (3 X b)+(3Xb) -0

=2 (3Xb)
7. Ifa, b are any two unit vectors and 0 is the angle between them, then show that Cos (g)
>|@ + b|
SOL: Given [3] =1, |B| =1,wehave a.3a = |3]|d] Cos0°=]a|? = a?
G +0b| = [E2+ [b|>+28e b
=(1)2+ (1)*+2[3|[b| Cos; =1+ 1+ 2 (1)(1) Cosb
—2(1+Cos8) =2 (2 cOszg)
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- —

|3+ b|=2Cos9 then Cos(g)z l|5 +b|
2 2) 2
8. Ifd,Dband € are3 vectors with magnitudes 3,4 and 5 respectively and @+ b + ¢ = 0 find
d.b+b.¢+¢.d

SOL: Given [3|=3, [b] =5, |&] =4, 3+b+¢=0
(§+E+E)2=(§+B+E).(§+B+E)
= 3|2+ |b|2+ |82+ 23eb +2be ¢+22%e 3
0=9+25+16+ 2(3e b +be &+ e 3d)
deb +bed+ Ced= —=25

9. fa=2i+2j+3k b=—i+2j+kandc=3i+]aresuchthat a + Abis
perpendicular to ¢ then find the value of A
SOL: Given 3=21+2]+3k b=—-1+2+k ¢=31+]
d+ Ab= 21+ 2]+ 3k +A(—=i+ 2] +K) = (2 =i + 2+ 2]+ (3 + Dk
3+ Ab is perpendicular to & = B+ AB) c=0
)2 =N +(WDR+20)+(0)3+0) =0 > 6—3A+2+21 =0 > A=8
10.1f =1+ aj + 2k, b= Bi+j—k are orthogonal and | 3| = |_f)| then find the values of a
and (3.
SOL: Given 3=1+af+2k b=Bi+]—k are orthogonal and | @] = |B)|

Gb=0=>1p+al1+2-1=0=3f+a=2—-——(1)and
\/12+a2+22=\/,32+12+(—1)2=>a2+5=ﬁ2+2:>ﬁ2—a2:+3
Implies f — a == — — — (2) by solving (1) and (2) @ ==, f =~

CASE BASED TYPE QUESTIONS

1. Relative to a fixed origin O, the points A, B and C have respective position vectors i + 10k,
4i + 3j + 7k and 8i + 7j + 3k.
(i) Show that A,B and C are collinear, and find the ration AB:BC.
(ii) Calculate the area of the triangle OAC.
Sol:

(i)  AB =(41+ 3j + 7k)-(i + 10k) = 31 + 3j — 3k
BC =(8i + 7j + 3k)-(41 + 3] + 7k) = 40 + 4j — 4k
Clearly, the direction ratios of AB and R'), B is a common point, so A,B and C are
collinear. Ratio of AB:BC is 3:4

(i)  Area of triangle ABC=§ |AC||0B]|
= 1(0C) = (0A)| V& + 32+ 77= (71 + 7] — T V74
= V10878 = Zv222 sq. units

2. Let§=2f+3}—6f<, §:2{—3j+6f< and cp:—2i+33+6f<. Let & be projection of Yon b and K,
be the projection of ¥, on £, then

(i) Find the vector ¥, (ii) Find the value of R . b
Sol.
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) o St o6k 4l s e
) §1:|:(2i+3j—6k).(21 3“61‘)}21 3+ 6k =g (i=3j+6k)

7

41| s a A (2i43j46K) |—2i+3j+6k -4l o o
Ezzg[(zl—sjmk).( 7J )] L =" (~4-9+36) (-2i+3]+6Kk)

7 (49)

943 . 4 o«
=— (21-3j-6k
192 (21-3j-6k)

(i) .5, .E:%(2i—33+61§)(2i—3j+61&) —_41.

3. If each of 5), {;, Eis orthogonal to the sum of the two. Also given |§| =3, |§| =4, |€| =35.0On
the basis of above information, answer the following questions.
(i) If 4 makes angles of equal measures with all three axes, then the tangent of angle
becomes.
(i)  If ¥.E=9 then the value of |¥ xb|
(iii)  Find the range of the value |5 —§| (OR)
Find the Value of |5 +5+|
Sol: Given that, |§| =3, |b| =4, |8| = 5———(1)
And also, § , E), £ is orthogonal to the sum of the two then
da.(b+é&)=0=db+dc=0
b.(6+d) =0 =b¢i+bd=0
e(d+b)=0=2¢d+2cb=0
So, by adding above equations then

2(@.b+b.¢+2d)=0————(2)

(1) If § makes angles of equal measures with all three axes then
3c0s%0 =1 = cosf = i\% Then Tanf = +v2

G) If¥.E=9=34c0s(d,d) =9 = cosa =% (@.b+d.c = 0)
—)_)__—>—>__ S>117 —>_)__ —>_)_—_3
a.b=—-a.c=-9= |a||b|cos(a,b) =-9= cos(a,b) =

(a7 V7 . V7

Then, sin ((a, b)) = ]5)><§]=3.4 sina = 12.7 =37

then the value 0f|5)><§]=3\/7

—,2 -

i) |8 =512 =1d%|b| —2(d.b) = 9.16 — 2.3.4(cos) = 25 — 24[-1,1] = [1,49]

1K-bI=[1,7] (OR)

—,2 N N
|¥ + b +¢12=1dl? +|b| +I¢12 + 2(d.b + b.¢ + E.d)
=9+16+25+0 =50

Then, &+I;+E|=@=5ﬁ
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CHAPTER-11- THREE DIMENSIONAL GEOMETRY

Gist/Summary of the lesson (Definitions and Formulae)
Condition of perpendicular: If the given lines are perpendicular, then 6=9° i.e., cos@=0

= L, +mm, +mn, =0 O aja, +b,b, +c,c, =0
Condition of parallelism: If the given lines are parallel, then #=0° i.e., sind=0= l—' S A E
2 My Iy
.. a b ¢
. Similarly, —=—+=—.
a, by, ¢
Intersection of two lines
Determine whether two lines intersect or not. In case they intersect, the following algorithm is
used to find their point of intersection.
Algorithm:

Let the two lines be L =221 274 J()and T2 2H J2TR )
4 b, 9 a b, ()

Step I : Write the co-ordinates of general points on (i) and (ii). The co-ordinates of general
N Y Th _Z74 and X~Xy V=V _Z7%

oints on (i) and (i) are given b
p (i) (if) g Y T TTh T a o h o

= u

respectively.

ie., @A+x,bA+y, +c,d+z) and (ayu+ x,,bypt+y,,copt +2,).

Step 11 : If the lines (i) and (ii) intersect, then they have a common point.

QA+ X =ayp+ Xy, b A+ Yy =byu+y,

and CA+z =cu+z,.

Step III : Solve any two of the equations in A and u obtained in step II. If the values of A

and y satisfy the third equation, then the lines (i) and (ii) intersect, otherwise they do not
intersect.

Step IV : To obtain the co-ordinates of the point of intersection, substitute the value of A (or u)
in the co-ordinates of general point (s) obtained in step 1.

S YTNM _ETY L 1p pobe the
l m n

Foot of perpendicular from a point A(a, S, ») to the line

foot of perpendicular, then P is (r+x,,mr +y,,nr +z,). Find the direction ratios of 4P and apply the
condition of perpendicularity of AP and the given line. This will give the value of » and hence
the point P, which is foot of perpendicular.
Length and equation of perpendicular : The length of the perpendicular is the distance AP
and its equation is the line joining two known points 4 and P.
The length of the perpendicular is the perpendicular distance of given point from that line.
Reflection or image of a point in a straight line : If the P
perpendicular PL from point P on the given line be produced to Q
such that PL = QL, then Q is known as the image or reflection of P
in the given line. Also, L is the foot of the perpendicular or the
projection of P on the line.

= The number of lines which are equally inclined to the Q(image)

co-ordinate axes is 4.

A

~

= Ifl, m, n are the d.c.’s of a line, then the maximum value of /mn =% .

Distance between two skew lines

()7 = d, + Ab; & 75 = d, + ub, is

(Exgz)@—a1)

——— units
|byXby|
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X2=X1 Y2=Y1 Z2—7Z1

a; by c1

el X—X Y=y VA4 X=X Y=y Z—Zy . a b [

(11) 1 — 1 — 1&) 2 — 2 — 2 is 2 2 2
a; b 1 a, b, (o J(bica—byc1)2+(cia5—cpa1)2+(aiby—azby)?

BX(Tz—dl)

(iii)Parallel lines 7y = @, + Ab & 75 = d, + ub is | ] | units
Angle Between two lines

If *0’ is the acute angle between 7; = d; + Ab, &5 = @, + ub, then,

byb
cos 0=|=r—=
|b1] |2
X—x y-y z—z x—x y-y z—z . .
If —= ==—2 == and —= = =—= = — are the equations of two lines, then acute angle between
L my ni I m; nz

themis cosO = |l;], + n;m, + nyn,|

Activity to remember the main concepts:

Given form Standard Standard Figure | D.r’'s of | Any point
form of a form of a a line are | on the line
line in line in

Cartesian Vector
form form

= Q4398 —(s—2) 4+ 1-s)k

2-x _2y-3 _
—3 4

3Ix=2y=z

x=ay+b; z=cy+d

x—2 2-y

1 -3

1 Z =2

MULTIPLE CHOICE TYPE QUESTIONS
1. If & B,7 be the angles which a line makes with the positive direction of co-ordinate axes,
then Sin’q +sin’ f+sin’y =
(a) 2 (b) 1 (c)3 (d)0
Sol: a)  Since cos® a+cos? f+cos’y =1

=3sina=3-1=2.

14 1
2. Ifa, B,y be the direction angles of a vector and cos a = 150 8 p= 3 then €08 }/ =

2 1 1
(a) £ b)) — (c) +— (d) None of these
15 5 15
. 2 2 2 14 (1Y 8 (196 2
: coS ™ & + cos +cos”y=1 === -|= = 2] ==
Solution: (a) B v = cos y \/1 (lsj (J 9 (225] 5
3. The direction cosines of the line x=y=z are
111 1 1 1
(@ 1,1,1 (b) 3°3°3 (c) NERERE (d) None of these
Sol: (¢) Direction cosines |- L LJ
© («/? ENEINEY
4. If a line makes angles of 30° and 45° with x-axis and y-axis, then the angle made by it with
z—axis is
(a) 45° (b) 60° (c) 120° (d) None of these
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10.

Solution: (d) cosy = ‘/1 - % —% = ‘/Tl, which is not possible.
If the co-ordinates of the points »,0. RS be (1, 2, 3), 4,5, 7), (— 4, 3, — 6) and (2, 0, 2)
respectively, then
(a) Po| RS (b) PO LRS (c) PO=RS (d) None of these
Solution: (d) Find angle between the lines PQ and RS, we get that neither PQ| RS nor PO L RS.
Also PQ # RS.

If the projections of a line on the co-ordinate axes be 2, —1, 2, then the length of the lines is
1
(a) 3 (b) 4 (c)2 d =

Solution: (a) r=v4+1+4 =3

A line makes angles «, 5,y with the co-ordinate axes. If & + ﬂ =90° , then y =

(@ 0 (b) 90° (c) 180° (d) None of these
Solution: (b) Here, cOS’ & + €08’ (90 —ax) +cos’ y =1

= cos’a+sin‘a+cos’y =1 = COSzj/+1=1:>}/=9OO.
Points (-2, 4, 7), (3, -6, —-8) and (1, -2, -2) are
(a) Collinear (b) Vertices of an equilateral triangle
(c) Vertices of an isosceles triangle (d) None of these

(B-(-2) -6-4  —-8-7
1-3  —2—(=6) —2—(-8)

Solution: (a) Here,

= —% = —g = ——. Obviously, points are collinear.
The direction ratios of the line joining the points (4, 3, -5) and (-2, 1, -8) are
(a) g%% (b) 6,2,3 (c) 2,4,-13 (d) None of these
Solution: (b) Direction ratios are, / =4 —(—2) =6, m=3—1=2and n=—5+8=3
a=6, b=2, c=3

The co-ordinates of a point which is equidistant from the points (0,0, 0),(a,0,0),(0,b,0)
and (0, 0, ¢) are given by

0E) o051 0C--) 0 (39

2 2 2
Solution: (a) Let point be (x, y,z), then 2=X + y +Zz
=(x—a)y+y’ +z=x"+(y-byY+z2=x"+y" +(z—c¢)’
b c

a
Therefore X=—, y=— and z = —.
2 2 2

ASSERTION - REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed by a statement of
Reason(R).Pick the correct option:
A) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of
Assertion (A).
B) Both Assertion (A) and Reason(R) are true but Reason(R) is NOT the correct explanation of
Assertion (A).
C) Assertion (A) is true but Reason(R) is false.
D) Assertion (A) is false but Reason(R) is true.
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1. ASSERTION Equation of a line passes through the poth (2, — 1, 3) & perpendicular to the lines
Li. r —(1 —] +3k)ta (21 —2] +K) &Ly T —(1+3k)+B(1 +2] +2k) bothis r —(2
P +3k) +s (61 -3 ] +6k)

Y=

, + ,ubz . Then equation of a line passing

REASON: Let, Li: r = a, + b, & La:
through the point P(5) ) & perpendicular to the lines L1 & L, bothis r = ; th(l?1 x bé)
SoL[A] a =2i—j+3k ByLi:b =20 2j+% Byls:b,=i+2]+2k

—_— P — i j k n
by Xxb,= |2 -2 1|=-6i-3j +6k
1 2 2
Then, required equation of line is r = ; +t (_b)l X bé )

2. ASSERTION : If the lines £=8+ab and P_8. .} intersects at a point then - i =0
REASON: Two coplanar lines always intersects.
Sol. [C]

3. ASSERTION: The angle between the rays of with d.r's (4, -3, 5) and (3, 4, 5) is %
REASON: The angle between the rays whose d.c's are 11, m{, n] and 1p, mjp, np is given by
whose cos a =11l» +mymy +nyny

_ (12-12425) _ 25 1 _ 11 _ =
Sol. [A] COSH_(—\/%\/%)_SO_z:Hg_COS S =3

4. ASSERTION: A line makes 60° with x-axis and 30° with y-axis then it makes 90° with z-axis.

REASON: If a ray makes angles o, 3, y with x-axis, y-axis and z-axis respectively then
sin2 o+ sin2 B + sin2 y= 1
Sol. [C] cos2 a + cos2 B+ cos2 y=1
5. ASSERTION: If lines x =ay + b, z=3y + 4 and x = 2y + 6, z = ay + d are perpendicular to
each other then a =-1/5
REASON: If two lines with d.rs aj, by, ¢ and ap, by, ¢ are perpendicular then

ajap +bibp +cjcp =0 Sol. [A]

xb_y_z2t o d—:X:—:>2a+1+3a—O:>a——1
1 3 1 5

6. ASSERTION Equatlon of a line passing through the points (1,2,3) and (3,-1,3) is
x—3 3 y+1 z— 3

-3 o0 -
REASON Equation of a line passing through the points (x4, ¥1,z1) and (x5, ¥, Z,) is
Xx1_J/Y1:ZZ1Sl.A

X2—X1 Y2=Y1 z-7;

7. ASSERTION: A line through the points (4,7,8) and (2,3,4) is parallel to a line through the
points (-1,-2,1) and (1,2,5).
REASON: Lines # = @; + Ab; and 7 = @, + ub, are parallel if b;.b, = 0. Sel: C
D.rs are in proportion, hence the lines are parallel but b_{ b_z> = (0 gives that lines are
perpendicular to each other.

8. ASSERTION: Quadrilateral formed by the points A(0,0,0), B(3.4,5), C(8,8,8) and D(5.,4,3) is a
Rhombus.
REASON: ABCD is a Rhombus if AB=BC=CD=DA and AC#BD.
Sol: B (Reason is incomplete because coplanarity condition is missing)

9. ASSERTION: A line in space cannot be drawn perpendicular to X,y and z axes simultaneously.
REASON: For any line making angles «, 8,y with the positive directions of X,y and z axes
respectively, cos?a + cos?f + cos?y = 1.Sol: A
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10. Assertion: The vector equation of the line passing through the points (6, —4, 5) and (3, 4, 1) is
7 = (61— 4f + 5k) + u(—31 + 8 — 4k).
Reason: The vector equation of the line passing through the points @ and b is

#=d+ u(b—d). Sol: A, It is fundamental concept.

VERY SHORT ANSWER TYPE QUESTIONS

1. Find the points on the line % = %1 = Q at a distance of 5 units from the point P(1,3,3).

x+2  y+1  z-3

Sol: Given line is — =5, =5 =k then,

General point on the hne isRQGBu—-2,2u—-1,2u+ 3)
Distance from R to P (1, 3, 3) is 5 units

JOu—2-1) +Qu—1-3 +QRu+3-3) =
u=0,2.
~R(-2,-1,3)orR (4, 3,7)
2. The equation of a line is 5x — 3 = 15y + 7 = 3 — 10z. Write the direction cosines of the
line.
Sol: Given equation of a lineis 5x —3 =15y +7 =3 — 10z ... (D)
Here coefficients of x,y and z are 5, 15 and 10. (without sign)
LCM (5, 15, 10) = 30. Thus, dividing by 30 we have eq. (1) becomes
5x—-3 15y+7 3-10z

303 30 ; 30 ;
5(x — §) _ 15(y + E) _ —-10(z — ﬁ)

30 30 30

x-3 oy -

T = T = _—3 (2)

The standard form of equation is given as

X—Xq — Y—YV1 — Z—2Z1 (3)

- - .

Comparing the above standard equation with Eq. (2), we get 6, 2, -3 are the direction ratios
of the given line.

Now \/62+22+( 3)2—\/_—7

2
Now, the direction cosines of given line are g 7.

3. If a, B,y are the angles made by the lines Wlth X, y and z axes then show that cos2a +cos2f8
+ cos2y =-1
Sol: If a, 5,y are the angles made by the lines with x, y and z axes then we have
cos’a+cos’f+cos?y=1
By writing cos2x = 2cos*x-1
1+0052a+1+cos2ﬂ+1+cos27/ _1 ;cos2a+cos2B+cos2y+3=2
2 2 2
So, cos2a +cos2f + cos2y =-1
4. If a, f and y are the angles which a line makes with positive direction of x, y and z axes
respectively, then prove that sin? a + sin? g + sin?y = 2.
Sol : We have cos? a + cos? f + cos?y =1
=>1-sina+1-sin?f+1-sin’y=1
:sin2a+sin2,8+sin2y = 2

5. Find the angle between the pair of lines given by T3 _yt2_td. xSy

z
2 2°3 2 &
Sol: By observing the two lines, the direction ratios of two lines are
<1,-2,2>and <-3, 2, 6>

Let 8 be the angle between the two given lines

—3-4+12 _ 5 5
Hence, cos = — =0 =cos™ ! (—)
3X7 21 21
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6.

10.

. -1 _ 2y-2 _ 3- -1 3y-1_ z-6 .
If the lines x_—3 = i—k = _—ZZ and x3_k = yT = Z_—S are perpendicular to each other, find the
value of k.
Sol: The equations of the lines in standard form are
1
x-1_y-l_z-3, %1 Y7526
-3 2k 2 3k 2 -5

So, the direction ratios of two lines are <-3,2k,2> and <3k,2,-5>

Since the lines are perpendicular ab=0
That is ajaxtbibatcico=0 ; -9k +4k —-10=0=>k = -2

24
- +=
If the angle between the lines % =22 "% and ; =

y
-5 B 0

= % is % . Find the relation

between a and 3.
Sol: The direction ratios of two given lines are < «,-5, f> and <1,0,1>

and 6 :% be the angle between the two given lines. Then

T a+pf i: a+pf _25
S e T T WA A P o I A

Werite the vector equation of a line passing through point (1, —1, 2) and parallel to the line
whose equation is ? = %1 = %

Sol: The Vector equation of a line passing through a point with position vector @ and parallel to

a given vector bisr =a”+Ab”, where 1 € R
Given point on the line is (1,—1,2) thena” = i" — j" + 2k"
and a vector parallel to the line (xf) = (y:) = (z_+21) isb™=1i"+2j"— 2k
Hence, Direction Ratios of a required line are 1,2 and — 2
So, required vector equation of line is
ro={"—j 42k + A({" + 2j° — 2k"),where A € R
Find the vector and Cartesian equations of a line that passes through the point A(1,2,-1)
and parallel to the line 5x — 25 = 14 — 7y = 35z.

. . . x=5 -2 z
Sol: The given line is —— = re=-Z

5 7 35
hence, Cartesian equation of a line passing through A(1,2, —1) and parallel to given line is
x—1 y-—-2 z+1 x—1 y—-2 z+1
1T~ 1 1 %77 T5 71
5 -7 35
and the corresponding vector equation is 7 = i + 2j — k + A(71 — 5] + k).
If the equation of a line is x= ay + b,z = cy + d , then find the direction ratios of the line
and a point on the line.

Sol: The given equation of a line is not in standard form

x=b y-0_ z-d

a 1 c
Hence, the direction ratios are a ,1, ¢ and a point on the line is (b, 0, d)
SHORT ANSWER TYPE QUESTIONS
Find the coordinates of the point where the line through the points (-1, 1, -8) and (5, -2,
10) crosses the ZX-plane.
Sol: The equation of line passing through two given points (-1, 1, —8) and (5, -2, 10) is
1 _y-1_z8 _ 4
6 -3 18
Any point on this lime s (6A - I, 3» + 1, 18 - 8
If a line crosses ZX-plane i.e. co-ordinate of'y is zero

BA+1=03 4=

Substitute value of A in the point, then Required point on ZX-Plane is (1, 0, -2)

x—b=ayandz—d =cy ﬂ—yand ¥=ythen

a
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2. Find the shortest distance between the Lines: 7 = (3i +2j — 473) + A(L + 2j + 2k) and
7 = (51— j) + u(3i + 2j + 6k). Also, find whether the lines are intersecting or not.
Sol: The given two lines are
7= (30 + 2] — 4k) + A(i + 2 + 2k) and 7# = (5¢ — ) + (31 + 2j + 6k)

By observing the given two lines, we have
a; =30+2j—4k, b, =1+ 2]+ 2k ;a, =50—j, b, =30+ 2] + 6k

(@z~@).(b1xb3)

|b1 D, |

(@, —a;) = 21— 3j + 4k

Hence, Shortest distance between the above lines =

— — i j lfé =~
and by X b, =1 2 2|/=8i+0j—4k
3 2 6 ) )
— 7 L _ |(21-3)+4k).(81+0j—4k)] _ 0
|b; x b,| =80 Now, S.D= i ===0

Here shortest distance is zero because the given two lines are intersecting.
3. Equations of sides of a parallelogram ABCD are as follows

AB;E:E:E BC:E:ﬂ:ﬂ CD:E:E:ﬂ
L, y—+23 2, 3 -5 3 1 -2 2
DA:—=="g =75 -
Find the equation of diagonal BD.
Sol: Let P be any point on line AB is (A — 1, 2A + 2, 20 +I)

and Q be any point on line BC is Bu+ 1, -5u =2, 3u+5)
For some value of A and p, both the lines are intersecting at a point B.
P=Q
>@A—-1,-22+ 222 +1)=QCu+ 1,-5u—-2,3u+5)
B is the point of intersection of AB and BC , so coordinates of B are (1,—2,5)
Similarly, any point on line CD is (A +4, —2A —7, 2A+8) and any point on line DA is (3u+2, —
S5u =3, 3utd)
D is the point of intersection of CD and DA , so coordinates of B are (2, —3,4).
The equation of a line passing through the points B(1,—2,5) and D(2,—3,4)is
x—1 y—(-2) z-5 x-1 _y+2 _ z-5
21 3-(2) a5 > 1 -1 1
4. Check whether the line %1 = % = ?
Sol: From the given two lines, we have
Leta, =1+2j+3k , a;=4i+) b, =20+3j+4k, b, =51+2j+k
anda; —a; =3i—j—3k &b, xb, = =51 + 18] — 11k
Now, (@; —a;).(by X b;) = (3 X =5) + (-1 X 18) + (=3 X — 11) =-15-18+33=0
Hence, given lines are not skew lines.
5. Find the equation of the line which bisects the line segment joining points A(2, 3,4) and
x—8 y+19 z—-10

B(4,5,8) and is perpendicular to the lines 5 T e and

x—15 y—-29 z-5
3 8 -5
Sol: The midpoint of line joining points A(2,3,4) and B(458) is (3,4,6)
So, the equation of line passing through (3,4,6) with direction ratios a,b,c is
X3 _y-4_ 7276

x—-8 y+19  z-10

a b c
Since this line is perpendicular to — = and —
3 -16 7 3 8 -5

=>3a—16b+7c=0 =3a+8b—-5¢c=0
by using cross multiplication method, we have a=2,b=3,c=6
Hence, the required equation of a line passing through (3,4,6) with d.r’s <2,3,6> is

x—4 -1
and - = yT = Z are skew or not.

x—15 _ y-29 z—-5
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x—=3 y—4 z-6
2 3 6
6. Find the vector and Cartesian equations of the line which is perpendicular to the lines with
y=3 _zl g xl_y2 273

> @ =3 =7 and passes through the point

. x+2
equations - =
{1, 1, 1).

Sol: Let equation of line through (1, 1, 1 ) with direction ratios a,b, ¢ be
x1_y-1_z71

— == (1)
If Line(i) perpendicular to the lines # = yT—3 = Zzl nd == yT_Z = —3
Therefore, a+2b+4c¢=0 and 2a+3b+4¢=0 ~ dr’s are 4 4,-1or4, 4 1

_y-1

. . . .oox—1
=~ Hence, the Cartesian equation of a line is — = "

(itjtk) + u(4i — 4j + k)
7. Find the value of p for which the lines 7 = i + (24 + 1)j + (34 + 2)k
and 7 = i — 3uj + (pu + 7)k are perpendicular to each other and also intersect.
Also find the point of intersection of the given lines.
Sol: By writing the given two equations in standard form
The direction ratios of a given two lines are (1,2,3) and (0,-3,p) respectively.
If the lines are perpendicular to each other then aja+biba+cico=0
=2 1X0+2%x(-3)+3xp=0=>p=2
Any point on the line 7 = A1 + (24 + 1)j + (31 + 2)k is (4,21 + 1,31 + 2)
Any point on the line 7 = & — 3uj + (pu + 7k is (1, =3, 2u + 7)
For point of intersection, we can equate the coordinates
4,244+ 1,34+2)=(1,-3w,2u+7)
and solvingwe get A =land u = —1
The point of intersection is (1,3,5).
8. Find the values of p, so that the lines
1-x 7y—-14 z-3 7-7x y—-5 6-z
1.3—p—zandlz.3p—1—5
are perpendicular to each other. Also, find the equation of a line passing through a point
(3,2, —4) and parallel to linel;.

Sol: Writing the given line in standard form as
ED 22 =2anlet)  ...(D)

and =5 =—5=%=rz(let) . (2)

VA . .
== L and vector equation of a line is r =

Two lines with DR’s a4, by, ¢; and a5, b,, ¢, are perpendicular if
aa, + b1b2 + C1Cp = 0
Thus line (1) and (2) will intersect at right angle, if

—3(Z)+2m+2(-5)=0 Z+Z=10 L=10=p=7

This is the required value of p.

Also, we know that the equation of a line which passes through the point

(x1,y1,21) with direction ratios a , b, ¢ is given by
X=Xy V=W _Z— 2

a b c
Since, required line is parallel to line /;.
So, a=—3,b=;=1andc=2

Now, equation of line passing through the point (3,2,-4) and having direction ratios

. x-3 -2 z+4 3—x -2 z+4
(-3,1,2)1S —=y—=— :_=y_=_
-3 1 2 3 1 2
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9. Find the vector and the Cartesian equations of a line passing through the point (1,2, —4)
and parallel to the line joining the points A(3,3,—5)and B(1,0,—11). Hence find the
distance between the two lines.

Sol: The direction ratios of a line joining the points A(3,3, —5)and B(1,0, —11)are
(3-1,3-0, -5-(-11))=(2,3,6)
So, the Vector equation of required line through (1, 2, — 4) with direction ratios (2,3,6) is
7 =14 2f— 4k + 1(21 + 3] + 6k)
1_y-2 _z+4

. . .oxX=
and the cartesian equation is — =5 =

6
Equation of line through A(3, 3, —5) and B(1,0,—11) is
7 =31+ 3] — 5k + A(21 + 3] + 6k)
Distance between parallel lines is given by d = W
Here b = 20+ 3j + 6k ,a; =i+ 2j — 4k , a; = 31+ 3j — 5k
(@, —a;)=2i+j—k , (@,—ay) xb =90 — 14) + 4k
|(@z — @) Xb| = V81 + 196 + 16 = V293 and |b| =v4+9+36 =7

V293
so,d ==

10. Find the equation of a line [, which is the mirror image of the line I; with respect to line(/)
X _y1_z

T=5 = Tz , given that line l; passes through the point P( 1, 6, 3) and parallel to line I.

A
vvy

Sol : Since [; passes through the point P (1, 6, 3) and parallel to line [ equation of [; is
x—1 y—6 z-3
1 2 3 "
Since line [, is the mirror image of the line [; with respect to line [ , [, is parallel to [.
Foot of perpendicular of P(1,6,3)to line [ is (1,3,5)
So point on [, is (1,0,7) , image of P(1,6,3) with respect to line [
So, equation of [, which passes through (1,0,7) and parallel to [ is
x—1 y z-7
1 2 3
LONG ANSWER TYPE QUESTIONS
1. Find the co-ordinates of the foot of the perpendicular drawn from the point A(—1,8,4) to
the line joining points B(0,—1,3) and C(2, —3, —1). Hence find the image of the point 4 in
the line BC.
Sol: The equation of a line joining the points B (0,—1,3)and C (2,—-3,—1) is
7 = (0i —j+3k) +A[(2t — 3f — 1k) — (0 — j + 3k)]
=7 = (—f+ 3k) + A(2i — 2j — 4k)
=>7 = QDI+ (21— 1)j+ (—41+3)k,1 € R
So any point on line BC is to the form (2A, —2A — 1, —4A + 3)
Let foot of the perpendicular drawn from point A to line BC be T(2A, — 21 — 1, —4A + 3).
A{-1,8,4)

T

|

Py 2)
Now, DR’s of line ATis QA+ 1,-2A—-1-8,—4L+3—-4)or QA+ 1,24 -9, —4A - 1).
Since, AT is perpendicular to BC.
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S2X2At D)+ (-2)x(-20-9)+ (-4 (-4-1)=0
[+ araz + biba + cic2 = 0]
=240 +2+4A+ 18+ 16 +4=0 =241 +24=0,A="-1
-~ Coordinates of foot of perpendicular is
T2x((-1),-2x(-1)=1,-4x(-1)+3)orT(-2,1,7)
Let P(x, y, z) be the image of a point A with respect to the line BC. So, point T is the mid-point
of AP.
=~ Coordinates of T = Coordinates of mid-point of AP
= (-2,1,7) =[(x—1)/2,(y+8)/2,(z+4)/2]
On equating the corresponding coordinates, we get
-2=x-1)/2,1=(yt8)/2and 7=(z+4))2 .=>x=-3,y=—6andz=10
Hence, Image=(-3,-6,10)

y+1

2. Find the image of the point (1,2, 1) with respect to the line? === Z;—l Also find
the equation of the line joining the given point and its image.

: P(1,2,1)

=
A CL(A+3,24-134+1). B

e

Sol: Let P(1,2,1) be the given point and L be the foot of the perpendicular from P to the given line
AB (as shown in the figure above).
x-3 _ y+1 — z—1

Let'sputT—T T=7\.Then,x=)\+3,y=2)\—1,z=37\+1

Let the coordinates of the point L be (A + 3,2A — 1,3A + 1).

So, direction ratios of PLare(A +3 — 1,24 —1—-2,34+1—1)i.e., (4 + 2,24 — 3,31)

Direction ratios of the given line are 1,2 and 3, which is perpendicular to PL. Therefore, we have,
A+2)-1+@221-3)-2431-3=0=>141=4=>21=2/7

Then A+3=2+3=2;2-1=2()-1=-2;3a+1=3(%)+1=2

Therefore, coordinates of the point L are (g, - %, g)
Let Q(x4,y4,2,) be the image of P(1,2,1) with respect to the given line. Then, L is the mid-point
of PQ.
Therefore, o2 =23 2% _ 3 14m B3, =By =2, =2
> 2 T 77 2 T 7 2 T 7 1= =T h Ty

Hence, the image of the point P(1,2,1) with respect to the given line Q (?, - ?, 179)
The equation of the line joining P(1,2,1) and Q (%, — 2—70,179) is

x—1 y—-2 z—-1 x-—-1 y—-2 z-1

= = = = =
32/7 —=34/7 12/7 16 -17 6

3. Find the shortest distance between the lines l; and [, whose vector equations are
r=(-i"—j—k) + A(7i"—6j"+ k) and 7 = (3i"+ 5]+ 7k") + u(i" - 2j" + k").
where 4 and p are parameters.
Sol: Given that equation of lines are
rT=(-U"=) =K+ A(7"=6)+Kk")..(i) and
r°=@Ur+5"+7k) + u(" = 2"+ k) ........ (i)
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The given lines are non-parallel lines as vectors 71" — 6" + k™ and " — 2j" + k" are not parallel.
There is a unique line segment PQ (lying on line (i) and Q on the other line (ii) , which is at right
angles to both the lines PQ&is the shortest distance between the lines.

Hence, the shortest possible distance between the lines = PQ.
Let the position vector of the point P lying on the line

r=(-1"—)—k")+A(7" — 6" + k") where' 1 is a scalar,

is (71 —1)1" = (64 + 1))" + (A — 1)K, for some A and the position vector of the point Q lying on
the line ¥ = (31" + 5)" + 7k™) + u(*" — 2J" + k") where ' u'is a scalar, is (u + 3)" + (—2u +
5)) + (u + 7)k", for some p. Now, the vector

PQ = 0Q - OF"
PQ=(u+3-7A+ DI+ (—2p+5+6A+ 1))+ (u+7 -2+ Dk
e, PQ =W—72+D)"+ (—2u+61+6)"+ (u— 1+ 8)k";
(where ' O ' is the origin), is perpendicular to both the lines, so the vector f’a is perpendicular to
both the vectors 71" — 6" + k" and t" — 2" + k.
S>WU—-71+4)- 7+ (—2u+61+6)-(-6)+(L—41+8)-1=0
&U—71+4)-1+(—2u+61+6)-(-2)+(u—1+8)-1=0
= 20u —861=0=>10u — 431 =0&6u —201=0=>3u—1014=0
On solving the above equations, we get u = 1 =0
So, the position vector of the points P and Q are —1" — j" — k" and 31" + 5;" + 7k respectively.
(PQ) " =41+ 6"+ 8k and |(PQ)”| = V(4% + 62 + 82) = V116 = 2V29 units.
(OR) Find the shortest distance between the lines

x+1 +1  z+1 x—3 -5 z-7
=7 = and =Y =
7 —6 1 1 -2 1 ;
. . Xx+1 +1 zZ+1 x—3 - z—-7
SOL: Given lines: =y_6 =——and — =y_2 =3

) ) a,—ap). (b; Xb,
Shortest Distance between the lines = |@z -2 . (byXb,)|

[b1 Xby|
a,=-1—-J-k a2—31+5]+7k a, — a; = 4i + 6] + 8k
b, =7i—-6j+k b,=1-2]+k
i ]k X R X
b,Xb,=17 —¢ 1|=1(-6+2)=j(7—1)+k(-14+6) = —4i—6] —
1 -2 1

|b; X b,| = V16 + 36 + 64 = V116
D = |@z -ap). (by Xb2)| (41 + 6] + 8Kk).(—4i — 6] - 8Kk) |
b1 X by Viie

D = |(4)( 4)+(6)( 6)+(8)( 8)| _ | ~16-36— 64| _ 116 _ /176 = 2429

4. Find the shortest distance between the llnes whose vector equations are
=1-0i—- 2-fj+B-20k &r = (s+ 1)i+ (2s—1)j— (2s + Dk

SOL: The equations of the given lines are

r=(1-9i—- Q-0j+B-20k &r =(+1i+ 2s—1j—-(@2s+ Dk
After writing standard equation of a line, then we have

r=1-2]+3k +t(-1+J-2k) & r=1-J—k +s(i+2]-2k)

) . a,—ap). (b, Xb,
Shortest Distance between the lines = @ l?),x(b_.ll 2)|
1 2

a1—1—2]+3k a, =1—-]—-k az—a1—01+]—4k
b, =—i+j—2k b,=1+2]-

— P ’1\ T E a o~ s
b;Xb,=|-1 1 =2[=1(-24+4)-]J2+2)+k(-2-1)=21—4]—
1 2 =2

|b; X b,| = V4 + 16 +9 = v29
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SD = |@; -a7). (by Xby)| |(0i+i—4ﬁ) (21-4]-3K)
by X by| B V29
(o)(z)+(1)(—4)+<—4)(—3)| _ |—4+ 12| _ 8 _ 8V29
o =
5). Find the image of the point (2, 4, —1) in the line

SD = V29 | V29 29

x+5 y+3 _z-6

1 4 -9
SQL: Q1venxgo;nt (312143, —lz)_ . A(2,4-1))
Given line ==
x+5 y+3 __z-6
Let—===—=—-= k
Any Point on given line D (k-5, 4k—3, —9k+6)
DRsof AD: X2 —X1,y2—-V1, Z2—Z1
k-5 -2, 4k—3 —4, ~9k+6 +1 b
k-7, 4k-7, —9k+7
DRs of the given line K4S _Y*3 279 arel,4,-9
. . Lo 4 -9 B(a,B,v)
AD is perpendicular to given line: aj a2 + by ba +cic2=0

1(k—7)+ 44k —7) +(—9) (-9k+7)
k—7+16k-28 +81k—-63=0

98k —98 =0

k=1
Substitute k=1 in D then
Foot of the perpendicular =D (- 4, 1, — 3)
Let B(a, B,y) be the image of A
Then mid-point of AB =D

(550 5) = 41-9)

— =4, a+2= -8, a= —10
=1 B+4=2 B=-2
Y- 3 y—1= —6 y= -5

2
Image =B (—10,—2,-5)

CASE STUDY BASED QUESTIONS

1) Imagine you are at a point A, a café you visit often. Your friend is at the point B, a bookstall
a few blocks away on a straight road. You want to meet your friend at a point on  the line
joining the café and the bookstall. Another friend, who is at home on the other side of the
same road represented by point P, also wants to join. You decide to determine the exact
meeting point by finding the foot of the perpendicular from P on the line joining the café and
the bookstall. Given that co-ordinates of the café (A) are (1,2,4), of the bookstall (B) are
(3,4,5) and the home are (2,1,3).

(i) Find the location of the meeting point.

(i) Find the distance from Home to meeting point? Also, find the equation of the path
connected by café and bookstall.
Sol:

Let Q be the foot of the perpendicular from P(2,1,3) to AB and let Q divide AB in the ratio k:1.

. 3k+1 4k+2 Sk+4
Then, co-ordinates of Q are ( , , )
k+1 ' k+1 ' k+1

. . 3k+1 4k+2 5k+4
Direction ratios of PQ are -2, -1,
k+1 k+1 k+1

k-1 3k+1 2k+1

k+1” k+1 " k+1
Direction ratios of AB are <3-1, 4-2, 5-4>; =<2,2, 1>

-3
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As, PQ L AB,

2(k—1)+2(3k+1)+1<2k+1)_
k+1 k+1 k+1/)
k= _—1and substitute value of k in point Q.

71635)
9’9’9

(i1) DistancePQ=J Z—Z) +(;—1) +(§—3)—’£+—+:—:=@ units

Equation of line AB is —=—"=""
2 2 1

(2) Two drones are being used for radar centre analysis over an area of enemy land. Drone A
has been programmed to fly on the path given by
¥ = 61 + 2j + 2k + u(i — 2j + 2k) and drone B has been programmed to fly on the path
¥ =—4i—k+ B31— 2j — 2k).
(i) At what points on their respective paths should they reach, so that they will be
closest to each other?
(ii) Find the shortest distance between these paths.
Sol:
Let P and Q be the points on their respective paths when they are closest.
~ PQis 1 to both line 1 and line 2
So, general point on line-1 is P=(1 + 6, =24 + 2,4 + 2)
General point on line-2 is Q=(3u — 4, —2u, —2u — 1)
Direction ratios of PQare <3 u — A1 —10,-2u + 241 —-2,-2u— 21 -3 >
Line -1 is perpendicular to PQ, then
= —31+u =4 and line — 2 is perpendicular to PQ then — 34+ 17u = 20
By solving the above equations, we have u = 1 and 4 = —1
Hence, the points are P=(5,4,0) and Q=(-1,-2,-3).

(i) PQ=/(5+1)2+ (4+2)2+ (0+3)2=+36+36+9 =81 = 9units
1) Two tunnels are planned to be dug through Bisle ghat to improve traffic infrastructure.

(Shown in the figure-not to Scale).

'ﬁ'. (-9, 15,7@ <
7Hassan r[\

Hence, the co-ordinates of Q are (

Periyapatna @ ~
1
Shanivalasanthe

Som&larp |

/ &= B .| Kushalnagar

. -KudurasteJn | =

Vvanagoo @ Mmadikeri

Gundya

’heckpost
?hﬂ
1 Kukke
Subrahmanlya.

- @ Goonadka
Devachalla @ —
S

Digging at one end of the tunnel is to begin at the point (—9,15,7) at Hassan and continue in the
direction 7i-5j-k. The digging at the other end of the tunnel will start at the coordinate (33, 5, —1)
near Sampaje and continue in the direction —14i +3k. Both sections are to be straight lines. The
coordinates are measured relative to a fixed origin O, where one unit is 500 meters.

(1) Show that the two sections of the tunnel will eventually meet at a point near Bisle Ghat and
find the coordinates of this point.

(i1) Find the total length of the two tunnels to the nearest kilometre. (OR)

Find the coordinates of the point which is nearest to the origin on the line

P=(T + 2] + 2k)+u(—7 — 37 + 0k)

Sol:

1) Let the equation the lines (paths) are

Hassan to Bisle:

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 125 | Page




x+9 y—15 z-7
himr=—m=73=4
Bisle to Sampaje lZ:x__—f: = yT_S = 23—1 =u
Any points on the line 1 and 2 are respectively
P=(71—-9,-51+15,-2+7) Q=(—14u+33,53u—1)
For some values of 4 and , lines are intersecting, so P=Q
7A—9=-14u+33,-54+15=5-14+7=3u—1 Hence, u =2,1 =2
So, 5=5 hence the lines are intersecting and point of intersection is (5,5,5)
ii)  (Let OA = —91 + 15j + 7k and OB = 331+ 5] — k
Then, AB = 42i — 10j — 8k
|AB|=V1764 + 100 + 64 = V1928 = 44 units = 44X500 mtrs = 22000 mtrs
(OR)
The coordinates of any point on the line are P = (1 — u, 2 — 3y, 2))
Distance from (0,0,0) to the point P is

OP=\/(1—M)2+(2—3IJ)2+(2)2 :\/1+‘u2—2/,¢+4+9,uz—12,u+4
D=./10u2 — 14u + 9
Let f=10u% — 14u +9

. —(-14
Hence, minimum value occurs at y = M _ 7
2(10) 10
: . 3 -1
Substitute value of u in P then P = (1—0, o )
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CHAPTER-12: LINEAR PROGRAMMING PROBLEMS

e Linear Programming is the process used to obtain minimum or maximum value of the linear
function of several variables under known linear constraints.

e Objective Function: Linear function z = ax + by + ¢ where a, b and c are constants, which
has to be maximized or minimized is called a linear objective function.

e Constraints: The linear inequalities or inequations or restrictions on the variables of a linear
programming problem.

e The condition x >0, y > 0 are known as non-negative restrictions.

e Feasible Region: It is defined as a set of points which satisfy all the constraints.

e To find feasible Region: Draw the graph of all the linear inequations and shade common region
determined by all the constraints.

e Feasible solutions: Points within and on the boundary of the feasible region represents feasible
solutions of the constraints.

e Optimal feasible solution: Optimal feasible solution which optimizes the objective function is
called optimal feasible solution.

MULTIPLE CHOICE QUESTIONS
1. The feasible region of an LPP is shown in the figure. If Z=3x+9y, then the minimum value of
Z occurs at

(0,20)

o2

= (15,15)

»5)
> \ \ > X

B
\\\\\\\\

G
RN
S
\

(@) (0,20) (b) (0,10) (c) (5,5 (d) (15,15) Option: (¢)
Corner Points | Z=3x+9y
(0,20) 180
(15,15) 180
(5,5) 60-MIN
(0,10) 90

2. The constraints of the LPP represented by the following figure is

Y

(0.5)

(0.3)

(4,0 (6.0)

(a)5x+4y=>20,x<6,y=>3,x=0,y=0 (b)5x+4y<20,x<6,y=>3,x=>0,y=>0
(c)5x+4y=>20,x<6,y<3,x=0,y=>0 (d)5x+4y >220,x>26,y<3,x=>0,y=>0
Option: (¢)
3. If an LPP admits optimal solution at two consecutive vertices of a feasible region, then
(a) the LPP under consideration is not solvable
(b) the LPP under consideration must be reconstructed
(c) the required optimal solution is at the mid-point of the line joining two points
(d) the optimal solution occurs at every point on the line joining these two points
Option : (d)
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4. The feasible region of a LPP is shown in the fig. If z=11x+7y, with corner points A(0,5), B(0,3) and
C(3,2), then the maximum value of Z occurs at

Y
\A
+3y=9
X YB c
X
(9] \D
) X+y=5

(a) atPoint A (b) atPointB (c) atpoint C (d) atpoint D

Corner Points | Z=11x+7y
A((0,5) 35

B(0,3) 21

C(3,2) 47=Maximum

Option (¢)

5. Which of the following statement is correct

(a) every LPP admits an optimal solution

(b) If a L.P.P admits two optimal solutions it has an infinite number of optimal solutions

(¢) A L.P.P admits unique optimal solution

(d) (0,0) is the only optimal solution. Option : (b)
6. Minimum value of z = x-5y+20 subject to the constraints:
Xx—y=20,—x+2y2>2,x2>3,y<4is given by
(a) (-6) at (4,6) (b) 4at(4,4) (c)(-9)at(4,3) (d) 6at(4,5)

Corner Points | Z=x-5y+20
(4,6) -6=minimum
(4,4 4

(4,3) 9

(4,5) -1

Option: (a)

7. The corner points of the bounded feasible region determined by a system of linear constraints are
(0,3), (1,1) and (3,0). Let Z = px + qy, where p, g > 0. The condition on p and q so that the
minimum of Z occurs at (3,0) and (1,1) is:
(@)p=2q bp=92 (9)p=3q (dp=gq
Sol:  3p=p+q implies 2p=q Option : (b)
8. Which of the points A(80,10), B(20,20), C(60,60) D(20,25) lie in the feasible region of the

constraints given below. x+5y <200, 2x+3y <134, x>0,y >0

(a) Points A,B,and C only (b) Points B,C and D only

(c) only points A and D (d) only points B and D
Sol: Only B and D satisfies all constraints, so Option : (d)
9. The objective function Z = ax + by of an LPP has maximum value 42 at (4,6) and minimum  value
19 at (3,2). Which of the following is true?

(@a=9,b=1 (b)a=5,b=2 (¢c)a=3,b=5 (d)a=5,b=3
Sol: 4a+6b=42 & 3a+2b=19 on solving a=5, b=2 So, Option (b)
10. The corner points of the shaded unbounded feasible region of an LPP are (0,4), (0.6,1.6) and (3,0)
as shown in the figure and minimum value of the LPP exists, then minimum value of  the objective
function Z = 4x + 6y occurs at:
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Hh 3/<j/ij 1
] A

-B—2—10

(a) (0.6,1.6) only (b) (3,0) only (c) (0.6,1.6) and (3,0) only
(d) every point of the line-segment joining the points (0.6,1.6) and (3,0)

Sol:

Corner Points | Z=4x+6y
(0,4) 24

(0.6, 1.6) 1 1=Minimum
(3,0) 12

Option (a)
ASSERTION-REASONING QUESTIONS
Select the correct answer from the codes (a), (b). (¢) and (d) as given below.
(a) Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of the Assertion (A)
(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of the
Assertion (A)
(c) Assertion (A) is true and Reason (R) is false.
(d) Assertion (A) is false and Reason (R) is true.
1. ASSERTION: Maximum value of z=11x+5y subject to

3x+2y <25 x+y <10 & x,y > 0with corner points

(0,10),(5,5) amd (25/3,0) ,occurs  at [%,0]

REASON: If the feasible region of the LPP is bounded then the maximum & minimum value of the

objecive function occurs at corner points.

Ans: (a) as both A and R are true and R is the correct explanation for A.

2. ASSERTION( A ): If the open half plane represented ax + by > M has no point common
with the unbounded feasible region then M is the maximum value of z
otherwise z has no maximum value.
REASON (R ): A solution that also satisfies the non — negativity restriction
of a LPP is called the feasible region.

Ans: (b) Both A and R are true but R is not correct explanation for A

3. ASSERTION:Feasible region of all LPP are convex polygon.
REASON: A polygon is said to be a convex polygon, if the line segment joining

any two points of the polygon is completely contained in the polygon.

Ans: (d) as A is false and R is true.
4. ASSERTION: Value of the objective function if it exists is always positive.

REASON: Feasible region of any LPP lies only in the first quadrant
as it involves non negative restrictions.
Ans(d) as value of objective function is any real number, so A is false but R is true.
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5. ASSERTION: For the bounded feasible region of a LPP if minimum value
of the objective function exists at two consecutive corner points,
then the LPP has infinitely many optimaol solution.
REASON: If minimum value exists at two consecutive vertices of a bounded
feasible region, then every point of the segment joining those two vertices will

give same value for the objective function.
Ans: (a) Both A and R are true and R is the correct explanation for A.

VERY SHORT ANSWER QUESTIONS

1. Find the maximum value of z = 3x + 4y subject to the constraints
Xx+y<40, x+2y <60, x,y=>0

CORNER POINTS | Z=3X+4Y
(0,30) 120
(20,20) 140
(40,0) 120
(0,0) 0

Max z is 140 at (20,200

2. If the minimum value of the objective function z=2x+10y exists subject to constraints
X—y>0,x-5y<-5, x,y >0 find it.

-1

X-y=0

Minimum value is 15 at (5/4,5/4).
3. Write all constraints of the LPP whose feasible region is as given below.

12

- .. . 4 : P 13 -

Constraintsare x + 3y <12, 3x+y <12,x >0,y >0
4. Shown below is the feasible region of maximization problem whose objective function is given by
7z=5x+3y
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(1) List all the constraints the problem is subjected to.
(i1) Find the optimal solution of the problem.
Constraints are x +2y <8, 3x +2y <12 & x,y=>0

Corner Points | Z=5x+3y
(0,0) 0

(2,3) 19

(0,4) 12

(4,0) 20=Maximum

5. For the feasible region of a LPP given below, write all constraints and corner points of the feasible
region.

Constraints are 3x+y =8, x+y =6,
x+2y2>10 & x,y=>0

Corner Points are

(0,8), (1,5), (2,4) (10,0)

xX+2y=10

f

3x+y=8 X+y=6
AN

\
6. If the objective function of the LPP is z=x-7y+200, feasible region is given below.

Find the difference between the optimal values of Z.
Sol: Max=205 , Min=165, Difference=205-165=40

7. Minimize and maximize the objective function z=30(x-y+60), the feasible region of the LPP is given
below.
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Maximum Z=2250 at (15,0)

Minimum Z=1200 at (0,20)

5 0 5 10 20 25
3

15

| x+y=15 xty=30

8. What are the constraints of the LPP, whose feasible region is given below, also find the area of the
feasible region

Constraintsarex +y > 3,x +y < 10&x,y > 0

Area of Parallelogram=base X height =7x3=21sq.units

9. The feasible region of a LPP is as given below. Find the number of optimal solutions for the LPP and
justify your answer.

Sol: Zero, as there is no region satisfy all constraints of the problem.

10. For a LPP, in the figure given below, the shaded portion A and B together represents the feasible
region of the LPP, the minimum value of the objective function under unbounded feasible region is -
30. The shaded region B represents the inequality ax + by < —30, ax + by is the objective
function then find the number of optimal solution does the LPP have?
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Sol: It has no solution, because the feasible region of the LPP and the half plane ax + by < —30 has

common area.

SHORT ANSWER QUESTIONS-SOLVED

1. Minimize Z = 20x +10y
Subject to x +2y <40,3x +y >30,4x +3y >60,x,y >0

Sol: 4x+\3y=60 \
x+2y=40 Corner Pts 7=20x+10y
(15,0) 300
(40,0) 800
(4,18) 260
" (6,12) 240
Bry=3p \ Minimum Value of Z is 240 at (6,12)
Hence x=6,y=12 is the optimal solution
and the optimal value of Z is 240.
2. Maximize Z =5x+7y
Subject to x+y <4,3x+8y <24,10x +7y <35,x,y >0
Ai(8/5,12/5)
B (7/3,5/3)
Maximum value of Z is 124/5 at A (8/5,12/5)
3. Miniimize Z = 6x + 3y
Subject to 4x +y >80,x+5y >115,3x +2y <150,x,y 20
E\ c(2,72)
B Corner pts Z=6x+3y
° A(15,20) 150
e\ B(40,15) 285
A(15,20)
. \ C(2,72) 228

] [} 2\< 4‘0 BID 8‘0 1bD 120 ‘40 1‘E
x+5y=115

4x+y=80
3x+2y=150

B \

Minimum value of Z is 150 at x=15,y=20
4. Miniimize Z =5x+7y

Subject to 2x+y>8,x+2y>10&x,y >0
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CORNER PTS | Z=5x+7y

(0,8) 56

(2,4) 38 -MINIMUM
(10,0) 50

7e .
2x+y=8 Sx+7y=38
-z 4 M
Feasible Region and halfplane of 5x+7y<38 has no common points , so Minimum value of Z is 38 at

2,4).
5. Miniimize Z =400x +300y

Subject to  100x +200y >12000,300x +400y >20000,200x +100y > 15000 and x,y >0

200x+100y=15000

150 13

4x+3y«<330

Corner Points Z=100(4x+3y)

\ (0,150) 45000
u (60,30) 33000
00cs200y-12000 (120,0) 48000

Minimum Value of Z is 33000, at (60,30) dS uIC Hall Prauc 4ATIYy >0V uad 11U CULLLLIULL PULLILS with
feasible region of the problem.

6. Miniimize Z =20x + 40y
Subject to 36x+6y >108,3x +12y >36,20x +10y 2100 & x,y >0
\

20x+10y=100

Corner Points Z=20x+40y
(0,18) 720
(2,6) 280
(4,2) 160=Min
20x+40y <160
— (12,0) 240

3x+12y=36

Here, Half plane 20x+40y<160 has no
common with feasible region, so, Min Z
is 160 at x=4, y=2.

10 ] 15
(12,0)

1o & \ \
36x+6y=108

7. Maximize Z = 2x +1.5y
Subject to 2x +y <1000,x +y <800,0 <x <400,0 <y <700
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Xx=400

[
(100,700)

y=700

00

200

———_ (200,600)

\| (400,200)

400 \aoo

2x+y=1000
\

sab\ 1000

x+y=800

Corner Points Z=2x+1.5y
(0,700) 1050

(100,700) 1250

(200,600) 1300=MAXIMUM
(400,200) 1100

(400,0) 800

Optimal Sol: x=200, y=600

Optimal Value:1300

8. For a LPP, the feasible region is as given below. Objective function is Minimize
7Z=30x-30y+1800. Write all constraints of the LPP and find the optimal value of the objective
fur{ction and optimal solution also.

30

W 15\ = E] 3b\
|

Corner Points

Z=30x-30y+1800

(0,15) 1350
(0,20) 1200=Minimum at x=0, y=20
(15,0) 2250
(10,20) 1500
(15,15) 1800

Sol : Constraints are x +y >15, x+y <30, 0<x<15,0<y <20
9. Maxmize Z = 600x + 400y subjecttox + 2y <12, 2x+y <12,x+ 125y >25,x,y =0

Sol:

10

\_2‘,212 .

x+1.25y=5

2x+y=12

Sol:
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Corner Points Z=600x+400y
(5,0) 3000

(6,0) 3600

(4,4) 4000=Maximum
(0,6) 2400

(0,4) 1600

Optimal Sol: x=4, y=4
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xty—iaa

Corner Points Z=2x+y

) (3,0) 6=Minimum

; (9,0 18

. 7.7) (9,5) 23=Maximum
(7,7) 21

’ (2.5) (3,3) 9

1 e Optimal solutions;

2 For Minimum ; x=3, y=0

. for maximum ; x=9, y=5

S o b3 3| p 4 3 |9 o = 1\5

CASE STUDY BASED QUESTIONS
1. The feasible region for a LPP is as shown below, Z=3x-4y
(a) Find the points at which maximum and minimum of Z occurs.
(b) Find the difference between the optimum values of Z.

Ya (4, 10)
o, 8)'/\' (6, 8)
$6,5)
©,0)0 50

Ans: (a) Minimum Value is -32 at (0,8) Maximum Value is 15 at (5,0)
(b) Difference is 47

2. On the basis of the feasible region of a LPP as given below,

(a) Find the optimal value and solution of the objective function Z=2x+5y

]

(b) In general, if the corner points of the feasible region determined by the system of linear
constraints are (0,10), (5,5),(15,15),(0,20) and Z= px+qy, where p, q >0. Find the relation
between p and q so that the maximum occurs at (15,15) and at (0,20)

Sol: (a) Minimum value is 0 at (0,0) Maximum Value is 33 at (4,5)

(b) 15p+15¢q=20q implies q=3p
3. Let Z=4x-7y be the objective function, The figure given below is the feasible region.
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Y

-
11 4
10 -
9_
8 —
}'_
6_
5 D (6, 5)
4
3
2_
14

B (4, 10)

A(0, 8) Ci6 8)

I T I I 1

06) 1 2 3 4 5 6 7
v
(a) Find the maximum and minimum value of Z and also the optimal solutions.
(b) Let Z=px+qy, where p,q>0 be the objective function. Find the condition on p and q so that the
maximum value at B and C are equal. Also mention the number of optimal solutions in this case.
Sol: (a) Minimum Value is (-56) at (0,8) Maximum Value is 16 at (4,0)
(b) 4p+10g=6p+8q implies p=q, in this case, there are infinitely many optimal solution; all points
of the segment BC are optimal solutions.
4. Given below is the feasible region of LPP with constraints

(a) Write all constraints of LPP

(b) Optimal value Maximize Z=5x-2y and corresponding Optimal point.

Sol: Constraints are 2y —3x <3, x+2y<7,2y-x>1&x,y >0
Optimal Value is 11 at C(3,2)

5. FOt”a LPP, feasible region is given below.
Y

32\ [—

28 -
24
20 -
16

12 -

o
iy
oo

] I i i I
12 1& 20 24
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(a) write all constraints of the LPP
(b) find the maximum value of the objective function Z =3x+8y and also find the optimal
solution.
Sol:
Constraints are x +y <24,2x +y <32& X,y >0 Maximum Z=192 at (0,24)

HIGHER ORDER THINKING SKILLS - QUESTIONS
1. Maximize or Minimize Z=3x+5y

Subto: 3x-4y>-12,2x-y+2>0,2x+3y-12>0,0<x<4,y>2.

\ 2x-y+2=0
o

2x+3y-12=0

y=2

Minimum Value is 19 at (3,2) maximum Value is 42 at (4,6)
2. Minimize Z = 3x + 5y
Sub to: —2x+y<4 x+y=3,x—2y<2&xy=0

] x+y=3
X-2y=2 .

Sol:
Minimum Value is 29/3 at (8/3,1/3) (Check and confirm with 3x+5y<29/3)
3. MinimizeZ = —50x + 20y Sub to: 2x —y > —5,3x+y > 3,2x — 3y < 12&x,y = 0
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3x+y=3 - 2x-3y=12

/ e

Minimum is -300 at (6,0) (Check and confirm with -50x+20y<-300)
4, Maximize & MinimizeZ = 5x + 2y

Subto: —2x—3y = —6,x — 2y < 2,6x + 4y < 24,—-3x+ 2y < 3&x,y = 0
Sol: Minimum is 4.85 at A (0.23,1.85), Maximum is 19 at (3.5,0.75)

2x-y=-5 -2 4

6x+4y=24 °]

A(0.23,1.85), B(2.57,0.29)
C(3.5,0.75), D(1.5,3.75)

-3Ix+2y=3 g

=24
x-2y=2 / -2x-3y=-6
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CHAPTER-13- PROBABILITY

Conditional Probability:
If A and B are two events associated with any random experiment, then P(A/B) represents the
probability of occurrence of event A knowing that the event B has already occurred.

P(ANB)
P(A/B)=———"=,P(B) #0.
(a/8) =202 Pe@)
Multiplication Theorem on Probability:

If the event A and B are associated with any random experiment and the occurrence of one depends on
the other, then

P(AnB) =P(A).P(B/ A),where P(A) =0

Independent Events:

When the probability of occurrence of one event does not depend on the occurrence /non-occurrence of
the other event then those events are said to be independent events.

Then P(A/B)=P(A) and P(B/A)=P(B)

So, for any two independent events A and B ,P(A nB) =P(A).P(B).

Theorem on total probability:

If E.(i-1,2,3,..n) be a partition of sample space andall E, have non - zero

proabability. A be any eventassociatedwith the sample space,
which occurs with E, or E, or E, or ..or E then

P(A) =P(E,)P(A/E,) +P(E,)P(A/E,) +P(E,)P(A/E,) +....+ P(E )P(A/E,)
Bayes’ Theorem:
Let S be thesample spaceand E ,E,...,E_be n mutually exclusiveand

exhaustive events associated witha randomexperiment. If A isany event
whichoccurs with Eor E, or,..or E_ then

(e )= TERATED

> P(E)P(A/E)

cg.  PE/A) = P(El)P(A/El)+l;$3£$§2;+P(53)P<A/Eg)

MULTIPLE CHOICE QUESTIONS
For any two events A and B, P(A’)=1/2, P(B’)=2/3 and P(A~B)=1/4, then P (:—:) is

()89 (b) 58 (¢) 1/8 (d) Y
Ans: (b)
P(A)=1/2,P(B)=1/3
P(AUB)=1/2+1/3-1/4=7/12
P(A'nB") 1-P(AUB) 1-7/12 5/12
P(B)  PMB)  2/3 2/3
2. Foranytwo events Aand B, P(A) =4/5and PIAnB)=7/10, thenP(B/ A)is
(a) 1710 (b) 1/8 (c) 17/20 (d) 7/8
ans: @P@B/A) =10 _7/8

4/5

3. If A and B are two independent events such that P(A)=1/2 and P(B)=1/4, then P(B’/A) is

P(AYB')= =5/8
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(a) 174 (b) 3/4 (¢) 1/8 (d) 1
P(B'nA) P(B")P(A)
Ans: (b)P(B'/A) = =
ns: (b) P( ) P(A) P(A)
4. Iftwo events A and B, P(A-B)=1/5 and P(A)= 3/5, then P(B/A) is equal to
(@ '%» (b) 3/5 () 2/5 (d) 273
P(A-B)=1/5,P(A)=3/5
Ans: (d)P(AnB)=3/5-1/5=2/5
P(AmB)ZZ/S /3
P(A) 3/5
5. If P(A/B)=0.3, P(A)= 0.4 and P(B)=0.8, then P(B/A) is equal to
(a) 0.6 (b) 03 (c) 0.06 (d) 0.4
P(A/B)= P(ANB) _ P(ANB) _
P(B) 0.8
Ans: (a) P(ANB)=0.24
P(B/A)=0.24/0.4=0.6

6. If A and B are two events such that P(A/B)=2.P(B/A) and P(A)+P(B)= §= then P(B) is
(a) 29 (b) 79 (c) 4/9 (dO 5/9.
P(ANB) _ ) P(ANB)
P(B) P(A)
Ans: (a) P(A) =2P(B)
3P(B)=2/3
P(B)=2/9
7. If the sum of numbers obtained on throwing a pair of dice is 9, then the probability that
number obtained on one of the dice is 4, is )

@19 (b) 49 (o) /18 (d)
Ans: (d) A= {(3,6),(6,3), (4,5), (5,4)} Required probability = % - %

8.  Five fair coins are tossed simultaneously. The probability of the events that at least one
head comes up is
(a) 27/32 (b) 5/32 (c) 31/32 (d) 1/32
Ans: (c) P(atleast one H) =1—P(none is H)
=1-1/32=31/32.
9. Ramesh can hit a target 2 out of 3 times. He tried to hit the target twice. The probability
that the he missed the target exactly once is
(@ 23 () 1/3 (¢) 49 @ 1/9
P(A)=2/3P(A")=1/3 (A - hit, A'—not hit)
Ans: (¢) o _ 21 12
(only once hit) = 3'3 +§.§ =4/9.
10. Three dice are thrown simultaneously. The probability of the events that at least one six
comes up is
(b) 27/216 (b) 55/216 (c) 91/216 (d) 1/216
Ans: (c) P(atleast one 6) =1—P(none is 6)

=1-125/216=91/216.

=P(B)=3/4

P(B/A)=

0.3

ASSERTION AND REASON QUESTIONS
Select the correct answer from the codes (a), (b), (¢) and (d) as given below.
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of the
Assertion (A)
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(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of the
Assertion (A)
(c) Assertion (A) is true and Reason (R) is false.
(d) Assertion (A) is false and Reason (R) is true.
Assertion (A): If A and B are two independent events with P(A)=1/5 and P(B)=1/5, then
P(A’/B)is 1/5.

Reason (R) : P(A’/B):%

Ans: (d)

p(a/B)< AT _PAORE) o
P(B) P(B)

_1-P(A)=4/5

So A is false and R is True.
2. Assertion (A) : Let A and B be two events such that P (A) =1/5 and P (A or B) =1/2 then
P(B)=3/8 for A and B are independent events.
Reason (R) : For independent events P (A or B)=P (A) + P(B) - P(A).P(B).
Ans: (a) as A is true and R is the correct explanation for A.
For Assertion :
P(AUB)=1/2
P(A)+P(B)-P(A).P(B)=1/2
P(B)=3/8 QP(A)=1-1/5=4/5)
R is correct exxplanation.
3. Assertion (A): Two coins are tossed simultaneously. The probability of getting two

heads, if it is know that at least one head comes up, is 1/3.
Reason (R) : Let E and F be two events with a random experiment, then

P(ENF
P(F/E)= ( ).
P(E)
Ans: (a) F={HH}, E = {HT, TH, HH} So P (EE) = %
4. Assertion (A): Consider the experiment of drawing a card from a deck of 52 playing

cards, in which the elementary events are assumed to be equally likely. If E and F
denote the events the card drawn is a spade and the card drawn is an ace respectively,

then P(E | F) = 7 and P(F | E) = .
Reason (R): E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other. Such events are called

independent events.
Ans: (d) Assertion is false but reason is true

E) _1 F P(ENF) _ 1
Here P (F) =3 but P (E) @ 13 L which is not as per given assertion.

5. Let A and B be two events associated with an experiment such that
P(AnB) =P(A).P(B)
Assertion(A): P(A/B) = P(A)and P(B/A) = P(B)
Reason(R): P(AU B) = P(A) + P(B)
Ans: (c) as A is correct but R is false.

6. Let A and B be two independent events.
Assertion (A): If P(A) = 0.3 and P(A U B) = 0.8 then P(B) is 2/7
Reason(R) : P(E) = 1 — P(E), for any event E.
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10.

Ans: (a) as

P(AUB")=P(A)+P(B')-P(A).P(B")

P(B")=5/7; P(B)=2/7

Hence A is true and R is the correct explanation for A.

Assertion (A): Consider the experiment of drawing a card from a deck of 52 playing
cards, in which the elementary events are assumed to be equally likely.

If E and F denote the events the card drawn is a spade and the card drawn is an ace
respectively, then P(E/F)=1/4 and P(F/E)=1/13.

Reason (R): E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other. Such events are called independent
events.

Ans: (b) as A is correct but R is not the correct explanation of A.

Consider that following statements:

Assertion (A): Let A and B be two independent events. Then P(A and B)=P(A)+P(B)
Reason (R): Three events A,B and C are said to be independent if
P(ANBNC)=P(A).P(B).P(C)

Ans: (d) as P(Aand B) =P(A)+P(B)—P(A).P(B), hence A is false and R is True.
Assertion (A): Inrolling a die, event A= {1, 3, 5} and event B = {2, 4} are mutually
exclusive events.

Reason (R): In a sample space two events are mutually exclusive if they do not occur at
the same time.

Ans: (a) Aistrue as P(A B) = ¢ and R is the correct explanation of A.

For any two independent events A and B. P(A) =p and P(B) =q

Assertion (A): The probability that exactly one of the events A and B occurs is p+q-2pq
Reason (R): P(A W B)=P(A)+P(B)-P(A)P(B)

Ans: (b) A is correct but R is not the correct explanation of A.

VERY SHORT ANSWER QUESTIONS

A pair of dice is thrown. If the two numbers appearing on them are different, find the
probability that the sum of the numbers is 6.
Ans: A: Number appearing are different n(A)=30 (except (1,1),(2,2),(3,3),(4,4),(5.,5)
and (6,6)) P(A)=30/36
B: Sum of the numbers is 6 = {(1,5),(2,4),(4,2),(5,1)}
PANB) 4/36 _

P(A)  30/36
In a school, there are 1000 students, out of which 430 are girls. It is known that out of
430, 10% of the girls study in class XII. What is the probability that a student chosen
randomly studies in class XII given that the chosen student is girl?
Ans: A: Student of Class XII B: The student is a girl.
P(AnB) 43 1

P(B) 430 10
Two balls are drawn from a bag containing 2 white, 3 red and 4 black balls one by one
without replacement. What is the probability that at least one ball is red?
Ans: P(at least one red ball)=1-P(none of the ball is red)

P(A and B)=4/36 P(B/A)= 4/30

n(A &B)=10% of 430=43.P(A/B) =

(that is 1% ball is non red and 2" ball is non red.) = —Eé _2_7
98 72 12
If P(A)=3/8, P(B)=1/2 and P(A and B)=1/4, find P(A/B")

Ans:
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P(A'~B") P(AUB)' 1-P(AUB)
PB"Y 1-P(B) 1-P(B)
P(AUB) = P(A) + P(B) —P(A NB)

P(A'/B") =

5
1-2
_ B _3 1-P(AUB) ~ g 3/8
=3/8+1/2-1/4 8 , P(A'/B") = 1-P@) _1_1_1/2_3/4
2
5. A committee of 4 students is selected at random from a group of 8 boys and 4 girls.

Given that there is at least one girl in the committee, calculate the probability that there
are exactly 2 girls in the committee.

Ans:
A: at least one girl in the committee. B: exactly 2 girls in the committee.
P(B/A)= P(ANB)
P(A)
'C, 70 85
P(A)=1-P(none is girl) =1 -—+=1-—=—
()= ( girh) = °C, 495 99
P(AB)=P(2G and 2 B) = 2 &= - 286 _ 36
\ 495 165
= 168
So required probability = 5 = e
99
6. Events E and F are independent. Find P(F), if P(E) =0.35 and P(EUF)=0.6.

Ans:
P(EUF) =P(E)+P(F)—P(EnF)

= P(E) + P(F) - P(E).P(F)

0.6=0.35+x-0.35x; 0.25=0.65x; x = 2.3
65 13
7. A and B are two candidates seeking admission in a college. The probability that A is

selected is 0.7 and the probability that exactly one of them selected is 0.6. Find the
probability that B is selected.

Ans: Let E: Event of selecting candidate A F:Event of selecting candidate B

E and F are independent events.

P(E) =0.7,P[(ENF)U(E'NnF)] =0.6

P(E).P(F')+ P(E").P(F)—P[(ENF)N(E'nF)] =
P(E)(1—P(F))+(1—P(E))P(F) =06

P(E)+ P(F)—2.P(E).P(F)=0.6;0.7+x —2(0.7).x = 0.6

1
0.1 =0.4x So,x = 1= P(F).

8. A bag contains 3 white, 4 red and 5 black balls. Two balls are drawn at random. Find
the probability that both balls are of different colours.
Ans:
P(both balls are of different colours) =1—P(both balls of same colour)

P(both balls of samecolour) = <, + C, + ;C2 3 —_—+— 6 10 19
2C 2C, "C, 66 66 66 66

2

P(both balls are of different colours) = 1—2 _47
66 66
9. An unbiased die is thrown thrice. Find the probability of getting at least 2 sixes.

Ans:
P (at least 2 sixes)=P(2 sixes)+P(3 Sixes)

111 16 2
+___

115 _
666 666 216 27
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10. A problem is given to A, B and C. The probabilities that they solve the problem
correctly are 1/3, 2/7 and 3/8 respectively. If they try to solve the problem
simultaneously, find the probability that exactly one of them solve the problem.

Ans:P(exactly one solve)=P(ANB'"C "' )*P(A'n"BNC"')*P(A'nB'nC )

155 225 253 75
-+ +o ==

378 378 378 168
SHORT ANSWER TYPE QUESTIONS
1. A and B throw a die alternately till one of them get a ‘6’ and wins the game. Find their
respective probabilities of winning, if A starts the game first.
Ans: Let S= Event of getting 6 and F=Event of not getting 6
P(S=p=1/6 an P(F)=q=5/6 P(A —Wins) =p +qqp +qqqqp + - ...
=1/6+(5/6)*1/6+(5/6)*1/6+.... (Use concept of Infinite Series)
1/6 6 . 6 5
:z:ﬁ, P(B Wms):l—ﬁ:ﬁ
36

2. A fair coin and an unbiased die are tossed. Let A be the event, “Head appears on the coin”
and B is the event, “3 comes on the die”. Find whether A and B are independent events or not.

Ans: S=((H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4),(T,5),(T,6)}

A: H appears B: 3 on die
P(A)=6/12=1/2 P(B)=2/12=1/6 P(A and B)=1/12 P(A).P(B)=1/2.1/6=1/12=P(A and B)
Hence A and B are independent events.

3. There are two coins. One of them is a biased coin such that P(head): P(tail) is 1:3 and the
other coin is a fair coin. A coin is selected at random and tossed once. If the coin shows
head, then find the probability that it is a biased coin

Ans:

Let A: Selecting Biased Coin B: Selecting fair coin C: Getting Head
P(A)=P(B)=1/2, P(C/A)=1/4 (since ratio for head and tail is 1:3) P(C/B)=1/2
P(C) =P(A).P(C/A)+P(B).P(C/B)=1/2.1/4+1/2.1/2=1/8+1/4=3/8
So using Bayes’ Theorem P(A/C) = 1/3
4. A Pair of dice is thrown. Find the probability of getting 7 as the sum, if it is known that second dice
always shows a prime number.
Ans: A=Sum 7 ={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)} P(A)=6/36=1/6
B=2"4 die shows prime number, n(B)=18
ANB={(2,5),(4,3),(5,2)}
P(ANB) _3/36 _,
P(B) 18/36
5. A letter is known to have come either from TATANAGAR or from CALCUTTA. What is the
probability that on the envelope just two consecutive letters TA are visible?
Ans:
P(A)=1/2,P(B)=1/2 ,C-TA visible on the envelope.
P(C/A)=2/8=1/4, P(C/B)=1/7,

P(A/B) =

| =

P(C) =P(A).P(C/A)+P(B)P(C/B) = % 2 +%;

6. A and B are independent events such that P(A N B) :% and P(A N B) =% Find P(A) and P(B).

=11/56

Ans:
P(A)PB")=1/4 & P(AYPB)=1/6 P(A)=x,P(B) =y
xl-y)=1/4and (1-x)y=1/6
on solving weget, x-y=1/12 x=y+1/12
On substituting, we get 12y* -11y +2=0
y=1/4or y=2/3,Corresponding x=1/3 or 3/4
P(A)=1/3PB)=1/4 (OR) P(A)=3/4P(B)=2/3
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7. There are 2000 scooter drivers, 4000 car drivers and 6000 truck drivers all insured. The
probabilities of an accident involving a scooter, a car, a truck are 0.01, 0.03, and 0.15

respectively. What is the probability that one of the insured person meets with an
accident.

Ans:

P(A)=1/6, P(B)=1/3 P(C)=1/2

D-the insured person meets with an accident.

P(D/A)=1/100, P(D/B)=3/100, P(D/C)=15/100,

P(D)=P(A).P(D/A)+P(B).P(D/B)+P(C).P(D/C)=13/150

8. A bag contains 4 balls. Two balls are drawn at random. What is the probability that both
drawn balls are white.

Ans:

A:2W +2 non white B:3W +1 non white C:4W

P(A)=1/3, P(B)=1/3 P(C)=1/3 D-both drawn balls are White
P(D/A)="C,/*C,=1/6, P(D/B)="C,/*C,=1/2 ,P(D/C)="C,/'C,=1

11 11 1 5
P(D)=P(A).P(D/A)+P(B).P(D/B)+P(C)P(D/C) = —-.—+—.—+—-.1==
36 32 3 9
9. If A and B are two independent events, P(A N B) = %SandP(A NB) = %, indP(A)&P(B).
Ans:
_ 2 so,
P(A " B)=P(A).P(B) = (i) P(ANB)=-—
15 2 1 .
, > {1—15(1_)()}:6:3% —31x+5=0
P(B) ~P(ANB) == P(B)~P(A)P(B) ==
(5x-1)(6x-5)=0 x:l Oré
P(B)[l—P(A)]:%:(ii) P(ANB) =% 5 6
(as above) P(A)[1-P(B)] zé On substituting we get when x =é, y =é
P(A)=x, P(B)=y When x :%, yz% Hence P(A) :g, P(B) :é ORP(A) :%, P(B) :g
(= y-x) =2, ()= x1-y) =<

10. Bag A contains 6 red and 5 blue balls and another bag B
contains 5 red and 8 blue balls. A
ball is drawn from bag A without seeing its colour and is put into the bag B. Then a ball is

drawn from bag B at random. What is the probability that the ball drawn is blue in colour.
Ans:
A:Red from A (6R +5B) B: Blue from A (6R +5B)

C: getting Blue ball from bag B after transferring.
P(A)=6/11,P(B)=5/11
Case:1 AnC

6 8 48
P(ANC)=P(A).P(C/A) =ﬁ.a=15—4
Case:1I BNC
59 45
1114 154

Reqd. Probability=—> + 2> — 93

154 154 154

P(BNC)=P(B).P(C/B) =

CASE STUDY BASED QUESTIONS
1 A doctor is to visit a patient. From the past experience, it is known that the probabilities that
he will come by cab, metro, bike or by other means of transport are respectively 3/10, 1/5,
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1/10 and 2/5. The probabilities that he will be late are 1/4, 1/3, 1/12 and 1/10 if he comes by
cab, metro, bike and other means of transport respectively.

(a) What is the probability that the doctor arrived late?
(b) When the doctor arrives late, what is the probability that he comes by metro?

(a) A:Cab B: Metro C: Bike D: other
E: Late arrival
Ans:P(E)=P(A).P(E/A)+P(B).P(E/B)+P(C).P(E/C)+P(D).P(E/D)
31 11 11 21 114
= —t——t——t = —=—
104 53 1012 510 600
P(B).P(E/B 1/1
(b) P(B/E) = (B)PE/B) = /15 =40/114=20/57
P(E) 114/600
The Venn diagram below represents the probabilities of three different types of Yoga A, B
and C performed by the people of a society. Further, it is given that the probability of a

2 member performing type C yoga is 0.44.

&S

0-11

S

(i) Find the value of x. (ii) Find the value of'y (iii) (a) Find P(C/B) (OR)
(b) Find the probability that a randomly selected person of the society does
Yoga type A or B but not C.
Ans: (1) x=0.44-0.21=0.23 (i1)) y=1-0.96=0.04
P(C~B) 0.23 23

(i) P(C/B) = PB) 036 36 (OR)
P(A OR B notC) =0.32+0.09+y =0.41+0.04 =0.45

Two cards are drawn from a well shuffled pack of 52 cards without replacement.

(a) What is the probability that one is a red queen and the other is a king of black

colour
(b) one shows a prime number (from 2 to 10) and other is a face card(other than Ace)

Ans:
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(a) A =Redqueenin 1st attempt B=Black King in 2nd Attempt C=Black King in 1st Attempt
D=Redqueenin 2nd attempt

Reqd Prob=P(ANB}+P(CAD) =—.—+ = = ==
52'51 52°51 66

(b) A =Prime Number in 1st attempt
B=face card in 2nd Attempt C=Face card in 1st Attempt D=Prime Number in 2nd attempt
16 12 12 16 32

Reqd Prob=P(ANB*+P(CND) =—.—+ —.—=—
52 51 5251 221

22 22 12
3

A certain team wins with probability 0.7, loses with probability 0.2 and ties with probability
0.1, the team plays three games.

(a) Find the probability that the team wins two games and one loss.

(b) Find the probability that the team wins two games without any loss.

Ans:

Let W, L and T ,1=1,2,3 denote respectively the events that the team

wins, loss, and ties the i" game.

(a) P(2winsandl loss) =P(W "W, "L )+P(W "L, "W,)+P(L, "W, "W))
=3x0.7x0.7x0.2 = 0.294

(b) 02 Wins and no loss means 02 wins with1 tie.

Similarly, we have

Reqd prob =3x0.7x0.7x0.1=0.147

An electric system has open-closed switches A,B and C as shown below. The switches
operate independently of one another and the current will flow from P to Q either if A is

closed or B and C are closed. If P(A)=P(B)=P(C)=1/2.
A

N4

LY
N

O

(a) Find the probability that the circuit will work.
(b) Find the probability that the circuit fails.
Ans:
(a)Reqd Prob =P(AU(BNC))=P(A)+P(BNC)—P(ANBNC)
= P(A) + P(B)P(C) —P(A)P(B)P(C) =5/8
(b)P(Circuit fails) =1—-5/8 =3/8

LONG ANSWER TYPE QUESTIONS
In answering a question on a multiple choice test, a student either knows the answer or
guesses. Let 3/5 is the probability that he knows the answer and 2/5 be the probability that
he guesses. Assuming that a student who guesses at the answer will be correct with
probability 1/3. What is the probability that the student knows the answer, given that he
answered it correctly?
Ans: A: Knows the answer B: Guesses the answer E: Answered Correctly
P(A)=3/5, P(B)=2/5 P(E/A)=1, P(E/B)=1/3
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By Bayes theorem,

3
P(A/E)= P(A)P(E/A) st 3
P(A)P(E/A)+P(B)P(E/B) 3,21 11
5 53

Three bags contains a number of red and white balls as follow:
Bag-1 contains 3 red balls, bag-2 contains 2 red and 1 white ball, bag-3 contains 3 white
balls. The probability that bag -I will be chosen and a ball is selected from it is 1/6, 1=1,2,3.
(a) What is the probability that a red ball will be selected
(b) What is the probability that a white ball will be selected.
Ans:
(a) A,B,C are events selecting bag-1,bag-2,bag-3respectively. D-selecting red colour ball
P(D/A)=1, P(D/B)=2/3, P(D/C)=0
P(D)=P(A).P(D/A) + P(B).P(D/B) + P(C).P(D/C)
“11:22,0-7  (b) P(white balh =1 -~ = 12
6 63 18 18 18
There are three coins. One is a two-headed coin ( having head on both faces), another is a
biased coin that comes up heads 75% of the times and third is also a biased coin that comes
up tails 40% of the times. One of the three coins is chosen at random and tossed, and it
shows heads. What is the probability that it was the two-headed coin?
Ans:
A: two headed B : Biased(75%H) coin C: biased (40%T)
P(A) =P(B) =P(C)=1/3 H: getting H
P(H/A)=1,P(H/B)=75/100 , P(H/C) =60 /100
PA /H) = P(A)P(H/ A) _ 100
P(A)P(H/A)+P(B).P(H/B)+P(C)P(H/C) 235
A man is known to speak truth 3 out of 4 times. He throws a die and reports that it is a six.
Find the probability that it is actually a six.
Ans:
A =6 appears, B = non six appears
P(A)=1/6,P(B)=5/6 C:Reporting 6
P(C/A)=3/4, P(C/B)=1/4 ;P(C)=P(A)P(C/A)+P(B).P(C/B)

13 51_8
“64 64 24
13
P(A/C) = P(A).P(C/A) _64_3
P(A)P(C/A)+P(B)P(C/B) 8 8
24

Assume that the chances of a patient having a heart attack are 40%. It is also assumed
that meditation and yoga course reduces the risk of heart attack by 30% and prescription
of certain drug reduces its chances by 25%. At a time a patient can choose any one of
the two options with equal probabilities. It is given that after going through one of the
two options and patient selected at random suffers a heart attack. Find the probability
that the patient followed a course of meditation and yoga.

Ans;
A- Meditation&Yoga B —takes drug C -Suffers heart Attack
70 40 75 40
P(A)=P(B)== P(C/A =——.—
() =P(E) (/)100100 (/)100100
170 40
P(A/C) = 2100100 _14

170 40 1 75 40 29

2°100°100 2100 100
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6. Bhavani is going to pay a game of chess against one of four opponents in an inter-college sports
competition. Each opponent is equally likely to be paired against her. The table below shows the
chances of Bhavani losing, where paired against each opponent.

OPPONENT | BHAVANI’S CHANCE OF

LOSSING
OPP-1 12%
OPP-2 60%
OPP-3 X%
OPP-4 84%

If the probability that Bhavani losses the game that day is 2. find the probability for Bhavani to be
losing when paired against opponent 3.
Sol A,B,C,D be events, respectively Bhavani game with Opp-1,2,3,4 . E be the vent Bhavani Loses the
game.
Given P(E)=1/2
P(A)=P(B)=P(C)=P(D)=1/4.
P(E/A)=12/100, P(E/B)=60/100, P(E/C)=x/100,P(E/D)=84/100
P(A)=1/2
1/2=P(A).P(E/A)+P(B).P(E/B)++P(C).P(E/C)+P(D).P(E/D)
12+ 60+ X +84

1/2= . X =44 p(E/C)=44%
400 P(E/C) °

7. Three persons A , B, C apply for a job a manager in a company. Chances of their selection are in the
ratio 1:2:3. The probability that A,B and C can introduce chances to increase the profits of a company
are 0.8,0.5 and 0.3 respectively. If increase in the profit does not take place, find the probability that it
is due to the appointment of A.

P(A)=1/7, P(B)=2/7, P(C)=4/7
E-not increase the profits
P(E/A)=0.2, P(E/B)=0.5, P(E/C)=0.7
P(E/A) = P(A).P(E/A) _ 2/70 _
=P(A).P(E/A)+P(B).P(E/B)++P(C).P(E/C) 40/70
8. There are two bags I and II, Bag I contains 3 red and 5 black balls and Bag II contains 4 red and 3 black
balls. One ball is transferred randomly from Bag I to bag I and then a ball is drawn randomly from bag
II. If the ball so drawn is found to be black in colour then find the probability that the transferred ball is
also black.
A-transferred ball is Red B-transferred ball is black
C: ball from bag II after transferred , is black.
P(A)=3/8, P(B)= 5/8
P(C/A)=3/8 P(C/B)=4/8

5 4
B P(B).P(C/B) 8’8 20
P(B/C) = P(4).P(C/A)+P(B).P(C/B) 335 4729
88788

9. For a die, the probabilities of outcomes are given as under.
P(1)=P(2)=2/10, P(3)=P(5)=P(6)=1/10, P(4)=3/10 The die is thrown two times. Let A and B be the
events as defined below.
A= getting same number each time B= getting a total score of 10 or more.
Determine whether or not A and B are independent events.
Sol:
P(A)=P(1).P(1)+P(2).P(2)+ P(3).P(3)+P(4).P(4)+ P(5).P(5)+P(6).P(6)
=2/10.2/10+2/10.2/10+1/10.1/10+3/10.3/10+1/10.1/10+1/10.1/10=1/5
P(B) =P(4).(6)+P(5).P(5)+P(6).P(4)+P(5).P(6)+P(6).P(5)+P(6).P(6)=1/10
P(A and B)=P(5).P(5)+P(6).P(6)=1/50
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Here P(A and B)=P(A).P(B), hence A and B are independent events.

10. A and B are two candidate seeking admission in a college. The probability that A is selected is 0.7
and the probability that exactly one of them is selected is 0.6. Find the probability that B is selected.
Sol: E and F be the events that candidate A is selected, B is selected respectively.
P(E)=0.7, P[(ENF)U(ENF)]=0.6
P(E)+P(F) - 2P(E ~F) = 0.6 P(E)+P(F) - 2.P(E).P(F) = 0.6
0.7+P(F)-1.4xP(F) =0.6 P(F)=1/4

HIGHER ORDER THINKING SKILLS -QUESTIONS
1. A bag contains m white and n black balls. A ball is drawn at random and is put back into the bag
along with k balls of same colour as that of the ball drawn. A ball is again drawn at random. Show that

the probability of drawing a white ball now does not depend on k.
Sol:

A=First ball drawn in white

B=First ball drawn in black.

P(A)=—"—, P(B)=—"
m+n m-+n

Event : C — White ball after adding k balls

Case -1
If the first ball drawn is white,then k white balls are to be added along with drawn ball.
Then, probability of getting white ball now is m+K = P(C/A)
+
Case -1II
If the first ball drawn is black ,then k black balls are to be added along with drawn ball.
Then, probability of getting white ball now is m = P(C/B)
+
P(c) = P(A)P(C/A) +PB)P(C/B) =1 x_M*k . n , m _ m m+k+n) m
m+n m+n+k m+n m+n+k m+n{m+k+n| m+n

which is independent of k.

2. A bag contains (2n+1) coins. It is known that n of these coins have a head on both sides, whereas the
rest of the coins are fair. A coin is picked at random and is tossed. If the probability that the toss results
in a head is 31/42, determine the value of n.

Sol: A: coin is fair B: A coin is two headed.

C: Tossed coin results in a head.

P(A) = n+l P(B) = n

2n+1’ 2n+1’
P(C)=P(A).P(C/A)+P(B).P(C/B)
_n+ 1 1 N n

2n+1 2 2n+1

1 2
P(C/A)=—,P(C/B)===1
(C/A) ==, P(C/B) =~

_ 3n+1

- 2(2n+1)

By qn,ﬂ = E, on solving;
2(2n+1) 42

weget n=10.

3. A bag contains 3 red and n black balls and another bag II contains 5 red and 12 black balls. A ball is
drawn at random from bag I and transferred to bag II. If the probability of drawing a red ball from bag
I, after transfer, is 1/3, then find the value of n.

Sol:

A- ball transferred from bag I to bag II is red.

B- ball transferred from bag I to bag II is black.

C:drawing a red ball from bag I after transferring a ball to bag 11
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P(A)=i,1’(B)= 1 P(C/A):L,P(C/B)zi
n+3 n+3 n+2 n+2
P(C)=P(A)P(C/A)+P(B)P(C/B) 1= 2 , n 0

3 n+3 n+2 n+3 n+3

on solving, we get n =6

4. Let p,q.r be the three mutually exclusive diseases. Let S be the set of observable symptoms of these
diseases. A doctor has the following information from a random sample of 5000 patients, 1800 had
disease p, 1200 patients with disease q, and others had disease r. 1500 patients with disease p, 1200
patients with disease q and 900 patients disease r showed the symptom. Which of the diseases is the
patient most likely to have?

Sol:

A, B, C denote events that the patient has disease p, g, r respectively.

P(A)=1800, P(B) = 2100’ P(C) = 1100
5000 5000 5000

D is the event showed the symptom S
P(DNA) _ 1500/5000 _15/18:P(D/B)= P(DNB) _ 1200/5000 _
P(A) 1800/5000 P(B) 2100/5000

P(DNC)  900/5000
P(C)  1100/5000

P(D/A) is the largest so, p is the most likely disease.

5. If a machine is correctly set up it produces 90% acceptable items. If it is incorrectly set up it
produces  only 40% acceptable items. Past experience shows that 80% of the setups are correctly
done. If after a certain set up, the machine produces 2 acceptable items, find the probability that the
machine is  correctly set up.

Sol:  A: Correct setup, B: incorrect set up

C: Machine produces 2 acceptable items.

P(A)=0.8, P(B)=0.2

P(C/A)=0.9x0.9, P(C/B)=0.4x0.4

P(A/C)= P(A).P(C/A) 0.8x0.9x0.9 _ﬂ

" P(A).P(C/A)+P(B)P(C/B) 0.8x0.9x0.9+02x04x04 85

12/21

P(D/A)=

9/11

P(D/C)=
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EXERCISES

https://drive.google.com/file/d/1bnBPshKp9kzinQnEbvD7p0LIK
N1BnX-U/view?usp=sharing

SAMPLE PAPERS(2026 — 27)

https://drive.google.com/file/d/1-XXsSEsshca0020aSnDrC1N _9i-
nMABj/view?usp=sharing

INTERACTIVE WORKSHEETS

https://drive.google.com/drive/folders/110x10j6vzA4entvkFFXyr 4ZbJ-
i50GY?usp=sharing

KVS ZIET MYSURU: CLASS 12 MATHEMATICS(2026-27) 153 | Page



https://drive.google.com/file/d/1bnBPshKp9kzlnQnEbvD7p0L9KN1BnX-U/view?usp=sharing
https://drive.google.com/file/d/1bnBPshKp9kzlnQnEbvD7p0L9KN1BnX-U/view?usp=sharing
https://drive.google.com/file/d/1-XXsSEsshcaoo2OaSnDrC1N_9i-nMABj/view?usp=sharing
https://drive.google.com/file/d/1-XXsSEsshcaoo2OaSnDrC1N_9i-nMABj/view?usp=sharing
https://drive.google.com/drive/folders/1l0xlOj6yzA4enfvkFFXyr_4ZbJ-i5oGY?usp=sharing
https://drive.google.com/drive/folders/1l0xlOj6yzA4enfvkFFXyr_4ZbJ-i5oGY?usp=sharing

USEFUL LINKS

CLASS 12 MATHEMATICS CURRICULUM 2026 — 27
https://cbseacademic.nic.in/web material/CurriculumMain27/SecPart2/Maths Sec
P2 2026-27.pdf

CBSE QUESTION PAPERS 2026

https://www.cbse.gov.in/cbsenew/question-paper.html

MARKING SCHEME 2026

https://www.cbse.gov.in/cbsenew/marking-scheme.html

NCERT TEXT BOOKCLASS XII MATHEMATICS PART -1
https://ncert.nic.in/textbook.php?lemh1=0-6

NCERT TEXT BOOKCLASS XII MATHEMATICS PART - 11
https://ncert.nic.in/textbook.php?lemh2=0-7

LABORATORY MANUAL — CLASS XII MATHEMATICS
https://ncert.nic.in/science-laboratoryv-manual.php?In=en

GEOGEBRA SOFTWARE DEMONSTRATION
https://www.youtube.com/watch?v=0 NN6TvPHpS8

VIRTUAL LABS FOR MATHEMATICS
https://www.youtube.com/watch?v=bQEgiOJeCVU

LISTENING TO LEARN: SNIPPETS FROM ANCIENT INDIAN
MATHEMATICS
https://www.youtube.com/watch?v=4q2llxXV4-1

CLASS XII MATHEMATICS — VIDEO LESSONS BY NCERT
https://www.youtube.com/@NCERTOFFICIAL /search?query=MATHEMATICS
%20class %2012

MATHEMATICS LAB ACTIVITIES
https://www.voutube.com/@NCERTOFFICIAL/search?query=class%2012%20mat
hs%?20lab%20activities
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  { A l l   t h e   s t u d e n t s   i n   a   c e r t a i n   m a t h e m a t i c s   c l a s s }


  R = { ( x , y ) :   x   a n d   y   h a v e   t h e   s a m e   m a t h e m a t i c s   t e a c h e r }


  A = { x ∊ Z :   0   ≤   x   ≤   12   }
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  f ( x ) = 3 x − 5


  f : X → X
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  5   P 2
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  W h e n   x = 3 ,   f ( 3 ) = 2 . 3 = 6 , W h e n   x = 4 ,   f ( 4 ) = 2 . 4 = 8


   { 2 , 4 , 6 , 8 }
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  ⇒   1 + y   =   3   a n d = >       y   − x     =   2
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  f ( x ) =   2   t a n x  1 −   t a n 2 x .
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  f  ( x ) = t a n 2 x


  t a n   x ∈ ( − ∞ , ∞ )


  t a n 2 x ∈  ( − ∞ , ∞ )


   ( − ∞ , ∞ ) .
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  ∴  


   { ( a , b ) ; a − b +  2   i s   a n   i r r a t i o n a l   n u m b e r }


    ∈ S


  a − a +  2   =  2   i s   a n   i r r a t i o n a l   n u m b e r .


  ∈ S ,  


  ∈ S


   2   i s   a n   i r r a t i o n a l   n u m b e r


   2   m a y   n o t   b e   a n   i r r a t i o n a l   n u m b e r


   2   , 1 ) ∈ S   ⇒  2 −


   2     = 2  2   − 1   i s   a n   i r r a t i o n a l   n u m b e r .


   2   ) ∉   S   a s   1 −  2   +  2   = 1   i s   n o t   a n   i r r a t i o n a l   n u m b e r .


  ∈ S


  ∉   𝑺 .  


    ∈ S


   2   i s   a n   i r r a t i o n a l   n u m b e r


    ∈ S


   2


   2


   3   ) ∈   S   a s   1 −  3   +  2   i s   a n   i r r a t i o n a l   n u m b e r .


   3


   2   ) ∈   S   a s    3 −  2   +  2   =  3   i s   a n   i r r a t i o n a l   n u m b e r


   2   ) ∉   S   a s   1 −  2   +  2   = 1   i s   n o t   a n   i r r a t i o n a l   n u m b e r .


  ∉   S .   S o   S   i s   n o t   a   t r a n s i t i v e   r e l a t i o n .


  2 x   +   y = 41 ,   x , y ∈   N .


  ∈ N , y ∈ N , 2 x + y = 41 }


   { 1 , 2 , 3 , . . . . , 20 }


  R =  { ( 1 , 39 ) , ( 2 , 37 ) , ( 3 , 35 ) . . . . . . . , ( 19 , 3 ) , ( 20 , 1 ) }


   { 1 , 3 , 5 , . . . . . , 39 }


  ∉


  × 2 + 2 ≠ 41


  ∈ R   b u t   ( 39 , 1 )   ∉ R


  ∈ R ,  ( 19 , 3 ) ∈ R b u t  ( 11 , 3 ) ∉ R .


  f ( x ) = a x + b ,


  a + b = 1


  f ( 2 ) = 3


  2 a + b = 3


  f ( x )   =   2 x − 1


    x 1 ,   x 2 ∈ R   s u c h   t h a t     x 1 ≠   x 2


  2     x 1 ≠   2 x 2


  2   x 1 − 1 ≠ 2   x 2 − 1


  f (     x 1 ) ≠ f (   x 2 )


  ∈ R


      y + 1 2


  ∈ R


  ∃   x   =     y + 1 2 ∈ R  


  f ( x ) = f  (   y + 1 2 )


  2  (   y + 1 2 ) − 1 = y


  → R     d e f i n e d   b y   f  ( x ) =   x    x 2 + 1 , ∀ x ∈ R   i s   n e i t h e r   o n e − o n e   n o r   o n t o .


    x 1 ,   x 2 ∈ R   s u c h   t h a t   f (     x 1 ) = f (   x 2 )  


      x 1    x 1 2 + 1 =       x 2    x 2 2 + 1


    x 1  (   x 2 2 + 1 )


    x 2  (   x 1 2 + 1 )


        x 1   x 2 2 +   x 1   =


    x 2   x 1 2   +   x 2  


        x 1   x 2 2   −


    x 2   x 1 2     =


    x 2 −     x 1


    x 1   x 2  (   x 2   −   x 1 ) =   x 2 −     x 1


    x 1   x 2  (   x 2   −   x 1 ) − (   x 2 −     x 1 ) = 0


  = > (   x 2 −     x 1 ) (   x 1   x 2 − 1 ) = 0


  = >   x 2 −   x 1 = 0           o r     (   x 1   x 2 − 1 ) = 0


  = >   x 2 −   x 1 = 0           o r     (   x 1   x 2 − 1 ) = 0


  = >   x 2 =   x 1


    x 1   x 2 = 1


  f  (   x 1 ) = f  (   x 2 )


    x 1 =   x 2         o r       x 1 =  1    x 2  


    x    x 2 + 1 = k


                  x = k  (   x 2 + 1 )


                k   x 2 + k = x


  k   x 2 − x + k = 0


  x =   1 ±  1 − 4   k 2  2 k ∉   R ,   i f   1 − 4   k 2 < 0


  x =   1 ±  1 − 4   k 2  2 k ∉   R ,   i f   1 − 4   k 2 < 0


  o r   i f    ( 1 − 2 k )  ( 1 + 2 k ) < 0


  o r   i f    ( 1 − 2 k )  ( 1 + 2 k ) < 0


  >  1 2   o r   k   <     − 1 2


   { 1 , 2 , 3 , 4 , 5 }   i s   d e f i n e d   a s   R =    { ( x , y ) : |   x 2 −   y 2 | < 8 } .


   { 1 , 2 , 3 , 4 , 5 }   a n d   R =    { ( x , y ) : |   x 2 −   y 2 | < 8 }


  ∈ A


    x 2 −   x 2 = 0   < 8


  ,   y ∈ A


   |   x 2 −   y 2 | < 8


  | −   y 2 +   x 2 | <


  | −   ( y 2 −   x 2 ) | < 8


  |   ( y 2 −   x 2 ) | < 8


  |   ( y 2 −   x 2 ) | < 8


  |  2 2 −  3 2 | = | 4 − 9 | = 5 < 8


  |  3 2 −  4 2 | = | 9 − 16 | = 7 < 8


   |  2 2 −  4 2 | =  | 4 − 16 | =  | − 12 | = 12 > 8


  f ( x ) =  1  2 − c o s x


  f ( x ) =  1  2 − c o s x


  y =  1  2 − c o s x


  2 y − y c o s x = 1


    2 y − 1  y


        1  y


  ≤ c o s   x   ≤ 1


  − 1 ≤ 2   −    1  y   ≤ 1


  − 1 − 2 ≤ 2   −    1  y − 2   ≤ 1 − 2


  − 3 ≤ −    1  y   ≤ − 1


  1 ≤    1  y   ≤ 3


   1 3 ≤ y     ≤ 1


   [  1 3 ,   1 ]


  ∞ , 0 ) →   ( − 1 , 0 )   d e f i n e d   b y   f ( x ) =   x  1 +  | x |   ,  


  x ∊   ( − ∞ , 0 )   i s   o n e − o n e   a n d   o n t o .


    f ( x ) =   x  1 +  | x |   ,   x ∊   ( − ∞ , 0 )


  x ∊   ( − ∞ , 0 ) ,   | x | = − x


  f ( x ) =   x  1 − x


    x 1 ,     x 2 ∊   ( − ∞ , 0 )  


                        N o w                     f (   x 1 ) = f (     x 2 )


      x 1  1   −     x 1   =     x 2  1   −     x 2


    x 1 ( 1   −     x 2 ) =   x 2 ( 1   −     x 1 )  


    x 1   −     x 1   x 2   =     x 2   −     x 2   x 1


    x 1   =     x 2


    x  1 +  | x |


  y =   x  1   −   x S i n c e x ∊  ( − ∞ , 0 )


        = > y ( 1   −   x )   =   x


  y   −   y x   =   x


  x   =     y  1   +   y


  y   =   x   +   y x


  Y =   x ( 1 + y )


  Y =   x ( 1 + y )


  F o r   e a c h   y   ∈   ( − 1 ,   0 )   t h e r e   e x i s t s   x   ∈    ( − ∞ , 0 )   s u c h   t h a t


  f ( x )   =   f    (   y  1   +   y )   =       y  1   +   y  1   −     y  1   +   y   =   y


  f ( x )   =   f    (   y  1   +   y )   =       y  1   +   y  1   −     y  1   +   y   =   y


   {  ( a , b ) : 2   d i v i d e s    ( a + b ) }   i s   a n   e q u i v a l e n c e   r e l a t i o n .


  A l s o   d e t e r m i n e   [ 3 ]


        a + a = 2 a


  ⇒ ( a , a ) 𝜖 R , ∀ a ∈ Z


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


  ⇒


   [ 3 ] =  { x : x   i s   a n   o d d   i n t e g e r }


   [ 3 ] =  { . . . . . − 1 , 1 , 3 , 5 , 7 , . . . . . }


  ×


  a d ( b   +   c ) = b   c ( a   +   d )


  a = a   + b   a n d   a b = b a   ∀ a , b ∊ N .


  a b ( b + a ) = b a ( a + b )       ∀ a , b ∊ N


  = > ( a , b ) R ( a , b )


  = > ( a , b ) R ( a , b )


  ( a , b ) ,   ( c , d )   ∊   N × N   s u c h   t h a t     ( a , b ) R   ( c , d )


  = >   a d ( b + c )   =   b c ( a + d ) .


  


  


  


  ∈


  ⇒


      b + c  b c =   a + d  a d


        d + e  d e =   c + f  c f


     1  c +  1  b =  1  d +  1  a                     . . . . . . . ( 1 )


   1  e +  1  d =  1  f +  1  c


  A d d i n g   ( 1 )   a n d   ( 2 )  


   1  c +  1  b +        1  e +  1  d   =          1  d +  1  a +  1  f +  1  c      


   1  b +        1  e   =          1  a +  1  f      


    e + b  b e =   f + a  a f


    A 0


    A 1


    A 2


    A 3


    A 4


    A 0 ∪   A 1 ∪   A 2 ∪   A 3 ∪   A 4   =     ⋃  i = 0 4    A  i =   N


  → R   d e f i n e d   a s   f ( x ) =   x 2 + x + 1   i s   n e i t h e r   o n e − o n e   n o r   o n t o .   A l s o   f i n d   a l l   t h e   v a l u e s   o f   x   f o r   w h i c h   f ( x ) = 3 .


  → R   d e f i n e d   a s   f ( x ) =   x 2 + x + 1


    x 1 ,   x 2 ∈ R   s u c h   t h a t   f (     x 1 ) = f (   x 2 )


        x 1 2 +   x 1 + 1 =   x 2 2 +   x 2 + 1


    (     x 1 2 −   x 2 2 ) +   ( x 1 −   x 2 ) = 0


    ( x 1 −   x 2 )     ( x 1 +   x 2 )   +   ( x 1 −   x 2 ) = 0


    ( x 1 −   x 2 )     ( x 1 +   x 2 )   +   ( x 1 −   x 2 ) = 0


    ( x 1 −   x 2 )   ( x 1 +   x 2 + 1 ) = 0


    ( x 1 −   x 2 )   ( x 1 +   x 2 + 1 ) = 0


    ( x 1 −   x 2 ) = 0     o r     ( x 1 +   x 2 + 1 ) = 0


    ( x 1 −   x 2 ) = 0     o r     ( x 1 +   x 2 + 1 ) = 0


    x 1 =   x 2   o r     x 1 = − (   x 2 + 1 )


    x 1 =   x 2   o r     x 1 = − (   x 2 + 1 )


    x 2 + x + 1


    x 2 + x + 1 − y = 0


  ∈ R ,   d i s c r i m i n a n t   D ≥   0


   1 2 − 4 × 1 × ( 1 − y ) ≥ 0


  ≥ 0


  ≥ 0


  ≥ 3


  ≥  3 4


  ∈ [  3 4 , ∞ )


  [  3 4 , ∞ )   ≠   C o − d o m a i n   o f   f   i . e . ,   R


  ⇒   x 2 + x + 1 = 3


  ⇒     x 2 + x −   2 = 0


  ⇒     x 2 + x −   2 = 0


  ⇒     x 2 + 2 x − x −   2 = 0


  ⇒     x 2 + 2 x − x −   2 = 0


  ⇒   x ( x + 2 )   −   ( x +   2 ) = 0


  ⇒   x ( x + 2 )   −   ( x +   2 ) = 0


  ⇒  ( x + 2 )  ( x − 1 ) = 0


  ⇒  ( x + 2 )  ( x − 1 ) = 0


  ⇒   x = 1 , − 2


  ⇒   x = 1 , − 2


  f  ( x ) =  {    x − 1 ,     i f   x   i s   o d d   x + 1 ,                   i f   x   i s   e v e n


  f  ( x ) =  {    x − 1 ,     i f   x   i s   o d d   x + 1 ,                   i f   x   i s   e v e n


   { (   l 1 ,     l 2 ) :     l 1 i s   p a r a l l e l   t o     l 2 }


   { (   l 1 ,     l 2 ) :     l 1 i s   p e r p e n d i c u l a r   t o     l 2 }


    l 1 ,     l 2 ) ∈ R


    l 1 ‖     l 2


    l 2 ‖     l 1


  (   l 2 ,     l 1 )   ∈ R


    l 1 ,     l 2 ) ∈ R


    l 1 ‖     l 2


    l 2 ,     l 3 ) ∈ R


    l 2 ‖     l 3


    l 1 ‖     l 2   a n d     l 2 ‖     l 3 ,     l 1 ‖     l 3


    l 1 ,     l 3 ) ∈ R


   { l   :   l   i s   a   l i n e   o f   t y p e   y   = 3 x   + c ,   c ∈ R }


    l 1 ,     l 2 ) ∈ S


    l 1 ⊥   l 2 ⇒   l 2 ⊥   l 1 ⇒  (   l 2 ,   l 1 ) ∈ S


    l 1 ,     l 2 ) ∈ S


    l 1 ⊥   l 2


    l 2 ,     l 3 ) ∈ S


    l 2 ⊥   l 3


    l 1 ⊥   l 2     a n d     l 2 ⊥   l 3     ⇒   l 1 ‖     l 3


    l 1 ,     l 3 )   i s   n o t   a n   e l e m e n t   o f   S .


     sin  − 1 ⁡  x


   [ − 1 , 1 ]


   [ −   𝜋 2 ,     𝜋 2 ]


     cos  − 1 ⁡  x


   [ − 1 , 1 ]


   [ 0 ,   𝜋 ]


     tan  − 1 ⁡  x


   ( −   𝜋 2 ,     𝜋 2 )


     cosec  − 1 ⁡  x


  R −  ( − 1 , 1 )


   [ −   𝜋 2 ,     𝜋 2 ] − 0


     sec  − 1 ⁡  x


  R −  ( − 1 , 1 )


   [ 0 ,   𝜋 ] −  {   𝜋 2 }


     cot  − 1 ⁡  x


   ( 0 ,   𝜋 )


     sin  − 1 ⁡   ( − x ) = −    sin  − 1 ⁡  x , x ∈  [ − 1 , 1 ]


  


  


  


  


  


  


  


  


 


  


  


  


  


  


  


  


  


  2    tan  − 1 ⁡  x =    tan  − 1 ⁡   (   2 x  1 −   x 2 )


  2    tan  − 1 ⁡  x =    tan  − 1 ⁡   (   2 x  1 −   x 2 )


  3    sin  − 1 ⁡  x =    sin  − 1 ⁡   ( 3 x − 4   x 3 )  


  3    sin  − 1 ⁡  x =    sin  − 1 ⁡   ( 3 x − 4   x 3 )  


  3    cos  − 1 ⁡  x =    cos  − 1 ⁡   ( 4   x 3 − 3 x )


  3    cos  − 1 ⁡  x =    cos  − 1 ⁡   ( 4   x 3 − 3 x )


  3    tan  − 1 ⁡  x =    tan  − 1 ⁡   (   3 x −   x 3  1 − 3   x 2 )


  3    tan  − 1 ⁡  x =    tan  − 1 ⁡   (   3 x −   x 3  1 − 3   x 2 )


     cot  − 1 ⁡  : R →  ( 0 , 𝜋 )


  c o s e   c  − 1 : R −  [ − 1 , 1 ] →  [ −   𝜋 2 ,   𝜋 2 ]


         tan  − 1 ⁡  x = 3 y


  −   𝜋 2 < y <   𝜋 2


  −   3 𝜋 2 ≤ y ≤   3 𝜋 2


  −   𝜋 6 < y <   𝜋 6


  −   𝜋 6 ≤ y ≤   𝜋 6


  −   𝜋 2 <    tan  − 1 ⁡  x <   𝜋 2


  −   𝜋 2 < 3 y <   𝜋 2


  −   𝜋 6 < y <   𝜋 6


       sin  − 1 ⁡  x + 𝜋 = y


  −   𝜋 2 ≤ y ≤   𝜋 2


  −   3 𝜋 2 ≤ y ≤   3 𝜋 2


    𝜋 2 ≤ y ≤   3 𝜋 2


  0 ≤ y ≤ 𝜋


  −   𝜋 2 ≤    sin  − 1 ⁡  x ≤   𝜋 2


  −   𝜋 2 + 𝜋 ≤    sin  − 1 ⁡  x + 𝜋 ≤   𝜋 2 + 𝜋


    𝜋 2 ≤    sin  − 1 ⁡  x + 𝜋 ≤   3 𝜋 2


    𝜋 2 ≤  y ⁡  ≤   3 𝜋 2


  f  ( x ) =    cos  − 1 ⁡   ( 2 x − 5 )


  [ − 1 ,   1 ]


  [ 4 ,   6 ]


  [ − 7 ,   − 3 ]


  [ 2 ,   3 ]


     cos  − 1 ⁡  x     i s      [ − 1 ,   1 ]


  − 1 ≤ x ≤ 1


  d o m a i n   f o r      cos  − 1 ⁡   ( 2 x − 5 )


  − 1 ≤ 2 x − 5 ≤ 1  


  4 ≤ 2 x ≤ 6


  2 ≤ x ≤ 3


     sec  − 1 ⁡   (  2 ) + 2 c o s e   c  − 1  ( −  2 )  


  −   𝜋 2


  −   𝜋 4


    𝜋 4


    𝜋 2


  𝒔 e   c  − 1  (  2 ) =   𝜋 4


  2 c o s e   c  − 1  ( −  2 ) = 2 .  [ − c o s e   c  − 1  2 ] = 2  ( −   𝜋 4 ) = −   𝜋 2


     sec  − 1 ⁡   (  2 ) + 2 c o s e   c  − 1  ( −  2 ) =


    𝜋 4 −   𝜋 2 = −   𝜋 4


     sin  − 1 ⁡   (  sin ⁡   (   3 𝜋 5 ) )


     tan  − 1 ⁡ : R →  ( −   𝜋 2 ,   𝜋 2 )


     sec  − 1 ⁡ : R −  ( − 1 , 1 ) →  [ 0 ,   𝜋 ] −  {   𝜋 2 }


        2    cos  − 1 ⁡  x = y


  0 ≤ y ≤ 𝜋


  − 𝜋 ≤ y ≤ 𝜋


  0 ≤ y ≤ 2 𝜋


  − 𝜋 ≤ y ≤ 0


  0 ≤    cos  − 1 ⁡  x ≤ 𝜋


  0 ≤ 2    cos  − 1 ⁡  x ≤ 2 𝜋


  0 ≤ y ≤ 2 𝜋


    3 𝜋 5


    2 𝜋 5


  −   2 𝜋 5


    𝜋 5


     sin  − 1 ⁡   (  sin ⁡   (   3 𝜋 5 ) ) =    sin  − 1 ⁡   (  sin ⁡   ( 𝜋 −   3 𝜋 5 ) )


     sin  − 1 ⁡   (  sin ⁡   (   2 𝜋 5 ) ) =   2 𝜋 5


      t a n  − 1 ⁡   3 −     s e c  − 1 ⁡ ( − 2 )


  −   𝜋 6


  −   𝜋 3


     sec  − 1 ⁡   ( − x ) =   𝜋   −      sec  − 1 ⁡   ( x )  


  t a   n  − 1  (  3 ) − s e   c  − 1  ( − 2 ) =   𝜋 3 −  ( 𝜋 −   𝜋 3 ) = −   𝜋 3


    s i n ⁡   [   𝜋 3 −     s i n  − 1 ⁡   (   − 1 2 ) ]


  − 1


  −    sin  − 1 ⁡  x


      c o s  − 1 ⁡   (   c o s ⁡   (   − 7 𝜋 3 ) )


  c o s  ( − x ) = c o s x


      c o s  − 1 ⁡   (   c o s ⁡   (   − 7 𝜋 3 ) ) =     c o s  − 1 ⁡   (   c o s ⁡   (   7 𝜋 3 ) ) =     c o s  − 1 ⁡   (   c o s ⁡   ( 2 𝜋 +   𝜋 3 ) ) =     c o s  − 1 ⁡   (   c o s ⁡   (   𝜋 3 ) )


      t a n  − 1 ⁡   3 −     c o t  − 1 ⁡ ( −  3 )


    𝜋 2


  −   𝜋 2


  −   𝜋 3


    𝜋 6


     cot  − 1 ⁡   ( −  3 ) = 𝜋 −    cot  − 1 ⁡   (  3 ) = 𝜋 −   𝜋 6 =   5 𝜋 6


  t a   n  − 1    3 −    cot  − 1 ⁡   ( −  3 ) = 𝜋 −   5 𝜋 6 =   −   𝜋 2


  x


      t a n  − 1 ⁡   3 +     c o t  − 1 ⁡  x =   𝜋 2


  x


      s e c  − 1 ⁡ 2 +   c o s ⁡  e   c  − 1 x =   𝜋 2


     𝟑  𝟐


  − 2


  c o s e   c  − 1 x =   𝜋 2 −    sec  − 1 ⁡ 2 =   𝜋 2 −   𝜋 3 =   𝜋 6


  x = c o s e c    (   𝜋 6 ) =  3


      s i n  − 1 ⁡  x = y


  y


      t a n  − 1 ⁡  x = y


   ( a ) y =    cos  − 1 ⁡  x


    y =    sec  − 1 ⁡  x


  ( c ) y =    tan  − 1 ⁡  x


  y = c o s e   c  − 1 x


     cos  − 1 ⁡   (  cos ⁡    7 𝜋 6 )  


    5 𝜋 6


     cos  − 1 ⁡  x


     cos  − 1 ⁡   ( c o s x ) = x   i f   x ∈ [ 0 , 𝜋 ]


     sin  − 1 ⁡   (  sin ⁡    13 𝜋 6 )   i s   𝜋 6


     sin  − 1 ⁡   ( − x ) =   −    sin  − 1 ⁡  x


  f  ( x ) = 2    sin  − 1 ⁡  x +   3 𝜋 2


  x ∈  [ − 1 ,   1 ] ,   i s      [   𝜋 2 ,   5 𝜋 2 ]


     sin  − 1 ⁡  x   i s    [ 0 , 𝜋 ]


  (      cos  − 1 ⁡  x ) 2   i s     𝜋 2


     cos  − 1 ⁡   ( x )   i s      [ −   𝜋 2 ,     𝜋 2 ]


   [    sin  − 1 ⁡  x + 2    cos  − 1 ⁡  x ]     i s      [ 0 ,   𝜋 ]


     sin  − 1 ⁡  x   h a s   r a n g e    [ −   𝜋 2 ,     𝜋 2 ]


      s i n  − 1 ⁡   (   s i n ⁡   (   2 𝜋 3 ) )   +    cos  − 1 ⁡   (   c o s ⁡   (   2 𝜋 3 ) ) .


     sin  − 1 ⁡ (  sin ⁡   (   2 π 3 ) )


     sin  − 1 ⁡ (  sin ⁡   ( π −  π 3 )


     sin  − 1 ⁡   (  sin ⁡   (   𝜋 3 ) ) =   𝜋 3


  V a l u e   o f       c o s  − 1 ⁡   (   c o s ⁡   (   2 𝜋 3 ) ) =   2 𝜋 3


      s i n  − 1 ⁡ (   s i n ⁡   (   2 𝜋 3 ) )   +     c o s  − 1 ⁡ (   c o s ⁡   (   2 𝜋 3 ) ) =   𝜋 3 +   2 𝜋 3 = 𝜋


      t a n  − 1 ⁡   [ 2   c o s ⁡ (     s i n  − 1 ⁡   (  1 2 ) ) ]


      t a n  − 1 ⁡   [ 2   c o s ⁡ (   𝜋 6 ) ]


      t a n  − 1 ⁡   [ 2 ×    3 2 ]


      t a n  − 1 ⁡   3


    𝜋 3


      t a n  − 1 ⁡   [ 2   s i n ⁡   ( 2     c o s  − 1 ⁡   (    3 2 ) ) ]


     tan  − 1 ⁡   [ 2  sin ⁡   ( 2 c o   s  − 1  (    3 2 ) ) ] =    tan  − 1 ⁡   ( 2  sin ⁡   (   2 𝜋 6 ) )


     tan  − 1 ⁡   ( 2 ×    3 2 ) =    tan  − 1 ⁡   (  3 ) =   𝜋 6 .


      x = cot  − 1 ⁡   (  1 5 )


      x = cot  − 1 ⁡   (  1 5 ) ,     then   c o t x =  1 5


  s i n x =  5   26


      s i n  − 1 ⁡   (   − 1 2 )   + 2     c o s  − 1 ⁡   (   −  3 2 )


      t a n  − 1 ⁡   [ 2   c o s ⁡ (     s i n  − 1 ⁡   (  1 2 ) ) ]


  s i   n  − 1  ( −  1 2 ) = − s i   n  − 1  (  1 2 ) = −   𝜋 6


  c   o s  − 1  ( −    3 2 ) = 𝜋 −    cos  − 1 ⁡   (    3 2 ) = 𝜋 −   𝜋 6 =   5 𝜋 6


      s i n  − 1 ⁡   (   − 1 2 )   + 2     c o s  − 1 ⁡   (   −  3 2 ) = −   𝜋 6 + 2 ×   5 𝜋 6 =   3 𝜋 2


   | x | < 1 ,   sin ⁡ (    tan  − 1 ⁡  x ) =   x   1 +   x 2


  t a   n  − 1 x = y ,     t a n y = x


  s i n y =   x   1 +   x 2


  sin ⁡ (    tan  − 1 ⁡  x ) =   x   1 +   x 2


   tan ⁡   (  1 2     s i n  − 1 ⁡   (  3 4 ) ) =   4 −  7 3


  c o s x =    7 4


    t a n ⁡    x 2 =    1 −   c o s ⁡  x  1 +   c o s ⁡  x =    1 −    7 4  1 +    7 4 =    4 −  7  4 +  7 =    4 −  7  4 +  7 ×   4 −  7  4 −  7 =       ( 4 −  7 ) 2 9 =      ( 4 −  7 )  3


   tan ⁡   ( 2     t a n  − 1 ⁡   (  1 5 ) −   𝜋 4 )


      t a n ⁡   ( 2     t a n  − 1 ⁡   1 5 −   𝜋 4 )


    t a n ⁡   ( 2 x −   𝜋 4 ) =     t a n ⁡ 2 x −   t a n ⁡    𝜋 4  1 +   t a n ⁡ 2 x   t a n ⁡    𝜋 4 =   − 7 17


    t a n ⁡ 2 x =   2   t a n ⁡  x  1 −     t a n 2 ⁡  x =   2 ×  1 5  1 −    (  1 5 ) 2 =  5 12


      s i n  − 1 ⁡   (   − 1 2 )   +     c o s  − 1 ⁡   (   − 1 2 ) +     t a n  − 1 ⁡   ( 1 )


      s i n  − 1 ⁡   (   − 1 2 )   = −     s i n  − 1 ⁡   (  1 2 ) = −   𝜋 6


   sin ⁡   ( 2     s i n  − 1 ⁡   (  3 5 ) )   ,   w h e r e   0 ≤ 𝜃 ≤   𝜋 2


     sin  − 1 ⁡   (  3 5 ) = 𝜃


  s i n 𝜃 =  3 5


   sin ⁡   ( 2     s i n  − 1 ⁡   (  3 5 ) ) = s i n 2 𝜃 = 2 s i n 𝜃 c o s 𝜃 = 2 ×  3 5 ×  4 5 =  24 25


     tan  − 1 ⁡   (   c o s 2 x − s i n 2 x  c o s 2 x + s i n 2 x ) ,   w h e r e   0 < x <   𝜋 4


  solution :      tan  − 1 ⁡   (   c o s 2 x − s i n 2 x  c o s 2 x + s i n 2 x ) =    tan  − 1 ⁡   (   c o s 2 x  ( 1 −   s i n 2 x  c o s 2 x )  c o s 2 x  ( 1 +   s i n 2 x  c o s 2 x ) )


  =    tan  − 1 ⁡   (   1 − t a n 2 x  1 + t a n 2 x ) =    tan  − 1 ⁡   (  tan ⁡   (   𝜋 4 − 2 x ) ) =   𝜋 4 − 2 x


     sin  − 1 ⁡   (    1 + c o s 2 x 2 ) ,     0 < x <   𝜋 2 .


     sin  − 1 ⁡   (    1 + c o s 2 x 2 ) =    sin  − 1 ⁡   (        2 cos 2 ⁡  x 2 ) =    sin  − 1 ⁡   ( c o s x ) =   𝜋 2 − x  


     cot  − 1 ⁡   (    1 + c o s 2 x  1 − c o s 2 x ) ,     0 < x <   𝜋 2


     cot  − 1 ⁡   (    1 + c o s 2 x  1 − c o s 2 x ) =    cot  − 1 ⁡   (    2    cos 2 ⁡  x  2    sin 2 ⁡  x   ) =    cot  − 1 ⁡   ( c o t x ) = x


  p  ( x ) =    sin  − 1 ⁡   ( 1 − 2   x 2 ) .


  p  ( x ) =   𝜋 6


  2 p  ( x ) +   𝜋 2 .


     sin  − 1 ⁡  ( x )   i s    [ − 1 ,   1 ] .   i . e − 1 ≤ x ≤ 1


      c o s  − 1 ⁡   (   − 1 2 )   = 𝜋 −     c o s  − 1 ⁡   (  1 2 ) = 𝜋 −   𝜋 3 =   2 𝜋 3


      s i n  − 1 ⁡   (   − 1 2 )   +     c o s  − 1 ⁡   (   − 1 2 ) +     t a n  − 1 ⁡   ( 1 ) =   − 𝜋 6 +   2 𝜋 3 +   𝜋 4 =   3 𝜋 4


     sin  − 1 ⁡   ( 1 − 2   x 2 )


  − 1 ≤ 1 − 2   x 2 ≤ 1


  − 2 ≤ − 2   x 2 ≤ 0


  0 ≤ 2   x 2 ≤ 2


  0 ≤   x 2 ≤ 1


  x ∈ [ − 1 ,   1


     sin  − 1 ⁡   ( 1 − 2   x 2 )   i s   [ − 1 ,   1 ]


  p  ( x ) =   𝜋 6


     sin  − 1 ⁡   ( 1 − 2   x 2 ) =   𝜋 6


  1 − 2   x 2 =    sin  − 1 ⁡   (   𝜋 6 )


  1 − 2   x 2 =  1 2


  2   x 2 =  1 2  


    x 2 =  1 4


  x = ±  1 2


     sin  − 1 ⁡  x   r a n g e   i s    [ −   𝜋 2 ,   𝜋 2 ]


  −   𝜋 2 ≤    sin  − 1 ⁡  x ≤   𝜋 2  


  −   𝜋 2 ≤    sin  − 1 ⁡   ( 1 − 2   x 2 ) ≤   𝜋 2


  − 𝜋 ≤ 2    sin  − 1 ⁡   ( 1 − 2   x 2 ) ≤ 𝜋


  − 𝜋 +   𝜋 2 ≤ 2    sin  − 1 ⁡   ( 1 − 2   x 2 ) +   𝜋 2 ≤ 𝜋 +   𝜋 2


  −   𝜋 2 ≤ 2    sin  − 1 ⁡   ( 1 − 2   x 2 ) +   𝜋 2 ≤   3 𝜋 2


  −   𝜋 2 ≤ p  ( x ) ≤   3 𝜋 2


  p  ( x )   i s    [ −   𝜋 2 ,     3 𝜋 2 ]


     cos  − 1 ⁡  (  cos ⁡   680  o )  


     cos  − 1 ⁡  x


  [ 0 ,   180 ° ] .


  680 °   ∉   [ 0 ,   180 ° ] ,


  680 °   a s   2   ×   360 ° −   40 °


     cos  − 1 ⁡  ( c o s ( 680 ) ° )   =    cos  − 1 ⁡   [ c o s  ( 2   ×   360 °   −   40 ° ) ]    


     cos  − 1 ⁡  ( c o s   40 ° )  


     cos  − 1 ⁡  [ c o s ( 680 ° ) ]   =   40 °


     cos  − 1 ⁡     3 2 +    cos  − 1 ⁡   (   − 1 2 )


     cos  − 1 ⁡     3 2 +    cos  − 1 ⁡   (   − 1 2 ) =    cos  − 1 ⁡     3 2 + 𝜋 −    cos  − 1 ⁡   (  1 2 )


      = cos  − 1 ⁡   (  cos ⁡    𝜋 6 ) + 𝜋 −    cos  − 1 ⁡   (  cos ⁡    𝜋 3 ) =   𝜋 6 + 𝜋 −   𝜋 3 =   5 𝜋 6


     cos  − 1 ⁡   (   1 −  x  1 +  x ) +    cosec  − 1 ⁡   (   1 +  x  1 −  x )


     cos  − 1 ⁡   (   1 −  x  1 +  x ) +    cosec  − 1 ⁡  (   1 +  x  1 −  x )


     cos  − 1 ⁡   (   1 −  x  1 +  x ) +      sin  − 1 ⁡   (   1 −  x  1 +  x )


      𝜋 2


   tan ⁡   ( 2    tan  − 1 ⁡   1 5 )


     tan  − 1 ⁡    1   5


  ⟹  


     1 5


   tan ⁡   ( 2    tan  − 1 ⁡   1 5 ) =  tan ⁡   ( 2 θ )   =   2  tan ⁡ θ  1 −      tan 2 ⁡ θ = ⁡      2 × 1 5  1 −    (  1 5 ) 2 =  5 12


   1 2


     tan  − 1 ⁡   (    cos ⁡  x − s i n x  c o s x + s i n x )


     tan  − 1 ⁡   (    cos ⁡  x − s i n x  c o s x + s i n x )


     tan  − 1 ⁡   (   1 −  tan ⁡  x  1 +  tan ⁡  x )


     tan  − 1 ⁡   ( t a n  (   𝜋 4 − x ) )


    𝜋 4 − x


     tan  − 1 ⁡   ( −  3 )


     tan  − 1 ⁡   ( −  3 )


      − tan  − 1 ⁡  (  3 )


     tan  − 1 ⁡  (  3 )


     tan  − 1 ⁡   (  tan ⁡    𝜋 3 ) ) =  sec ⁡    𝜋 3 = 2


     cos  − 1 ⁡   1  x = 𝜃 , then   write   tan θ   in   terms   of   x


   cos ⁡  𝜃 =    1  x


  ⇒  sec ⁡  𝜃 = x ⇒  tan ⁡  𝜃 =     sec 2 𝜃 − 1  


       x 2 − 1


     tan  − 1 ⁡   (    1 −   x 2  1 + x ) =    1 2  cos  − 1 ⁡  x


       tan  − 1 ⁡   (    1 −   x 2  1 + x )


        tan  − 1 ⁡     1 − x  1 + x


  x =  cos ⁡  𝜃


  𝜃 =    cos  − 1 ⁡  x


     tan  − 1 ⁡   (    1 −  cos ⁡  𝜃  1 +  cos ⁡  𝜃 )


        tan  − 1 ⁡   (    2    sin 2 ⁡    𝜃 2  2     c o s 2 ⁡    𝜃 2 )  


        tan  − 1 ⁡   (  tan ⁡    𝜃 2 )


      𝜃 2  


       1 2  cos  − 1 ⁡  x


     sin  − 1 ⁡   (  3 5 ) −    sin  − 1 ⁡   (  8 17 ) =    cos  − 1 ⁡   (  84 85 )


   (  3 5 )


   (  8 17 )


   3 5


   8 17


  c o s A =  1 −    sin 2 ⁡  A =  1 −    (  3 5 ) 2 =  1 −  9 25 =  4 5


     [ 1   −    sin 2 ⁡  B ]


     1 −  (  8 17 ) 2


   1 −  64 289


    225 289


   15 17


   15 17


  c o s   ( A   −   B )   =    (  4 5 ) ×    (  15 17 )   +    (  3 5 ) ×  (  8 17 )


    60 + 24  17 × 5


   84 85


   (  84 85 )


     sin  − 1 ⁡   (  3 5 ) −    sin  − 1 ⁡   (  8 17 ) =    cos  − 1 ⁡   (  84 85 ) .


     cos  − 1 ⁡   (  1 2 ) + 2    sin  − 1 ⁡   (  1 2 ) .


    𝜋 4


     cos  − 1 ⁡   (  1 2 )


   π 3


     sin  − 1 ⁡   (  1 2 ) i s     𝜋 6 .


  ∴


     cos  − 1 ⁡   (  1 2 ) + 2    sin  − 1 ⁡   (  1 2 )


    𝜋 3 +   2  (   𝜋 6 ) ,


    𝜋 3   +   𝜋 3 =   2 𝜋 3


    x + y  1 − x y =  tan ⁡    𝜋 4


  ⇒ x + y = 1 − x y ⇒ x + y + x y = 1


     cos  − 1 ⁡   (   − 1 2 )


     cos  − 1 ⁡   (   − 1 2 )


   π 4 + 𝜋 −    cos  − 1 ⁡   (  1 2 )


   π 4 + 𝜋 −    cos  − 1 ⁡   (  cos ⁡    𝜋 3 )


    𝜋 4 + 𝜋 −   𝜋 3


      11 𝜋 12


     tan  − 1 ⁡   ( 2  sin ⁡   ( 2    cos  − 1 ⁡     3 2 ) )


     tan  − 1 ⁡   ( 2  sin ⁡   ( 2    cos  − 1 ⁡     3 2 ) )


     tan  − 1 ⁡   ( 2  sin ⁡   ( 2    cos  − 1 ⁡   (  cos ⁡    𝜋 6 ) ) )


     tan  − 1 ⁡   ( 2  sin ⁡   ( 2 ×   𝜋 6 ) )


     tan  − 1 ⁡   ( 2  sin ⁡   (   𝜋 3 ) )


     tan  − 1 ⁡   ( 2 ×    3 2 )


     tan  − 1 ⁡   (  3 )


     tan  − 1 ⁡   (  tan ⁡    𝜋 3 ) =   𝜋 3


     tan  − 1 ⁡  a +    tan  − 1 ⁡  b +    tan  − 1 ⁡  c


  𝜋


     tan  − 1 ⁡  a = A ,    tan  − 1 ⁡  b = B ,    tan  − 1 ⁡  c = C


   tan ⁡ A


   tan ⁡ B


   tan ⁡ C


  𝜋


  𝜋 − C


   tan ⁡   ( A + B ) =  tan ⁡   (   𝜋 − C )


    − tan ⁡  C


     tan ⁡ A +  tan ⁡ B  1 −  tan ⁡  A  tan ⁡ B =   −  tan ⁡  C


   tan ⁡ A +  tan ⁡  B =  tan ⁡ A  tan ⁡ B  tan ⁡ C −  tan ⁡  C


   tan ⁡ A +  tan ⁡  B +  tan ⁡  C =


   tan ⁡ A  tan ⁡ B  tan ⁡ C


     tan  − 1 ⁡  x +    tan  − 1 ⁡  y +    tan  − 1 ⁡  z =     𝜋 2 ,   then   show   that   xy + yz + zx = 1


     tan  − 1 ⁡  x =


     tan  − 1 ⁡  y =


     tan  − 1 ⁡  z =


   tan ⁡ A


   tan ⁡ B


   tan ⁡ C


    𝜋 2


   tan ⁡  ( A + B ) =    tan ⁡   (   𝜋 2 − C ) =    cot ⁡  C =  1   tan ⁡  C


     tan ⁡  A +  tan ⁡ B  1 −  tan ⁡ A  tan ⁡ B =  1   tan ⁡  C


   tan ⁡ A  tan ⁡ C +  tan ⁡ B  tan ⁡ C


    1 −  tan ⁡ A  tan ⁡ B tan ⁡ C


   tan ⁡ A  tan ⁡ C +  tan ⁡ B  tan ⁡ C


   tan ⁡ A  tan ⁡ C = 1


     cot  − 1 ⁡   (    1 + s i n x +  1 −  sin ⁡  x   1 + s i n x −  1 − s i n x ) =    x 2


     cot  − 1 ⁡   (    1 + s i n x +  1 −  sin ⁡  x   1 + sinx −  1 − sinx )  


     cot  − 1 ⁡   (     sin 2   x 2 +  cos 2   x 2 + 2  cos ⁡    x 2 s i n   x 2   +   sin 2   x 2 +  cos 2   x 2 − 2  cos ⁡    x 2 s i n   x 2    sin 2   x 2 +  cos 2   x 2 + 2  cos ⁡    x 2 s i n   x 2   −   sin 2   x 2 +  cos 2   x 2 − 2  cos ⁡    x 2 s i n   x 2 )


     cot  − 1 ⁡   (       (  cos ⁡    x 2 +  sin ⁡    x 2 ) 2 +     (  cos ⁡    x 2 −  sin ⁡    x 2 ) 2      (  cos ⁡    x 2 +  sin ⁡    x 2 ) 2 −       (  cos ⁡    x 2 −  sin ⁡    x 2 ) 2 )  


     cot  − 1 ⁡   (    cos ⁡    x 2 +  sin ⁡    x 2 +  cos ⁡    x 2 −  sin ⁡    x 2   cos ⁡    x 2 +  sin ⁡    x 2   −     cos ⁡    x 2 +  sin ⁡    x 2 )    cot  − 1 ⁡   (   2  cos ⁡    x 2  2  sin ⁡    x 2 ) =      cot  − 1 ⁡   (  cot ⁡    x 2 ) =     x 2


     cos  − 1 ⁡   4 5


   2 3


     cos  − 1 ⁡   4 5 = x


  ⟹  cos ⁡  x =  4 5


  ⟹  sin ⁡  x =  1 −  cos 2 x


   1 −    (  4 5 ) 2


   1 −  16 25


     25 − 16 25


    9 25


   3 5


  ⟹  tan ⁡  x =  3 4 ⟹ x =    tan  − 1 ⁡  (  3 4 ) =    cos  − 1 ⁡   (  4 5 )


     tan  − 1 ⁡  (  2 3 ) = y ⟹  tan ⁡  y =  2 3   ⟹


   sin ⁡  y =  2   13 ⟹  cos ⁡  y =  3   13


     cos  − 1 ⁡   4 5


   2 3


   sin ⁡   ( x + y ) = 𝒔 𝒊 𝒏 𝒙   𝒄 𝒐 𝒔 𝒚 + 𝒄 𝒐 𝒔 𝒙   𝒔 𝒊 𝒏 𝒚


   3 5 ×  3   13 +  4 5 ×  3   13 =  21  5  13


     tan  − 1 ⁡   (    1 + x −  1 − x   1 + x +  1 − x ) =     𝜋 4 −  1 2    cos  − 1 ⁡  x


    − 1   2 ≤ x ≤ 1


  x =  cos ⁡  𝜃 ⇒   𝜃 =    cos  − 1 ⁡  x


     tan  − 1 ⁡   (    1 + x −  1 − x   1 + x +  1 − x ) =      tan  − 1 ⁡   (    1 +  cos ⁡  𝜃 −  1 −  cos ⁡  𝜃   1 +  cos ⁡  𝜃 +  1 −  cos ⁡  𝜃 )


     tan  − 1 ⁡   (    2   c o s 2   𝜃 2 −       s i n 2   𝜃 2  2   c o s 2   𝜃 2 +       s i n 2   𝜃 2 =    tan  − 1 ⁡   (    cos ⁡    𝜃 2 −  sin ⁡   θ 2   cos ⁡    𝜃 2 +  sin ⁡   θ 2 )  )


     tan  − 1 ⁡   (   1 −  tan ⁡    𝜃 2  1 +  tan ⁡    𝜃 2 ) =    tan  − 1 ⁡   (  tan ⁡   (   𝜋 4 −   𝜃 2 ) )


    𝜋 4 −   𝜃 2


    𝜋 4 −  1 2    cos  − 1 ⁡  x


     sin  − 1 ⁡  x


     sin  − 1 ⁡  x


     sin  − 1 ⁡   ( −  1 2 ) −    sin  − 1 ⁡  ( 1 )


     sin  − 1 ⁡  x


  2    sin  − 1 ⁡  ( 𝟏 − 𝒙 )


     sin  − 1 ⁡  x   i s    [ −   𝜋 2 ,   𝜋 2 ]


  A =  [   𝜋 2 ,   3 𝜋 2 ]


   [   3 𝜋 2 ,   5 𝜋 2 ]


   [   5 𝜋 2 ,   7 𝜋 2 ]


     sin  − 1 ⁡   ( −  1 2 ) −    sin  − 1 ⁡  ( 1 ) =   −   𝜋 6 −   𝜋 2 =   −   2 𝜋 3


  2    sin  − 1 ⁡  ( 1 − x )


  − 1 ≤  ( 1 − x ) ≤ 1  


  − 2 ≤ − x ≤ 0


  0 ≤ x ≤ 2


  2    sin  − 1 ⁡   ( 1 − x )


   [ 0 ,   2 ]


  2    sin  − 1 ⁡  ( 1 − x ) :


     sin  − 1 ⁡  x     o r    sin  − 1 ⁡  ( 1 − x )   i s    [ −   𝜋 2 ,   𝜋 2 ]


  2    sin  − 1 ⁡  ( 1 − x )


  [ − 𝜋 ,   𝜋


   [    𝟐  𝟎   𝟓  − 𝟐 ]


   (    − 𝟏  𝟎  𝟑   𝟐  𝟔  𝟏   − 𝟏  𝟒  𝟐 )


   (    𝟏  𝟓  𝟕 )


   [    𝟏   𝟕   𝟎 ]


  m × n


              =    [   a  i j ]  m × n   ,   w h e r e   i = 1 , 2 ,   … m   a n d   j = 1 , 2 , … n


     [   b  i j ]  n x n


     [   b  i j ]  n x n


    b  i j


     [   b  i j ]  n x n


     [   b  i j ]  n x n


    b  i j


    b  i j


     [   a  i j ]  n x n


    a  i j


    a  i j


  i t   i s   u s a l l y   d e n o t e d   b y     I  n


  A     =    [   a  i j ]  m × n   a n d       B     =    [   b  i j ]  m × n


  A + B  


  m × n


  A   a n d   B


  A + B =    [   a  i j +   b  i j ]  m × n


  A     =    [   a  i j ]  m × n   a n d       B     =    [   b  i j ]  m × n


  A − B  


  m × n


  A   a n d   B


  A − B =    [   a  i j −   b  i j ]  m × n


  A


  B  


  A


  B


  =    [   a  i j ]  m × n   a n d       B     =    [   b  j k ]  n × p


  A


  B


  C


    A   =    [   a  i j ]  m × n


  k


  k A = k    [   a  i j ]  m × n =    [ k .   a  i j ]  m × n


  A   =    [   a  i j ]  m × n


  A


  A


  A


  A ′


  A


  A   =    [   a  i j ]  m × n


  A ′   =    [   a  j i ]  n × m


  A   =  [   a  i j ]


    A  T = A


  𝑨 =  [    𝟐  𝟓  𝟏 𝟐   𝟓  𝟕  𝟑   𝟏 𝟐  𝟑  𝟔 ]   ,  


  A   =  [   a  i j ]


    A  T = − A .                  


  𝑨 =  [    𝟎  𝟓  − 𝟏 𝟐   − 𝟓  𝟎  − 𝟑   𝟏 𝟐  𝟑  𝟎 ]


  A − B ≠ B − A


  A B ≠ B A


 


 


 


      𝟏  𝟐  ( 𝑨 + 𝑨 ′ )  


 


    𝟏  𝟐  ( 𝑨 − 𝑨 ′ )


  ×


   [   a  i j ]


    a  i j =    ( i + j ) 2


   [    4  9   9  16 ]


     [    9  4   16  9 ]


   [    2  3   3  2 ]


    n o n e   o f   t h e   a b o v e


    a 11 = 4         ,   a 12 = 9 ,       a 21 = 9     ,   a 22 = 16      


   [    4  9   9  16 ]


  A B = A   a n d   B A = B


   B 2   is


    B


  0


   B 2


   [    x  1   1  0 ]


     A 2


  0


   A 2


   [    x  1   1  0 ]    [    x  1   1  0 ] =    [     x 2 + 1  x   x  1 ]


   [    1  0   0  1 ]


   x 2 + 1 = 1


   [    1  1   1  1 ]


   A 10


   2 9 A


  )  2 10 A


   A 2


   [    1  1   1  1 ]


   [    1  1   1  1 ]


   [    2  2   2  2 ]


   A 3


   A 10 =  2 9 I


       2 9 A


  4 × 3


  3 × 3


  4 × 4


  3 × 4


  O r d e r o f   ( B ) = m × n


  m = 3


  n = 4 .


  3 × 4


  A  B T − B  A T   is


   


     ( A  B T − B  A T ) T =    (  B T ) T  A T −    (  A T ) T  B T


    B  A T −   A  B T


  3 × 3


      64


     2 9 ways


  ×


  ×


  C = A B   a n d     D = B A


  ×


     


  ×


  ×


  ×


  ×


   [    1  12  4 y   6 x  5  2 x   8 x  4  6 ]


    A  T


   [    2 x − 1  3 x   0    y 2 − 1 ]


   [    x + 3  12   0  35 ]


    y 2 − 1


  ±


   A T = − A


      a  i j = −   a  j i


      a  j j = −   a  j j


    h e n c e       a  j j = 0


   [    2  0   0  3 ]  


   [    5  0   0  0 ]  


     ( A + B ) 2 =   A 2 + 2 A B +   B 2


    A   and   B   for   two   matrices    ( A + B ) 2 =  A 2 + 2 AB +  B 2


     ( A + B ) 2 =  ( A + B )  ( A + B ) =      A 2 + AB + BA +  B 2 =    A 2 + 2 AB +  B 2   only   if  


  AB + BA


    ( A B + B A )  T


    ( A B )  T +   ( B A )  T =   B  T   A  T +   A  T   B  T = B A + A B


    ( A B − B A )  T


    ( A B )  T −    ( B A )  T =   B  T   A  T −   A  T   B  T = B A − A B = −  ( A B − B A )  


   [    1  2  3   5  − 7  8   0  − 1  9 ]


   


  A = P + Q   w h e r e   P =   A +   A  T 2   a n d   Q =   A −   A  T 2


    ( A B )  T =   B  T   A  T = − B × − A = B A


   A T = − A


      a  i j = −   a  j i


      a  j j = −   a  j j


    h e n c e       a  j j = 0


  A ( a , b + c ) , B ( b , c + a )   a n d   C ( c , a + b )


   A  − 1 = I =  A  − 1 A


   A 2 = A ,     then    ( A + I ) 3 − 7 A = I


    ( I + A ) 3 − 7 A  


   I 3 + 3  A 2 + 3 A +  A 3 − 7 A =   I + 3 A + 3 A + A − 7 I   = I            


     A 2 = A     and    A 3 = A


   [  1 3 ]


    a d j A  | A |


   [    1  0   0  1 ] .


      then   A 10


   [    1  0   0  1 ] .


  I × I = I


   [    cos ∝  − sin ∝   sin ∝  cos ∝ ]


  ∝


  ∝ =  π 3


   [    2 x  3 ]          [    1  2   − 3  0 ]          [    x   8 ]


   [    2 x  3 ]          [    1  2   − 3  0 ]          [    x   8 ]


   [    2 x  3 ]  [    x + 16   − 3 x ]


   [    2  − 3   − 4  7 ]


    9 I − A 2


    A 2


   [    2  − 3   − 4  7 ]  [    2  − 3   − 4  7 ]


   [    16  − 27   − 36  61 ]


   [    16  − 27   − 36  61 ]


   [    2  − 3   − 4  7 ]


   [    1  0   0  1 ]


   [    16 − 18 + 2  − 27 + 27   − 36 + 36  61 − 63 + 2 ]


    A  − 1


    A  − 1


    A  − 1


    A  − 1


    A  − 1


    A  − 1


    A  − 1


    A  − 1 =   9 I − A 2


   [    6  5   5  6 ]  


   [    11  0   0  11 ]


  ×


   [    a  b   c  d ]


   [    6  5   5  6 ]        [    a  b   c  d ]


   [    11  0   0  11 ]


   [    6 a + 5 c  6 b + 5 d   5 a + 6 c  5 b + 6 d ]     =    [    11  0   0  11 ]


   [          6  − 5   − 5      6 ]


     ( AB ) T


   B T  A T


     ( AB ) T = AB   iff   AB = BA


   [    1  2  x   0  1  0   0  0  1 ]


   [    1  − 2  y   0  1  0   0  0  1 ]


  ×


     [    1  2  x   0  1  0   0  0  1 ]  [    1  − 2  y   0  1  0   0  0  1 ] =  [    1  0  0   0  1  0   0  0  1 ]


   [    1  0  x + y   0  1  0   0  0  1 ] =  [    1  0  0   0  1  0   0  0  1 ]


  x + y = 0


       a ij = 1


  ≠ j .    a ij = 0


  = j .


   [    0  1  1   1  0  1   1  1  0 ]


   [    2  1   − 4  − 2 ]


   [    − 1  − 1   4  3 ]


   [    3  1   − 1  2 ]


   [    15  5   − 5  10 ]


  ∅  [    c o s ∅  s i n ∅   − s i n ∅  c o s ∅ ]


  ∅  [    s i n ∅  − c o s ∅   c o s ∅  s i n ∅ ]


   [      c o s 2 ∅ +   s i n 2 ∅  s i n ∅ c o s ∅ − s i n ∅ c o s ∅   − s i n ∅ c o s ∅ + s i n ∅ c o s ∅    c o s 2 ∅ +   s i n 2 ∅ ]


   [    1  0   0  1 ]


   [    2  0  1   2  1  3   1  − 1  0 ]


    A + A ′ 2 =    1 2  [    4  2  2   2  2  2   2  2  0 ]   = P , a n d     A − A ′ 2 =  1 2  [    0  − 2  0   2  0  4   0  − 4  0 ]


    A + A ′ 2


    A − A ′ 2


   [    2  0  1   2  1  3   1  − 1  0 ]


    A ′ =    [    2  2  1   0  1  − 1   1  3  0 ]


    A + A ′ 2 =    1 2  [    4  2  2   2  2  2   2  2  0 ]


    P ′


     1 2  [    4  2  2   2  2  2   2  2  0 ]


  Q =  1 2  [    0  − 2  0   2  0  4   0  − 4  0 ]


    Q ′ =   −  1 2  [    0  − 2  0   2  0  4   0  − 4  0 ]


  N o w   P + Q =    1 2  [    4  2  2   2  2  2   2  2  0 ] +    1 2  [    0  − 2  0   2  0  4   0  − 4  0 ] =  1 2  [    4  0  2   4  2  6   2  − 2  0 ] =  [    2  0  1   2  1  3   1  − 1  0 ] = A


   [    1  2  2   2  1  x   − 2  2  − 1 ]


   AA T


   AA T


   [    9  4 + 2 x  0   4 + 2 x  5 +  x 2  − 2 − x   0  − 2 − x  9 ] =  [    9  0  0   0  9  0   0  0  9 ]


                x   =   − 2


   [    7  0   2  5 ]


   [    3  0   0  3 ]


   [    10  0   2  8 ]


   [    5  0   1  4 ]


  =  [    2  0   1  1 ]


   [    1  2  3   4  5  6 ] =  [    − 7  − 8  − 9   2  4  6 ]


   [    a  b   c  d ]  [    1  2  3   4  5  6 ] =  [    − 7  − 8  − 9   2  4  6 ]


   [    − a + 4 b  2 a + 5 b  3 a + 6 b   c + 4 d  2 c + 5 d  3 c + 6 d ]


   [    − 7  − 8  − 9   2  4  6 ]


  − a + 4 b = − 7


    2 a + 5 b = − 8


  3 a + 6 b = − 9


  c + 4 d = 2 ,   2 c + 5 d = 4 , 3 c + 6 d = 6


   [    1  − 2   2  0 ]


   [    2 x + 3 y  a − 2 b   2 a + b  3 x − 2 y ] =  [    3  8   6  11 ]


  2 x + 3 y = 3 ,   3 x − 2 y = 11


  2 a + b = 6


  a − 2 b = 8


  I f    [    x  2  − 3   5  y  2   1  − 1  1 ]  [    3  − 1  2   4  2  5   2  0  3 ] =  [    5  3  3   19  − 5  16   1  − 3  0 ]


   [    3 x + 8 − 6  − x + 4  2 x + 10 − 9   15 + 4 y + 4  − 5 + 2 y  2 − 5 + 3   3 − 4 + 2  − 1 − 2  2 − 5 + 3 ]


   [    5  3  3   19  − 5  16   1  − 3  0 ]


   [    − 2   4   5 ]


   [    1  3  − 6 ]


   [    − 2  − 6  12   4  12  − 24   5  15  − 30 ]


   [    − 2  4  5   − 6  12  15   12  − 24  − 30 ]


   [    − 2  4  5 ]     B ′   =    [    1   3   − 6 ]


   [    − 2  4  5   − 6  12  15   12  − 24  − 30 ]


   [    2  − 1   1  0   − 3  4 ] A =  [    − 1  − 8  − 10   1  − 2  − 5   9  22  15 ]


   [    x  y  z   a  b  c ]


   [    2 x − a  2 y − b  2 z − c   x  y  z   − 3 x + 4 a  − 3 y + 4 b  − 3 z + 4 c ] =  [    − 1  − 8  − 10   1  − 2  − 5   9  22  15 ]


   [    1  − 2  − 5   3  4  0 ]


   [    x  − 5  − 1 ]  [    1  0  2   0  2  1   2  0  3 ]  [    x   4   1 ] = 0


   [    x  − 5  − 1 ]  [    x   4   1 ]


   [    x  − 5  − 1 ]  [    1  0  2   0  2  1   2  0  3 ]


   [    x − 2  − 10  2 x − 8 ]


   [    x − 2  − 10  2 x − 8 ]  [    x   4   1 ] =


  ± 4 √ 3


   [    x  − 5  − 1 ]  [    x   4   1 ]


  x = 4 √ 3


  4 √ 3


   [    1  0  2   0  2  1   2  0  3 ]  


    A 3 − 6   A 2


  I = 0


    A 2 =  [    1  0  2   0  2  1   2  0  3 ]


      A 3 =  [    5  0  8   2  4  5   8  0  13 ]


          A 3 − 6   A 2


  I = 0


    A 3 − 6   A 2


  I = 0


   [    5  0  8   2  4  5   8  0  13 ]


   [    1  0  2   0  2  1   2  0  3 ]


   [    1  0  2   0  2  1   2  0  3 ]


   [    1  0  0   0  1  0   0  0  1 ]


   [    x   y ]


   [    10  3   3  10 ]


   [    145   180 ]


   [    10  3   3  10 ]  [    x   y ] =  [    145   180 ]


  10 x + 3 y = 145 ,   3 x + 10 y = 180


  


  100 × 2000 + 100 × 3000 + 50 × 2500


  × 500 + 100 × 800 + 100 × 500


   [    4  3  2   2  4  6   6  2  3 ]  [    x   y   z ]


   [    560   780   640 ]


   A T


   [    4  3  2   2  4  6   6  2  3 ] +  [    4  2  6   3  4  2   2  6  3 ]


   [    8  5  8   5  8  8   8  8  6 ]


    P = A 2 − 5 A


   A 2 − 5 A


   [    4  3  2   2  4  6   6  2  3 ]  [    4  3  2   2  4  6   6  2  3 ] − 5  [    4  3  2   2  4  6   6  2  3 ]


   [    34  26  32   52  34  46   46  32  33 ]


   [    20  15  10   10  20  30   30  10  15 ]


   [    14  11  22   42  14  16   16  22  18 ]


  To   every   square   matrix   we   can   assign   a   real   number   called   determinant


  L e t   A =  [    a  b   c  d ] ,   t h e n   d e t  ( A ) =  | A | = a d − b c


  L e t   A =  [    a  b  c   d  e  f   g  h  k ] ,   t h e n    | A | = a  |    e  f   h  k | − b  |    d  f   g  k | + c  |    d  e   g  h |


  L e t   A =  [    a  b  c   d  e  f   g  h  k ] ,   t h e n    | A | = a  |    e  f   h  k | − b  |    d  f   g  k | + c  |    d  e   g  h |


   1 2  |      x 1                         y 1                             1     x 2                         y 2                             1       x 3                           y 3                                 1 |


   |    x                               y                               1     x 1                         y 1                             1     x 2                         y 2                             1 |


    a  i j


    a  i j


    a  i j


    M  i j


      a  i j      


    A  i j


    A  i j =    ( − 1 )  i + j .   M  i j


    M  i j


      a  i j      


  ∆


  A =  [   a  i j ]


   [   A  i j ]


    A  i j


    a  i j


                                  A  − 1 =  1   | A | a d j A


                          a 1 x +   b 1 y +   c 1 z =   d 1


                          a 2 x +   b 2 y +   c 2 z =   d 2


                          a 2 x +   b 2 y +   c 2 z =   d 2


                            a 3 x +   b 3 y +   c 3 z =   d 3


                            a 3 x +   b 3 y +   c 3 z =   d 3


                       [      a 1    b 1    c 1     a 2    b 2    c 2     a 3    b 3    c 3 ]  [    x   y   z ] =  [      d 1     d 2     d 3 ]


  A X = B


  X =   A  − 1 B


    A  − 1 e x i s t s ,   i f    | A | ≠ 0     i . e   t h e   s o l u t i o n   e x i s t s   a n d   i t   i s   u n i q u e


  T h e   s y s t e m   o f   e q u a t i o n s   i s   s a i d   t o   b e   c o n s i s t e n t   i f   t h e   s o l u t i o n   e x i s t s


  I f    | A | = 0   a n d    ( a d j A ) B ≠ O


  I f    | A | = 0   a n d    ( a d j A ) B = O


   | A | = 0


  i f    | A | = 0   ,   t h e n   w e   c a l c u l a t e    ( a d j A ) B .


   | 𝜆 A | =   𝜆  n  | A | ,   w h e r e   n = o r d e r   o f   m a t r i x   A


  A  ( a d j A ) =  ( a d j A ) A =  | A | I


  A  ( a d j A ) =  ( a d j A ) A =  | A | I


   | a d j A | =    | A |  n − 1 ,   w h e r e   n = o r d e r   o f   m a t r i x   A


   | a d j A | =    | A |  n − 1 ,   w h e r e   n = o r d e r   o f   m a t r i x   A


   | A ( a d j A ) | =    | A |  n ,   w h e r e   n = o r d e r   o f   m a t r i x   A


   | A ( a d j A ) | =    | A |  n ,   w h e r e   n = o r d e r   o f   m a t r i x   A


   | A B | =  | A |  | B |


     ( A B )  − 1 =   B  − 1   A  − 1


   |   A  − 1 | =    | A |  − 1


   |   A  T | =  | A |


   | A |


   | − A |  


   | − A | =


   | A |


   |    2 x     3   5         x |


   |    16     3   5         2 |


   |    2 x     3   5         x |


   |    16     3   5         2 |


   | a d j A |


   | A |


  − 8


  ± 8


   | a d j A |


   | A |


   | A |


  A   ( 3 , 4 ) ,   B ( − 7 , 2 ) ,   C ( x ,   y )


  x + 5 y + 17 = 0


  x + 5 y + 13 = 0  


  x − 5 y + 17 = 0  


  x − 5 y − 17 = 0


   1 2


   |    3     4     1   − 7   2     1   x     y     1 |


   |    3     4     1   − 7     2     1   x     y     1 |


  i . e   3  ( 2 − y ) − 4  ( − 7 − x ) + 1  ( − 7 y − 2 x ) = 0


    A  − 1


  =


   1  d e t A


   |   a d j ( A )  I A I |


  =  1     | A | 2


   | a d j ( A ) | =  1     | A | 2


   | A |


   1   | A |


   [      c o s 15 0    s i n 15 0     c o s 75 0    s i n 75 0 ]


   [    − 2  0  0   1  2  3   5  1  − 1 ]


   | A ( a d j A ) | =    | A |  n


   [   a  i j ] =    [    2  − 1  5   1  3  2   5  0  4 ]


    a  i j


   | a d j A | =    | A |  n − 1 ,   w h e r e   n = o r d e r   o f   m a t r i x   A


   [    2     3   1     4 ]


     [    − 2     1   3 − 4 ]


   [      a 11                   a 12     a 21                 a 22 ]


     [    4   − 3   − 1               2 ]


    If   A   is   a   square   natrix   of   order   3 , then    | 2 A |


   | A |


   | A |


   | 2 A |


   | A |


   | A |


   [    3       7   2       5 ]


   [    6     8   7     9 ]


     [    61     87     47           67 ]


        a d j ( A B )   | A B | =  [    61     87     47           67 ] =


   | A |


       | B |


   | A B |


   | A B |


   | A |  | B |


     | A B |


   | A |  | B |


   [    2     5   3     2 ]


   [    x   y ]


   [    1   7 ]


   | A |


   1 3


   1  d e t A  


     1 3


   |    x       x + 1   x − 1       x |


   [    a     b   c     d ]


     |    x       x + 1   x − 1       x | =


   |    a     b   c     d |


     | A | 2 = 25


   | A | = ±  1 5


   | AB | =  | A |  | B |


   [    2     x   − 3   0       2       5   1       1       3 ]


    − 8 5


  ≠


   [    1                   2   3         − 1 ]  


   [    1     − 4   3     − 2 ]


   | A B |


   [    1                   2   3         − 1 ]  


   [    1     − 4   3     − 2 ]


   [    7   − 8   0   − 10 ]


   | A B |


    o r      | A B | =    | A |  | B |


   |    1     3     1   0     0     1     x     y     1 |


   [    1     3   2     1 ]


   [    7     6   4     7 ]


   [    2     6   4     2 ]


   [    5     0   0     5 ]


     [    8                   0   0                   8 ]


   | A |


   [    8                   0   0                   8 ]


   [    1       0   0       1 ]


   [    8                   0   0                   8 ]


   [    | A |       0   0       | A | ]


   | A |


   |    2 x     3   5         x |


   |    10     3   5         5 |


   [    2           3   5 − 2 ]


    A d j ( A )   | A |


    − 1 19  [    − 2       −   3   − 5               2 ]


   1 19  [    2                     3   5           −   2 ]


   1 19


   |    2  − 3  5   6  0  4   1  5  − 7 |


   |    1  1  1   1  1 + sin θ  1   1 + cos θ  1  1 |


  θ   is   real


  s i n 𝜃


  c o s 𝜃 =


   1 2 s i n 2 𝜃


  − 1 ≤ s i n 𝜃   ≤ 1


  − 1 ≤  1 2 s i n 2 𝜃 ≤ 1


  − 2 ≤ s i n 2 𝜃   ≤ 2


   [    3  − 1    5 3     2 3 ]


   [    3  − 1   − 5 / 3  2 / 3 ]


     (   A  − 1 )  − 1


   | P |


   6 3 −  5 3   =    1 3


    P 11 =    2 3


    P 12 =    5 3


    P 21 =   1 ,     P 22 =   3


     [     2 3   5 3   1  3 ]  T


   [     2 3  1    5 3  3 ]


    A d j   P   | P |


   [     2 3  1    5 3  3 ]


   [    2  3   5  9 ]


   [    1     k     3   1     3     3   2     4     4 ]


   | a d j A | =    | A |  n − 1


   [    5  20   25  5 ] , X =  [    x   y ]


   [    9000   26000 ]


  ≠


   [    5  − 20   − 25  5 ]


  ∴      A  − 1 =   − 1 475  [    5  − 20   − 25  5 ]


   [    x   y ]        


   A  − 1


   [    1000   200 ]


   [    3     0     0   0     3     0   0     0     3 ]


   | A |


   | a d j A |


   | A . a d j A |


   | A |  | a d j A |


   | A |  | A |


   | A |


   | A |


   | A |


   | a d j A |


   | A |


   | a d j A |


   | A |


   | −     A  T |


   |   A  T |


   | A |


   |   A  T |


   | A |


   | A |


    Hence  | A |


   [    1           s i n x             1   − s i n x     1     s i n x   − 1   − s i n x     1 ]


   | A |


   | A |


   | A |


   | A |


   |      a  1                           b 1                       1     a 2                           b 2                       1     a 1 +   a  2         b 1 +   b 2   1 |


   1 2


   |    3     1     1   9     3     1   5     7     1 |


   |    x     y     1   3     1     1   9     3     1 |


   [    0         1         3   1           2         x   2       3         1 ]


   [      − 1 2  − 4   5 2     − 1 2  3    − 3 2    1 2  y   1 2 ]


                         [    1  3 + 3 y  0     − 1 2 +   x 2  2 + x y    − 1 2 +   x 2   0  1 + y  1 ]


   [    1  0  0   0  1  0   0  0  1 ]


   |    x     3     7   2     x     2   7     6     x |


   |    x     3     7   2     x     2   7     6     x |


   [    2           3   1   − 4 ]


   [    1   − 2   − 1           3 ]


   [    − 1             5   5   − 14 ]


  ,  | A B |


   1 11  [    14     5   5       1 ]


     1 11  [    − 4   − 3   − 1       2 ]


   [    3     2   1     1 ]


   1 11  [    14     5   5       1 ]


   [    x     0     0   0     y     0   0     0     z ]


   [      x  − 1     0       0   0         y  − 1     0   0         0           z  − 1 ]


   [    y z     0     0   0     x z     0   0     0     x y ]


   [      x  − 1     0       0   0         y  − 1     0   0         0           z  − 1 ]


   | A |


   [    − 1   − 5   − 1   − 8       − 6         9   − 10           1         7 ]


  −  1 17  [    − 1   − 5   − 1   − 8       − 6         9   − 10           1         7 ]


   1 17  [    − 1   − 5   − 1   − 8       − 6         9   − 10           1         7 ]


   [    8   1   4 ]


   [    1  2  − 3   3  2  − 2   2  − 1  1 ]  [    0  1  2   − 7  7  − 7   − 7  5  − 4 ]


   [    1  2  − 3   3  2  − 2   2  − 1  1 ]


   1 7  [    0  1  2   − 7  7  − 7   − 7  5  − 4 ]


   [    x   y   z ]


   [    6   3   2 ]


   2  X


   3  Y


   10  Z


   4  X


   6  Y


   5  Z


   6  X


   9  Y


   20  Z


   [    2     3     10   4   − 6     5   6     9   − 20 ]   X =  [     1  x    1  y        1  z ]


   [    4   1   2 ]


   | A |


   [    75         150         75   110   − 100     30   72           0       − 24 ]


     1 1200


   [    75         150         75   110   − 100     30   72           0       − 24 ]


   1 1200


   [    75         150         75   110   − 100     30   72           0       − 24 ]  [    4   1   2 ]


   1 1200


   [    600   400   240 ]


   [     1  x    1  y        1  z ]


   [     1 2    1 3    1 5 ]


  x = 2 , y = 3 , z = 5


   (    3  − 1  s i n 3 x   − 7  4  c o s 2 x   − 11  7  2 )


  ∈ [ 0 ,   𝜋 2


   |    3  − 1  s i n 2 x   − 7  4  c o s 2 x   − 11  7  2 |


    s i n 3 x


    s i n 2 x


    s i n 2 x + 4   s i n x − 3 ) = 0


    𝜋 6


   (    0  2  1   − 2  − 1  − 2   1  − 1  0 )


    A  − 1


   | A |


  ≠ 0


   (    − 2  − 1  − 3   − 2  − 1  − 2   3  2  4 )


    A  − 1


   1   | A |


   (    2  1  3   2  1  2   − 3  − 2  − 4 )


    A  T X


   (    x   y   z )


   (    7   8   10 )


     (   A  T )  − 1   B


     (   A  − 1 )  T   B


   (    x   y   z )


   (    2  2  − 3   1  1  − 2   3  2  − 4 )  (    7   8   10 )


   (    0   − 5   − 3 )


  ≤    [ x ]   < 2 ,   − 1 ≤  [ y ] < 1   ,   a n d   1 ≤  [ z ] < 2   ,


  ∆   =  |     [ x ] + 1   [ y ]   [ z ]    [ x ]   [ y ] + 1   [ z ]    [ x ]   [ y ]   [ z ] + 1 |


   [ x ]


   [ y ]


   [ z ]


  ≤ a   < 2   ,   − 1   ≤ b < 1   ,   1 ≤ c   < 2


  ∈  { 0 , 1 }


  ∈  { − 1 , 0 }


   |    a + 1  b  c   a  b + 1  c   a  b  c + 1 |


   |    a + 1  b  1   a  b + 1  1   a  b  2 |


  ∈  { 0 , 1 }


  ∈  { − 1 , 0 }          


   | A |


   [    5     3     1   2     1     3   1     2     4 ]


   [    x   y   z ]


   [    160   190   250 ]


   | A |


   [    − 2   − 10     8     − 5     19   − 13   3   − 7   − 1 ]


   1  − 22  [    − 2   − 10     8     − 5     19   − 13   3   − 7   − 1 ]


   [    7     5     13   5     8     2   8     3     3 ]


  ( x − 50 ) ( y + 50 ) = x y ,   x − y = 50                 ( x − 10 ) ( y − 20 ) = x y − 5300 ,   2 x + y = 550


   [    1   − 1   2         1 ]  [    x   y ]


   [    50   550 ]


  x + y + z = 12 ,   3 ( y + z ) + 2 x = 33   a n d   x + z = 2 y


  x + y + z = 12 , 2 x + 3 y + 3 z = 33   a n d     x − 2 y + z = 0


   [    1       1       1   2       3         3   1     − 2     1 ]


   [    x   y   z ]


   [    12   33   0 ]


     | A |


   1 3  [    9   − 3     0   1     0   − 1   − 7         3       1 ]


  ( f ± g )  ( x ) = f ( x ) ± g ( x )


  ( f . g ) ( x )   =   f ( x ) . g ( x )


                (   f  g )  ( x ) =     f ( x )  g ( x )  


  ≠


  o   u ,  


    d t  d x


    d v  d t


    d f  d x =     d v  d t .   d t  d x


     [ u ( x ) ]  v ( x )


     lim  x → c ⁡  f  ( x ) = f ( c )


     lim  x →   c − ⁡  f  ( x ) = f ( c ) =


     lim  x →   c + ⁡  f  ( x )


  ( a , b )  


  [ a , b ]


  ( a , b )


     lim  x →   a + ⁡  f  ( x ) = f ( a )


     lim  x →   b − ⁡  f  ( x ) = f ( b )


     lim  x →   a − ⁡  f  ( x )


     lim  x →   a + ⁡  f  ( x )


     lim  x →   a − ⁡  f  ( x )


     lim  x →   a + ⁡  f  ( x )


   | x − a |


  ( − ∞ , ∞ )


  f o r   a l l   r e a l   n u m b e r   x


    p ( x )  q ( x ) ,  


  s i n x ,   c o s x


  t a n x ,   s e c x


    𝜋 2


  ∈ Z


  c o t x ,   c o s e c x


  { n 𝜋 : n ∈ Z


    e  x


  l o g x


  ∞ )


   


  i . e ,      sin  − 1 ⁡  x ,    cos  − 1 ⁡  x   e t c


  ( f o g )


    a


  a


    g ( a )


  ( f o g )


    a


            lim            h → 0 ⁡    f  ( x + h ) − f ( x ) h   ,


            lim            h →  0 − ⁡    f  ( c + h ) − f ( c ) h   ,


            lim            h →  0 + ⁡    f  ( c + h ) − f ( c ) h   ,


  ( a , b )


    ( a , b )


  [ a , b ]


    ( a , b )


    d ( u ± v )  d x =     d u  d x ±   d v  d x                 i i )       d  d x  ( u v ) = u   d v  d x + v   d u  d x


  i i i )     d  d x  (   u  v ) =     v   d u  d x − u   d v  d x    v 2


    v     u ′   − u   v ′    v 2


    d  d x (    sin  − 1 ⁡  x ) =    1   1 −   x 2  


    d  d x (      cos  − 1 ⁡  x ⁡  ) =   −  1   1 −   x 2


    d  d x (      tan  − 1 ⁡  x ⁡  ) =    1  1 +   x 2


    d  d x (    cot  − 1 ⁡  x ) =     −  1  1 +   x 2


    d  d x (      sec  − 1 ⁡  x ⁡  ) =    1   | x |    x 2 − 1 ,    | x | > 1  


  v i )     d  d x (      cosec  − 1 ⁡  x ⁡  ) =     − 1   | x |    x 2 − 1 ,    | x | > 1  


  v i i )     d  d x  (   e  x ) =     e  x


    d  d x  ( l o g x ) =  1  x


    > 1


    > 1


     log  b ⁡  a


    > 1


     log  b ⁡   ( x y ) =      log  b ⁡  x +      log  b ⁡  y


     log  b ⁡   (   x  y ) =      log  b ⁡  x −      log  b ⁡  y


     log  b ⁡    x  n = n      log  b ⁡  x


     log  b ⁡  b = 1   a n d      log  b ⁡  1 = 0


    e  x


    e  x ,  


    d (   e  x )  d x


    e  x .


   log ⁡  x


   1  x ; i . e .     d (  log ⁡  x )  d x =    1  x   .


  f  ( x ) =    ( u  ( x ) )  v ( x ) ,


      d u  d v


    d u  d v =     d u  d x    d v  d x .


    d  d x   d y  d x =     d 2 y  d   x 2


    y 2 ,


   {      s i n x  x + c o s x ,   i f   x   ≠ 0   k                                   , i f   x = 0


     lim   x → 0


     lim   x → 0


        sin ⁡ x x   +   cos   x                                    


     lim   x → 0


     sin ⁡ x x    


     lim   x → 0  


     1  x − [ x ]


    x  c o s x


    c o s x  x


      d  d x s i n x    d  d x l o g x


    c o s x   1  x


  →


   {         cos ⁡  3 x   −    cos ⁡  x      x 2   ,   f o r   x ≠ 0   𝛼 ,     f o r   x = 0              


  𝛼


     l i m   x → 0


     l i m   x → 0


     cos ⁡  3 x   −   c o s   x    x 2


  = 𝛼


       l i m   x → 0


    − 2  sin ⁡  2 x  sin ⁡  x    x 2


  𝛼


     l i m   x → 0


    s i n 2 x  2 x


  ×


     l i m   x → 0


     sin ⁡  x  x


  𝛼


  ×


  × 1


  𝛼


  𝛼 =   − 4


   {  3 2 }


   {  2 3 }                              


   {    3 x − 2 ,                         x ≥  2 3   −  ( 3 x − 2 )             x <  2 3


  >  2 3


  <


   2 3


   2 3


   ( LHD   at   x   =    2 3 )


      d  d x    ( − 3 x + 2 )  x   =    2 3


                               ( R H D   a t   x =    2 3 )


      d  d x    ( 3 x − 2 )  x   =    2 3


   


   ( L H D   a t   x =    2 3 )


  ≠


   ( R H D   a t   x =    2 3 )


   2 3


   {  2 3 } .            


  =  {      e  x           ,   x   ≥ 0     e  − x       ,   x   < 0


     l i m   x →  0 −


     l i m   x →  0 −


    e  − x =     e 0 = 1


     l i m   x →  0 +


     l i m   x →  0 +


    e  x =


    e 0 = 1


    e 0 = 1


     l i m   x →  0 −


     l i m   x →  0 +   f   ( x )


   ( LHD   at   x   =   0 )


     (   d  d x    (   e  − x )   )


    =   −  (   e  − x )    x   = 0     − e 0 =   −


   ( RHD   at   x   =   0 )


   (   d  d x    (   e  x )   )


    =    (   e  x )    x   = 0   = e 0


   ( LHD   at   x   =   0 )   ≠    ( RHD   at   x   =   0 )


   {      x 2     ,   x   ≥ 0   k x     ,   x   < 0


     l i m     x → 0 −   f  ( x )   −   f ( 0 )  x   − 0


     l i m   x →  0 +


    f  ( x )   −   f ( 0 )  x   − 0


     l i m     x → 0 −


    k x  x


     l i m   x →  0 +


      x 2  x


     l i m   x → 0  


     (  1  x )


      x 3


    d y  d x


   1 2


  −  1 64


  −  1 32


   (  1 x )


    d y  d x  


   (  1 x )  


  ×   −  1    x 2


    d y  d x


   1    x 3


    ×   −    1    x 2


  −  1    x 5


      d y  d x  x =    1 2


  −  1     (  1 2 ) 5


    s i n 2 (   x 3 )


    d y  d x  


    2   s i n x 3   c o s x 3


    3 x 3   s i n x 3     c o s   x 3          


    6 x 2   s i n x 3     c o s   x 3      


    2 x 2   s i n 2    ( x ) 3


    s i n 2   ( x ) 3


                                        d y  d x


    d  d x


    s i n 2   x 3 =


    d  d x


     (   s i n x 3 ) 2


    2  (   s i n x 3 )  2 − 1


    d  d x


    s i n x 3


    2   s i n x 3   c o s x 3 ×     3 x 2


    6 x 2   s i n x 3     c o s   x 3  


   {    a x + 1 ,     i f   x ≥ 1   x + 2 ,     i f   x < 1


  𝛼


     l i m   x →   𝛼


  𝛼


     l i m   x → 𝛼


  𝛼


     l i m     x → 1 −


     l i m     x → 1 +


     l i m   x → 1


     l i m   x → 1


  ×


    𝜋 2


    𝜋 2


     lim  x   →   𝜋 2 ⁡    t a n 2 x


    𝜋 2


    𝜋 2


   {      s i n 5 x  x ,   i f   x ≠ 0       k 3 ,   i f   x = 0


     l i m   x → a


  :        l i m   x → 0


     l i m   x → 0


    s i n 5 x  x


    k 3


     l i m   x → 0


    s i n 5 x  5 x


    k 3


  ∈ R ,


   {    s i n  1  x   ,     i f   x ≠ 0     0 ,       i f   x = 0  


   {      f 1  ( x ) .   f 2  ( x ) ,   i f   x ≠ 0   0 ,                 i f   i f   x = 0


    f 1  ( x )   a n d     f 2  ( x )


   {    x s i n  1  x     ,   x ≠ 0   0 ,   x = 0


     l i m   x → 0


     l i m   x → 0


   1  x


    f 2  ( x )


     l i m   x → 0


   1  x


      d 2 y  d   t 2


      d 2 y    d t 2 =   d  d t (   d y  d t


      d 2 y  d   t 2


   | x − 6 | c o s x  


     { 6 }


   | x − 6 |


   | x − 6 |   c o s x


   | x − 6 | c o s x


   { 6 }


     | x − 6 |


  f ( − x )   =   f ( x )


    d  d x    ( f  ( − x ) ) =     d  d x    ( f  ( x ) )


      d  d x ( − x )


    d  d x    ( f  ( − x ) ) =   −   d  d x ( f ( x ) )


    d  d x   ( − x )


    d  d x f  ( x ) . g  ( x ) =   f ′  ( x ) g  ( x ) + f  ( x ) g ′ ( x )


    d  d x ( ylogx + xlogy ) = 0


    y  x + l o g x     y ′ +   x  y   y ′ + l o g y = 0


    x  y


    y  x


    d y  d x  


    d  d x


    d  d   g ( x )


  ×


    d  d x


   


    d  d x { f ( g ( x ) ) }


  ×


    d  d x


    d  d x


    d  d x  


   {        ( x + 3 ) 2 − 36  x − 3       x ≠ 3   m     ,             x = 3


                                       l i m   x →  3 −


     l i m   x → 3


      ( x + 3 ) 2 −    6 2  x − 3


     l i m   x → 3


    ( x + 3 − 6 ) ( x + 3 + 6 )  x − 3


     l i m   x → 3


    ( x − 3 ) ( x + 9 )  x − 3


   {    2 x − x ,               i f   ≥ 0   2 x −  ( − x ) ,     i f   x < 0


   {    x ,         i f   x ≥ 0   3 x ,     i f   x   < 0


     l i m   x →  0 −  


     l i m   x →  0 −


  x


  × 0


     l i m   x →  0 +  


     l i m   x →  0 +


  0


     l i m   x →  0 −  


     l i m   x →  0 +  


   {        e   1  x   −     1    e   1  x   +   1 ,     w h e n   x   ≠ 0   0 ,                 w h e n   x = 0


     l i m   x →  0 −


     l i m   h → 0


     l i m   h → 0   f   ( − h )


     l i m   h → 0


      e  −  1 h   −     1    e  −  1 h   +   1


     l i m   h → 0


     1    e   1 h     −     1   1    e   1 h   +       1


  =     0   −   1  0   +   1  


   [ s i n c e ,      l i m   h → 0    1    e   1 h = 0 ]


  ≠  


   | x |  


     l i m   x →  0 −


    f    ( x )   −   f   ( 0 )  x   −   0


     l i m   h → 0


    f    ( 0   −   h )   −   f   ( 0 )  0   −   h   −   0


     l i m   h → 0


    f  ( − h ) − f ( 0 )  − h


     l i m   h → 0


     | − h | −    | 0 |  − h


     l i m   h → 0    | − h |  − h


     l i m   h → 0    h  − h


     l i m   h → 0


     l i m   x →  0 +


    f    ( x )   −   f   ( 0 )  x   −   0


     l i m   h → 0


    f    ( 0   +   h ) − f   ( 0 )    h  


     l i m   h → 0


    f  ( h ) − f ( 0 ) h


     l i m   h → 0


     | h | −    | 0 | h


     l i m   h → 0    h h


     l i m   h → 0   1 = 1


  ≠


  ′  (   𝜋 4 )


    f ′  (   3 𝜋 4 )


  f  ( x ) =


   {     cos ⁡  x ,   i f   0 < x ≤   𝜋 2   −  cos ⁡  x ,   i f     𝜋 2 < x < 𝜋


  f ′  ( x )


   {      −   sin   ⁡  x ,     i f   0 < x <   𝜋 2     sin   ⁡  x ,             i f     𝜋 2 < x < 𝜋


    𝜋 2


  f ′  (   𝜋 4 )


    𝜋 4


  −  1   2


  f ′


   (   3 𝜋 4 )


    3 𝜋 4


   1   2


   [   1 + c o s x  s i n x ]


   [   1 + c o s x  s i n x ]


   [     2 c o s 2   x 2  2 s i n   x 2   c o s   x 2   ]


    x 2


    x 2


    d  d x f ( x ) =


   1 2


   log ⁡   ( x +    a 2 +     x 2 )


   ( x +      a 2 +     x 2 )


    d y  d x  


    d  d x


   { log  ( x +      a 2 +     x 2 ) }


   1  x   +      a 2 +     x 2   ×     d  d x    { x +      a 2 +     x 2 }


    d y  d x =    1  x   +      a 2 +     x 2


   { 1 +    1 2   (   a 2     +   x 2 )  −  1 2   ×     d  d x   (   a 2     +   x 2 ) }


    d y  d x =    1  x   +      a 2 +     x 2


   { 1 +    1  2    a 2   +       x 2   × 2 x }


   1  x   +      a 2 +     x 2   ×        a 2   +       x 2   +   x     a 2   +       x 2


                                      d y  d x =    1       a 2 +     x 2


    x 2


      f ′  ( x ) =   ( e   x )


    d y  d x


    x 2


      f ′  ( x ) =   ( e   x )


    d y  d x =     d  d x ( f   (   x 2 ) )


    f ′   (   x 2 )   d  d x (   x 2 )


                                 


    f ′  (   x 2 )


    e  | x |


    d y  d x =       s i n 2   ( a + y )   sin ⁡  a


     sin ⁡  y    sin   ⁡  ( a + y )


                                    d x  d y =      sin ⁡   ( a + y )  cos ⁡  y − s i n y   c o s ( a + y )    s i n 2 ( a + y )


                                    d x  d y =      sin ⁡  ( a + y − y )    s i n 2 ( a + y )


                                    d x  d y =      sin ⁡  ( a + y − y )    s i n 2 ( a + y )


                                  d y  d x =    1    d x  d y


      s i n 2 ( a + y )   sin ⁡  a


      d 2 y    d x 2


     cos ⁡  x     ( 1 −  sin ⁡  x ) 2


    d y  d x =     s e c 2 x +  sec ⁡  x  tan ⁡  x =    1    c o s 2 x +   s i n x    c o s 2 x


    1   +   s i n x    c o s 2 x


                                        d y  d x =     1   +   s i n x    1   −   s i n 2 x  


   1  1 − s i n x


      d 2 y    d x 2 =     d  d x  {  1  1 − s i n x }


    d  d x


   {    ( 1 −  sin ⁡  x )  − 1 }


      d 2 y    d x 2 =  ( − 1 )    ( 1 −  sin ⁡  x )    − 2   d  d x ( 1 −  sin ⁡  x )


                                      d 2 y    d x 2


    − 1    ( 1   −   s i n x ) 2  


     cos ⁡  x    ( 1   −   s i n x ) 2


   {    m    (   x 2 − 2 x ) ,       i f   x < 0    cos ⁡  x ,                                 i f   x   ≥ 0


  < 0


  m    (   x 2 − 2 x )


  < 0


  > 0


  > 0 .  


     l i m   x →  0 −   f    ( x ) =      l i m   x → 0   m    (   x 2 − 2 x ) = 0


     l i m   x →  0 +   f    ( x )


     l i m   x → 0  cos ⁡  x = 1


     l i m   x →  0 −   f    ( x )   ≠


     l i m   x →  0 +   f    ( x )


   {    1 ,                     i f   x   ≤ 3   a x + b ,   i f   3 < x < 5   7 ,                     i f   ≤ x


             l i m   x →  3 −


     l i m   x → 3


     l i m   x →  3 +


     l i m   x → 3


                1 = 3 a + b


                     l i m       x → 5 −


     l i m   x → 5


                     


     l i m     x → 5 +


     l i m   x → 5


               


                        5 a + b = 7


   {       | x |  x ,     i f   x ≠ 0 ,   0 ,   i f   x = 0


      l i m  x →  0 − ⁡    − x  x = − 1


      l i m  x →  0 + ⁡    x  x = 1


  ≠ R H L


   1 2


        f  ( x ) =    {     1 2 − x   ; 0 ≤ x <  1 2   1   ; x =    1 2    3 2 − x   ;    1 2 < x ≤ 1


  0 ≤ x <  1 2


  =  1 2


     l i m   x →    1 2 −   f    ( x ) =      l i m   x →  1 2    (  1 2 − x ) =    1 2 −  1 2 = 0


  =  1 2


     l i m   x →    1 2 +   f    ( x ) =      l i m   x →  1 2    (  3 2 − x ) =    3 2 −  1 2 = 1


     l i m   x →    1 2 −   f    ( x )   ≠  


     l i m   x →    1 2 +   f    ( x )


  f  ( x )


   1 2


  f  ( x ) =    {      x 2 s i n  (  1  x ) ,   i f   x   ≠ 0   0   ,   i f   x = 0


  f ′  ( 0 )   =


     l i m   x →  0 −


    f    ( x )   − f   ( 0 )    x   −   0 =


     l i m   h → 0     f   ( 0   −   h ) − f   ( 0 )  0   −   h   −   0


     l i m   h → 0     f    ( − h )   − f   ( 0 )  − h


     l i m   h → 0     ( − h ) 2  sin ⁡     (  1  − h )   −   0  − h


  =    l i m   h → 0   h  sin ⁡   1 h


  ×


     l i m   x →  0 +


    f    ( x )   − f   ( 0 )    x   −   0 =


     l i m   h → 0     f   ( 0 +   h − f   ( 0 ) )  0   +   h − 0


     l i m   h → 0     f    ( h )   − f   ( 0 )    h


     l i m   h → 0     ( h ) 2  sin ⁡     (  1 h )   −   0    h


  =    l i m   h → 0   h  sin ⁡   1 h


  ×


  ∴


  f ′  ( 0 )   =


    ( x 2 + 4 ) (     d y  d x ) 2


    n 2   ( y 2 + 4 )


    d x  d A = s e c A t a n A + S i n A           a n d             d y  d A = n     s e c  n A t a n A + n   c o s  n − 1 A s i n A  


    d y  d x


    n  (   s e c  n A +   c o s  n A )    s e c A + C o s A 


  (     d y  d x ) 2 =     n 2  {   (     s e c  n A −   c o s  n A ) 2 + 4   s e c  n A     c o s  n A     ( s e c A − c o s A ) 2 + 4   s e c A c o s A }


  (     d y  d x ) 2 =     n 2  (     y 2 + 4    x 2 + 4 )     (     ( x 2 + 4 ) (     d y  d x ) 2


    n 2   ( y 2 + 4 )


  for   all   x ∈   R


  f  ( x ) =  | x − 1 | +  | x + 1 | =    {    −    ( x   + 1 ) −  ( x   − 1 ) =   − 2 x ,     i f   x   <   − 1   x + 1 −  ( x − 1 ) = 2 ,       i f − 1 ≤ x < 1   x + 1 + x − 1 = 2 x ,     i f   x   ≥ 1


     l i m   x →   − 1 −   f    ( x ) − f   ( − 1 )  x   − ( − 1 )  


     l i m   x →   − 1 −   − 2 x − 2  x   + 1   =      l i m   x →     − 1 −


    − 2   ( x   +   1   )  x   + 1


  =      l i m   x →     − 1 −


     l i m   x →   − 1 +   f    ( x ) − f   ( − 1 )  x   − ( − 1 )  


     l i m   x →   − 1 +   2   −   2  x   + 1   =      l i m   x →     − 1 +


   0  x   + 1


  =      l i m   x →     − 1 +


  ∴  


  ≠


         


     l i m   x   →    1 −


    f    ( x )   −   f    ( 1 )  x   −   1


     l i m   x   →    1 −


    2   −   2  x   −   1


     l i m   x   →    1 −


   0  x   −   1


                                                                                          =      l i m   x   →    1 − 0 = 0


     l i m   x   →    1 +


    f    ( x )   −   f    ( 1 )  x   −   1


     l i m   x   →    1 +


    2 x   −   2  x   −   1


     l i m   x   →    1 +


  2  (   x   −   1  x   −   1   )


                                                                                                                  =      l i m   x   →    1 +   2 = 2


  ∴  


  ≠


  f ′  (   𝜋 6 )


  f ′


   (   𝜋 3 )


   {     cos ⁡  x −  sin ⁡  x ,                   i f   0   < x   <     𝜋 4   −  (  cos ⁡  x −  sin ⁡  x ) ,       i f     𝜋 4   < x   <     𝜋 2


   {    −  sin ⁡  x −  cos ⁡  x ,     i f   0   < x   <     𝜋 4    cos ⁡  x +  sin ⁡  x ,             i f     𝜋 4   < x   <     𝜋 2


      f ′  (   𝜋 6 )


    𝜋 6


    𝜋 6


  −    3   +   1 2


  f ′


   (   𝜋 3 ) = c o s   𝜋 3 +  sin ⁡    𝜋 3 =      3   +   1 2


    =    { x +      x 2 +     a 2 }  n


    d y  d x =     n y     x 2 +     a 2


    =    { x +      x 2 +     a 2 }  n


  ∴     d y  d x =     d  d x  { x   +    x 2 +     a 2 }


     { x +      x 2 +     a 2 }  n − 1 ×     d  d x  { x +      x 2 +     a 2 }


    d y  d x =  


     


     { x +      x 2 +     a 2 }  n − 1


  ×    {   d  d x  ( x ) +   d  d x      x 2 +     a 2 }  


    d y  d x =  


     


     { x +      x 2 +     a 2 }  n − 1


  ×    { 1 +    1 2     (   x 2     +   a 2 )  −  1 2   ×     d  d x   (   x 2     +   a 2 ) }


   


    d y  d x =  


     


     { x +      x 2 +     a 2 }  n − 1 ×


   { 1 +    1  2    x 2 +     a 2   × 2 x }


             


    d y  d x =  


     


     { x +      x 2 +     a 2 }  n − 1


  ×


   { 1 +     x     x 2 +     a 2   }


    d y  d x =  


     


     { x +      x 2 +     a 2 }  n − 1    {      x 2 +     a 2   +   x       x 2 +     a 2 }


   


  =  


    n    { x   +      x 2 +     a 2   }  n     x 2 +     a 2


  =     n y     x 2 +     a 2


  x  1 + y + y  1 + x


  x ≠ y


    d y  d x =   −    1     ( x + 1 ) 2


  x  1 + y + y  1 + x


  x  1 + y = −   y  1 + x


    x 2  ( 1 + y ) =     y 2 ( 1 + x )


    x 2 −   y 2 =     y 2 x −     x 2 y


   ( x + y )  ( x − y ) =   − x y    ( x − y )


  x + y =   − x y


  x =   − y − x y


  y  ( 1 + x ) =   − x


  y =   −   x  1   +   x


    s i n c e ,   x ≠ y


    d y  d x =   −    {    ( 1   +   x   )   × 1   −   x   ( 0   + 1 )    ( 1   + x ) 2 }


    d y  d x =   −  1     ( 1   +   x ) 2


    f  ( x ) =      2  cos ⁡  x   −   1   cot ⁡  x   −   1


  x ≠   𝜋 4


  f  (   𝜋 4 )


  f  ( x )


      𝜋 4


  f  ( x )


    𝜋 4


  f  (   𝜋 4 )


     l i m   x   →   𝜋 4


  f  ( x )


   


  f  (   𝜋 4 ) =      l i m   x   →   𝜋 4  


     2  cos ⁡  x   −   1   cot ⁡  x   −   1


       l i m   x   →   𝜋 4


     2  (  cos ⁡  x   −   cos   ⁡    𝜋 4 )   cot ⁡  x   −     cot   ⁡    𝜋 4


   


  =   −    2      l i m   x   →   𝜋 4


    2  sin ⁡   (   x 2   −     𝜋 8 )  sin ⁡   (   x 2   +     𝜋 8 )   cos ⁡  x  sin ⁡    𝜋 4   −    sin ⁡  x  cos ⁡      𝜋 4


  ×  sin ⁡  x   s i n   𝜋 4


     


  f  (   𝜋 4 ) =   −   2  2      l i m   x   →   𝜋 4


     sin ⁡   (   x 2   −     𝜋 8 )  sin ⁡   (   x 2   +     𝜋 8 )  −  sin ⁡   ( x   −     𝜋 4 )


  ×  sin ⁡  x   s i n   𝜋 4


  f  (   𝜋 4 ) =   −   2  2      l i m   x   →   𝜋 4


     sin ⁡   (   x 2   −     𝜋 8 )  sin ⁡   (   x 2   +     𝜋 8 )  − 2  sin ⁡   (   x 2   −     𝜋 8 )  cos ⁡   (   x 2   −     𝜋 8 )


  ×  sin ⁡  x   s i n   𝜋 4


   


  f  (   𝜋 4 ) =  2      l i m   x   →   𝜋 4       sin   ⁡   (   x 2   +     𝜋 8 )   cos ⁡     (   x 2   −     𝜋 8 )


  ×  sin ⁡  x   s i n   𝜋 4


   


  =  2      sin ⁡   (   𝜋 8   +     𝜋 8 )   cos ⁡   (   𝜋  8   −     𝜋 8 )


  ×  sin ⁡  x   s i n   𝜋 4


  =    ( s i n   𝜋 4 ) 2


     


  =    1 2


  x =


    s i n  − 1  (   2 t  1   +     t 2 )


    t a n  − 1  (   2 t  1   −     t 2 )


    > 1


    d y  d x = − 1


     tan ⁡  𝜃


  >  


  ⇒


   tan ⁡  𝜃 > 1   ⇒     𝜋 4   < 𝜃 < 2 𝜃 < 𝜋


     


  ∴ x =     s i n  − 1  {   2 t  1   +     t 2 } =     s i n  − 1    {   2  tan ⁡  𝜃  1   +     t a n 2 𝜃 }  


   


  x =     s i n  − 1    (  sin ⁡  2 𝜃 ) =     s i n  − 1  { s i n  ( 𝜋 − 2 𝜃 ) } =   𝜋 − 2 𝜃 =   𝜋 − 2     t a n  − 1 t


     


    d x  d t = 0 −    2  1   +     t 2   =   −  2  1   +     t 2


   


  y =   t a n  − 1  {   2 t  1   −     t 2 }


    y =   t a n  − 1  {   2  tan ⁡  𝜃  1   −     t a n 2 𝜃 } =     t a n  − 1  (  tan ⁡  2 𝜃 ) =     t a n  − 1  { − t a n  ( 𝜋 − 2 𝜃 ) }


    y =     t a n  − 1  { t a n  ( 2 𝜃 − 𝜋 ) } =      ( 2 𝜃 − 𝜋 ) =   2     t a n  − 1 t −   𝜋


    d y  d t =    2  1   +     t 2 − 0 =  2  1   +     t 2


    d y  d x =       d y  d t    d x  d t =          2  1 +   t 2  −    2    1 +   t 2 =   − 1


  y =      { x +      x 2 + 1   }  m ,  


   (   x 2 + 1 )   y 2 + x   y 1 −   m 2 y = 0


  y =      { x +      x 2 + 1   }  m .  


    d y  d x = m    { x +      x 2 + 1   }  m − 1 ×     d  d x  { x +      x 2 + 1   }


      d y  d x =   m    { x +      x 2 + 1   }  m − 1 ×    { 1 +     2 x  2    x 2 + 1 } =     m    {    x 2 + 1 + x }  m     x 2 + 1


    d y  d x =     m y     x 2 + 1


    y 1 =     m y     x 2 + 1


   


    y 1    x 2 + 1 = m y


      y 1 2  {   x 2 + 1 } =     m 2   y 2


   


    y 1   y 2  ( 1 +   x 2 ) +       y 1 2    ( 2 x ) = 2   m 2 y   y 1


    y 2  ( 1 +   x 2 ) + x   y 1 −     m 2 y = 0


    x  m   y  n =      ( x + y )  m + n ,


    d y  d x =     y  x   .


    x  m .       y  n =      ( x + y )  m + n


    m   log ⁡  x + n    log ⁡  y =  ( m + n )    log ⁡  ( x + y )


   


  m ×  1  x + n   ×    1  y   d y  d x =     m   +   n  x   +   y     d  d x ( x + y )


   


    m  x


    n  y   ×     d y  d x =     m   +   n  x   +   y    ( 1 +     d y  d x )


   {   n  y −   m   +   n  x   +   y }   d y  d x =     m   +   n  x   +   y −   m  x


   {   n x   +   n y   −   m y   −   n y  y ( x   +   y ) }   d y  d x =    {   m x   +   n x   −   m x   −   m y    ( x   +   y ) x }


    n x   −   m y  y   ( x   +   y ) .   d y  d x =     n x   −   m y   ( x   +   y )   x


    d y  d x =     y  x


  y =      (  sin ⁡  x )   tan ⁡  x +     (  cos ⁡  x )   sec ⁡  x ,


    d y  d x


  y =      (  sin ⁡  x )   tan ⁡  x +     (  cos ⁡  x )   sec ⁡  x =     e   tan ⁡  x .    log ⁡   sin ⁡  x +   e   sec ⁡  x .  log ⁡   cos ⁡  x


    d y  d x =     d  d x   (   e   tan ⁡  x .    log ⁡   sin ⁡  x )


    d  d x   (   e   sec ⁡  x .  log ⁡   cos ⁡  x )


    d y  d x =     e   tan ⁡  x .    log ⁡   sin ⁡  x     d  d x (  tan ⁡  x  log ⁡   sin ⁡  x )


    e   sec ⁡  x .  log ⁡   cos ⁡  x


    d  d x  


   sec ⁡  x  log ⁡   cos ⁡  x


    d y  d x =      (  sin ⁡  x )   tan ⁡  x  { l o g s i n x   d  d x    (  tan ⁡  x ) + t a n x     d  d x   (  log ⁡   sin ⁡  x ) }


    (  cos ⁡  x )   sec ⁡  x    {   d  d x (  sec ⁡  x )   ×  log ⁡   cos ⁡  x +  sec ⁡  x   ×     d  d x (  log ⁡   cos ⁡  x ) }


    d y  d x =      (  sin ⁡  x )   tan ⁡  x  {   l o g s i n x   s e c 2   x +  tan ⁡  x   ×    1   sin ⁡  x   ×  cos ⁡  x }


      (  cos ⁡  x )   sec ⁡  x    {  sec ⁡  x  tan ⁡  x  log ⁡   cos ⁡  x +  sec ⁡  x    (  1   cos ⁡  x )  ( −  sin ⁡  x ) }


    d y  d x =      (  sin ⁡  x )   tan ⁡  x    {   s e c 2 x  log ⁡   sin ⁡  x + 1 }


  +     (  cos ⁡  x )   sec ⁡  x  {  sec ⁡  x  tan ⁡  x  log ⁡   cos ⁡  x −  sec ⁡  x  tan ⁡  x }


  f  ( x )  


    f ′  ( a ) =      l i m   h → 0   f    ( a   −   h )   − f   ( a )  − h


    f ′  ( a ) =      l i m   h → 0   f    ( a   +   h ) − f   ( a ) h


  f ( x )


  x = a


  x = a  


  f  ( x ) =    {     | x − 3 | ,                     x ≥ 1       x 3 4 −   3 x 2 +  13 4 ,     x   < 1


  f  ( x )


  x = 1   ?


  f  ( x )


  x = 1 .


  f  ( x ) =    {     | x − 3 | ,                     x ≥ 1       x 3 4 −   3 x 2 +  13 4 ,     x   < 1


  f  ( x ) =    {        x 3 4 −   3 x 2 +  13 4 ,                     x   < 1   3 − x ,                             1 ≤ x < 3   x − 3   ,                                             x ≥ 3


  f   ( x )


  = 1


  =      l i m   h → 0   f    ( 1 + h )   − f   ( 1 ) h =      l i m   h → 0     3   −  ( 1   +   h )   −   ( 3   −   1 )   h =      l i m   h → 0   − h h =      l i m   h → 0 − 1 = − 1


    f  ( x )   a t   x = 1


  =


  f  ( x )


  x =


   


  f   ( x )


  x = 1


  f ( x )


     l i m   x → c   f    ( x )   − f   ( c )  x   −   c


  f ( x )


  x = c


  f ′ ( c )


  f ( x )


  | x + 1 |


  x = −   1


  f  ( x ) =  | x + 1 | =    {    − x − 1 ,   x < − 1   x + 1 ,   x ≥ − 1


  f  ( x )


  x = − 1


  x = 1


  =      l i m   x →   − 1 −   f  ( x )   − f ( − 1 )  x   −   ( − 1 )


     l i m   x →   − 1 −   − x   −   1   −   0  x   +   1 =   − 1


  x = 1


     l i m   x →   − 1 +   f  ( x )   − f ( − 1 )  x   −   ( − 1 )


     l i m   x →   − 1 +   x   +   1   −   0  x   +   1 =   1


  ∴


  x = 1


  ≠  


  x = 1


  f  ( x )


  x =   − 1


  f ( x )


  x = a


  x = a


     l i m   x → a f ( x )


     l i m   x → a f  ( x ) = f  ( a ) .


  f ( x )


  x = a


  a


  f ( x ) .


  f ( x ) =  {        e  3 x − 1  I n ( 1 + 2 x ) , x ≠ 0   k ,             x = 0


  x = 0


  f ( x ) = [ x ]


  x = 4 ,   5 ,   6


  [ 3 ,   7 ]


  x = 3


    x = 7


  ∈


     l i m   x → 0 f  ( x ) = f  ( 0 ) =    l i m   x → 0     e  3 x − 1  I n ( 1 + 2 x ) = k   (    l i m   x → 0     e  3 x − 1  3 x ×   2 x  I n ( 1 + 2 x ) ×  3 2 = k


  ⇒ k =  3 2


    d P  d Q


    x 1   a n d   x 2 ∈ [ a , b ]


    x 1 >   x 2


  f  (   x 1 ) ≥ f (   x 2 )


    x 1   a n d   x 2 ∈ [ a , b ]


    x 1 >   x 2


  f  (   x 1 ) ≤ f (   x 2 )


    x 1   a n d   x 2 ∈ [ a , b ]


    x 1 >   x 2


  f  (   x 1 ) > f (   x 2 )


    x 1   a n d   x 2 ∈ [ a , b ]


    x 1 >   x 2


  f  (   x 1 ) < f (   x 2 )


  f  ( x + h ) − f ( x )


  f  ( x + h ) − f ( x )


  x


    d A  d B


  x


    d P  d x


  x


    d C  d x


  x


    d R  d x


  x = a


    f ′  ( a ) ≥ 0


  x = a


    f ′  ( a ) ≤ 0


  x = a


    f ′  ( a ) > 0


  x = a


    f ′  ( a ) < 0


  x


  x


  𝜋   r 2


    d A  d t = 2 𝜋 r .   d r  d t


    d A  d t = 44


  44 = 2 ×  22 7 × 7 ×   d r  d t


    d r  d t = 1


  y =     x   1  x


  x ≠ 0 )


   1  e


    e   1  e


     (  1  e )  e


  y =   x   1  x


    d y  d x =   x   1  x  [   1 −  log ⁡  x    x 2 ]


    d y  d x = 0


    x   1  x


   log ⁡  x = 1


  x ≠ 0


  x = e


    d y  d x


  e < 3


  f  ( x ) =  sin ⁡  x +  cos ⁡  x


  [ 0 , 𝜋 ]


  − 1


   1   2


   2


  y =  sin ⁡  x +  cos ⁡  x


    d y  d x =  cos ⁡  x −  sin ⁡  x


  [ 0 ,   𝜋 ]


    𝜋 4


  f  ( 0 ) = 1 ,   f  ( 𝜋 ) = − 1 ,   a n d   f  (   𝜋 4 ) =  2


   2


  10  3  


   3


   3


  25  3


     3 4   s 2


    d A  d t =    3 4 . 2 s   d s  d t


    d A  d t =    3 4 × 2 × 10  3 × 5


  x


  R  ( x ) = 3   x 2 + 36 x + 5


  x = 15


    R ′  ( x ) = 6 x + 36


    R ′ ( 15 ) = 126


  y = 3   x 2 − 5 x + 6


  − 4


   1 3 ,  14 3 )


    d y  d x = 6 x − 5


    d y  d x = 7


  6 x − 5 = 7 ,   x = 2


  y = 8          


  V =   a 3


    d V  d a = 3     a 2


    d V  d a =  1 2 ( 6     a 2 )


  y = f ( x )


    d y  d x )


  y =   x 3 − 6   x 2 + 19 x − 20


  − 2


  − 2


  y =   x 3 − 6   x 2 + 19 x − 20


  s l o p e =     d y  d x = 3   x 2 − 12 x + 19


  f  ( x ) = 3   x 2 − 12 x + 19


    f ′  ( x ) = 6 x − 12 ,   a n d     f  ′ ′  ( x ) = 6 > 0


    f ′  ( x ) = 0


  x = 2


  f  ( x ) = 2   x 3 − 15   x 2 + 36 x + 6


  ( − ∞ ,   2 ) ∪ ( 3 , ∞ )


  ( − ∞ , 2 )


   ( − ∞ ,   2 ] ∪ [ 3 , ∞ )


  [ 3 ,   ∞ )


    f ′  ( x ) =   6   x 2 − 30 x + 36


    f ′  ( x ) > 0


  6  ( x − 3 )  ( x − 2 ) > 0


  x ∈  ( − ∞ ,   2 ] ∪ [ 3 , ∞ )


  y =   x 2   e  − x


  x ≠ 0 )


  ( − ∞ , ∞ )


  ( − 2 , 0 )


  ( 2 ,   ∞ )


  ( 0 ,   2 )


  y =   x 2   e  − x


    d y  d x =   e  − x . x . ( 2 − x )


    d y  d x > 0


  x > 0


  x < 2


    e  − x > 0


  x ∈ ( 0 , 2 )


  f  ( x ) = 3 +  5  x


  x ≠ 0


  C ( x )


  x


  C  ( x ) = 3   x 2 + 5 x − 9


  − 9


  f  ( x ) =  sin ⁡  x


  x


   cos ⁡  x  


  f  ( x ) =    ( 2 x − 1 ) 2 + 3


  f  ( x ) = (  sin ⁡  x +  cos ⁡  x )


  [ 0 ,     𝜋 2 ]


   2


  f  ( x ) =  log ⁡  x


  x > 0


  f  ( x ) = 4 −   x 2


  f  ( x ) =  cot ⁡  x


  { x : x ∈ R ,   x ≠ n 𝜋 , n ∈ Z }


    f ′  ( x ) < 0


  f  ( x ) = 3 +  5  x


    f ′  ( x ) =   −  5    x 2


  x ∈ R


  A r e a   o f   c i r c l e =   𝜋   r 2


  rate   of   change   in   Area   with   respect   to   r =   d A  d r = 2 𝜋 r


  C  ( x ) = 3   x 2 + 5 x − 9


    C ′  ( x ) =   6 x + 5


  x = 2


   cos ⁡  x


   sin ⁡  x


  f  ( x ) =  sin ⁡  x


    f ′  ( x ) =  cos ⁡  x


  f ( x )


    f ′  ( x ) < 0


    f ′  ( x ) > 0


  f  ( x ) =    ( 2 x − 1 ) 2 + 3


     ( 2 x − 1 ) 2


  x ∈ R


  f  ( x )


   [ f  ( x ) + g ( x ) ]


  f ( x )


  g ( x )


  f  ( x ) =  sin ⁡  x +  cos ⁡  x


    f ′  ( x ) =  cos ⁡  x −  sin ⁡  x


  x =   𝜋 4


  f  ( x ) =    2


   sin ⁡  x )


  (  cos ⁡  x )


    f ′  ( x ) > 0


  f  ( x ) =  log ⁡  x


    f ′  ( x ) =  1  x


  x > 0


    x 1 ,     x 2 ,   … ,     x  n


  f ( x )


  f ( x )


  a ,   b


  f  ( a ) , f  (   x 1 ) ,   f  (   x 2 ) ,   … f  (   x  n ) ,   f ( b )


  f  ( x ) = 4 −   x 2


    f ′  ( x ) =   − 2 x


  f  ( 1 ) = 3


    f ′  ( x ) < 0


  f  ( x ) =  cot ⁡  x


    f ′  ( x ) =   − c o s e   c 2 x


  x ∈ R


  f  ( x ) =  cos ⁡  x


   (   𝜋 2 ,   𝜋 )


  f  ( x ) =  cos ⁡  x


    f ′  ( x ) =   − sin ⁡  x


    − sin ⁡  x < 0  


  x ∈  (   𝜋 2 ,   𝜋 )


  f  ( x ) = x   e  x


  f  ( x ) = x   e  x


    f ′  ( x ) =   e  x ( x + 1 )


    e  x  ( x + 1 ) ≥ 0  


  x ∈ [ − 1 , ∞ )


    e  x


  ( 0 , ∞ )


  f  ( x ) =  log ⁡  x


    f ′  ( x ) =  1  x


   1  x > 0  


  x ∈ ( 0 , ∞ )


  f  ( x ) =   x 2 − 2 k x + c


  [ 1 ,   2 ]


  f  ( x ) =   x 2 − 2 k x + c


    f ′  ( x ) = 2 x − 2 k = 2 ( x −


  x − k ≥ 0   ,   o r   k ≤ x  


  x ∈ [ 1 , 2 ]


  k ≤ 1


  f  ( x ) = 7 − 5 x


  f  ( x ) = 7 − 5 x


    f ′  ( x ) = − 5


  − 5 < 0  


  x ∈ ( − ∞ , ∞ )


    a 3


    d V  d t = 3   a 2   d a  d t


    d a  d t =  1  3   a 2   d V  d t


    d a  d t =  3 100


  6     a 2


    d S  d t = 6 . 2 a .   d a  d t = 12 × 10 ×  3 100 = 3 . 6   c   m 2


    x 2 = 2 y


    x 2 = 2 y


  2 x = 2   d y  d x


  x =   d y  d x  


    d y  d x = 1


  ( 1 ,  1 2 )


  r


  V =  4 3 𝜋   r 3


    d V  d r =  4 3 𝜋 . 3   r 2 =  4 3 𝜋 . 300 = 400 𝜋   c   m 3 / s e c


  m   m 2 / s


  r


    d S  d t = 5 ;   S = 4 𝜋   r 2


    d S  d t = 4   𝜋 . 2 r .   d r  d t  


    d r  d t =  5  64 𝜋


  V =  4 3 𝜋   r 3


    d V  d r =  4 3 × 𝜋 × 3   r 2 ×   d r  d t


    d V  d t = 20


  r


  h


    d r  d t = − 2   a n d     d h  d t = 3 ;  


  V = 𝜋   r 2 h  


    d V  d t = 𝜋  [   r 2 .   d h  d t + h . 2 r .   d r  d t ]


    d V  d t =


  𝜋  [ 48 − 96 ]


  − 48 𝜋


  x


  y


    d x  d t = − 3 ,   d y  d t = 2


  x = 10 ,   y = 8


  A =   x y 2   ,   d A  d t =  1 2  [ x   d y  d t + y   d x  d t ]


    d A  d t =   − 2   c   m 2 / s e c


  f  ( x ) = 2  sin ⁡  3 x + 5


   sin ⁡  x


  − 1


  − 1 ≤  sin ⁡  3 x ≤ 1


  − 2 ≤ 2  sin ⁡  3 x ≤ 2


  − 2 + 5 ≤ 2  sin ⁡  3 x + 5 ≤ 2 + 5


  ⟹ 3 ≤ 2  sin ⁡  3 x + 5 ≤ 7


  f  ( x ) =   x 3 − 3 x ,   x ∈  [ − 2 ,   2 ]


  f  ( x ) =   x 3 − 3 x


    f ′  ( x ) = 3     x 2 − 3


  − 1


  f  ( − 2 ) = − 2


  f  ( − 1 ) = 2 ,   f  ( 1 ) = − 2 ,   f  ( 2 ) = 2


  f  ( x ) =  tan ⁡  x −  cot ⁡  x


  f  ( x ) =  tan ⁡  x −  cot ⁡  x


    f ′  ( x ) =    sec 2 ⁡  x + c o s e   c 2 x


     sec 2 ⁡  x + c o s e   c 2 x  


  f  ( x ) =   x 3 − 18   x 2 + 96 x


   [ − 5 ,   5 ]


  f  ( x ) =   x 3 − 18   x 2 + 96 x


    f ′  ( x ) = 3     x 2 − 36 x + 96 = 3 ( x − 8 ) ( x − 4 )


  8


  f  ( − 5 ) = − 1055


  f  ( 4 ) = 160 ,   f  ( 5 ) = 155


  f


  f  ( x ) =  tan ⁡  x − 4 x


  x ∈  ( 0 ,       𝜋 2 )


  f  ( x ) =  tan ⁡  x − 4 x


    f ′  ( x ) =    sec 2 ⁡  x − 4


  f ( x )


    f ′  ( x ) > 0


     sec 2 ⁡  x > 4


   sec ⁡  x < − 2  


   sec ⁡  x > 2  


   sec ⁡  x <  sec ⁡    2 𝜋 3 ,   a n d  sec ⁡  x >  sec ⁡    𝜋 3


   (   𝜋 3 ,       𝜋 2 )


  f ( x )


    f ′  ( x ) < 0


     sec 2 ⁡  x < 4


  − 2 <  sec ⁡  x < − 1


  1 <  sec ⁡  x < 2


    2 𝜋 3 < x <   𝜋


  0 < x <   𝜋 3


   ( 0 ,       𝜋 3 )


  y =      [ x  ( x − 2 ) ] 2


  f  ( x ) =    [ x  ( x − 2 ) ] 2


    f ′  ( x ) = 4 x ( x − 1 ) ( x − 2 )


  f ( x )


    f ′  ( x ) > 0


  4 x  ( x − 1 )  ( x − 2 ) ≥ 0


   ( 0 ,     1 ) ∪ ( 2 ,   ∞ )


   ( − ∞ ,     0 ) ∪ ( 1 ,   2 )


  f  ( x ) =  log ⁡   |  sin ⁡  x |


  ( 0 ,     𝜋 2 ]


  [   𝜋 2 ,   𝜋 )


  f  ( x ) =  log ⁡   |  sin ⁡  x |


  x ∈ ( 0 ,   𝜋 ]


   |  sin ⁡  x | =  sin ⁡  x


  f  ( x ) =  log ⁡   sin ⁡  x


    f ′  ( x ) =  cot ⁡  x


  f  ( x )


    f ′  ( x ) > 0


  x ∈ ( 0 ,   𝜋 2 ]


   cot ⁡  x ≥ 0


  f  ( x )


  x ∈ [   𝜋 2 ,   𝜋 )


   cot ⁡  x ≤ 0


  f  ( x )


  f  ( x ) =   4  sin ⁡  x  2 +  cos ⁡  x − x


  [ 0 ,     𝜋 2 ]


  f  ( x ) =   4  sin ⁡  x  2 +  cos ⁡  x − x


    f ′  ( x ) =   ( 2 +  cos ⁡  x ) 4  cos ⁡  x   −   4   s i n x   ( −  sin ⁡  x )     ( 2 +  cos ⁡  x ) 2 − 1


    f ′  ( x ) =   8  cos ⁡  x + 4    cos 2 ⁡  x +   4    sin 2 ⁡  x     −     4 −    cos 2 ⁡  x − 4  cos ⁡  x     ( 2 +  cos ⁡  x ) 2


    f ′  ( x ) =    cos ⁡  x ( 4 −   c o s ⁡  x )     ( 2 +  cos ⁡  x ) 2


  x ∈ ( 0 ,     𝜋 2 ]


   cos ⁡  x ≥ 0


  4 −  cos ⁡  x ≥ 0   f o r   a l l   x ∈ R


    f ′  ( x )


  f  ( x )


  x ∈ [ 0 ,   𝜋 2 ]


  x


  y


    x 2 +   y 2 = 625


  y =  625 −   x 2


    d x  d t = 2


  y = 7   w h e n   x = 24


  2 x   d x  d t + 2 y   d y  d t = 0


    d y  d t = −  48 7


   48 7


    d v  d t = 12


  h = 3 r


   1 3 𝜋   r 2 h = 𝜋   r 3


    d v  d t = 3 𝜋   r 2 .   d r  d t


    d r  d t =  1  𝜋


  x  


  y


  x = 7   c m


  y = 9 c m


    d x  d t = − 2


    d y  d t = 5


  2 ( x + y )


  2  (   d x  d t +   d y  d t )


  6   c m / m i n


  x y


  x .   d y  d t + y .   d x  d t


  3   x 4 − 8   x 3 + 12   x 2 − 48 x + 25


  f  ( x ) =   3   x 4 − 8   x 3 + 12   x 2 − 48 x + 25


    f ′  ( x ) = 12   x 3 − 24   x 2 + 24 x − 48 = 12 (   x 3 − 2   x 2 + 2 x − 4 )


                              f ′  ( x ) = 12 (   x 2 + 2 ) ( x − 2 )


    f ′  ( x ) = 0


  x = 2


  f  ( 0 ) = 25 ,   f  ( 2 ) =   − 39 ,   f  ( 3 ) = 16


  x ,  


  y


  x + y = 15


    x 2 .   y 2


  f  ( x ) =   x 2    ( 15 − x ) 2


    f ′  ( x ) = 2 x .    ( 15 − x ) 2 +   x 2 . 2 ( 15 − x ) ( − 1 )    


    f ′  ( x ) = 2 x ( 15 − x ) ( 15 − 2 x )    


    f  ′ ′  ( x ) =   − 4 x  ( 15 − x ) − 2 x  ( 15 − 2 x ) + 2 ( 15 − x ) ( 15 − 2 x )


   15 2


    f  ′ ′  ( 0 ) > 0 ,     f  ′ ′  ( 15 ) > 0 ,     f  ′ ′  (  15 2 ) < 0


  x =  15 2


  f  ( x ) =   l o g   x  x


  x = e


  f  ( x ) =    log ⁡  x  x


    f ′  ( x ) =     1 − l o g   x    x 2


   log ⁡  x = 1


  x = e


    f  ′ ′  ( x ) =    log ⁡  x − 3    x 3  


    f  ′ ′  ( e ) < 0


   log ⁡  e − 3 = − 2 < 0


  f  


  h


  r


  2 𝜋 r  ( h + r ) = K


  h =   K  2 𝜋 r − r


  V =   𝜋   r 2 h


  V =   𝜋   r 2  (   K  2 𝜋 r − r ) =   K r 2 − 𝜋   r 3


  f ( r )


    f ′  ( r ) =   K 2 − 3   𝜋   r 2


    f  ′ ′  ( r ) =   − 6 𝜋 r


  r


    K 2 − 3   𝜋   r 2 = 0


  K =   6 𝜋   r 2


  K =   6 𝜋   r 2


  r =    K  6 𝜋


  K =   6 𝜋   r 2


  h = 3 r − r


   8 27


  h


  r


  h = R + X


    r 2 =   R 2 −   X 2  


  V =  1 3   𝜋   r 2 h


  3 V =   𝜋  (  [   R 2 −   X 2 ] [ R + X ] ) = 𝜋 (   R 3 +   R 2 X − R   X 2 −   X 3 )


  3 V =   𝜋  (  [   R 2 −   X 2 ] [ R + X ] ) = 𝜋 (   R 3 +   R 2 X − R   X 2 −   X 3 )


  f ( X )


    f ′  ( X ) =   R 2 − 2 R X − 3   X 2


    f  ′ ′  ( X ) =   − 2 R − 6 X


  X = − R


  X =   R 3


  X = − R


  X =   R 3


    f  ′ ′  (   R 3 ) =   − 2 R − 6  (   R 3 )


  X =   R 3


  h =   4 R 3


  =  1 3 𝜋     R 2 9   4 R 3 =  1 27  (  4 3 𝜋   R 3 )  


  x


    x 2 y = K


  y =   K    x 2


  S =   4 x y +   x 2


  S =   4 x .   K    x 2 +   x 2 =   4 K  x +   x 2


  f ( x )


    f ′  ( x ) = −   4 K    x 2 + 2 x


    f  ′ ′  ( x ) =   8 K    x 3 + 2


  x


  −   4 K    x 2 + 2 x = 0


  2 K =     x 3


  K =     x 3 2


  x =   2 K 3


  K =       x 3 2


  y =   x 2


     tan  − 1 ⁡  ( 0 . 5 )


  𝛼


  r


  h


  𝛼 =    tan  − 1 ⁡   1 2


   tan ⁡  𝛼 =  1 2 =   r h


  h = 2 r


    d v  d t = 5


  V =  1 3 𝜋   r 2 h


  V =  1 3   𝜋  h 3 4


  r =  h 2


    d V  d t =   𝜋 12 . 3  h 2 .   d h  d t


  5 =   𝜋 12 . 3    ( 4 ) 2 .   d h  d t


   5  4 𝜋


   35 88


  h


   4 27 𝜋  h 3    tan 2 ⁡  𝛼


  H


  h


  r


  𝛼


    r h   = tan ⁡  𝛼 =   R  h − H


  R =   r  ( h − H ) h


  V =   𝜋   R 2 H


  V =   𝜋   r 2    ( h − H ) 2 H h =   𝜋   r 2 h .  (  h 2 H +   H 3 − 2 h   H 2 )


  f ( H )


    f ′  ( H ) =   𝜋   r 2 h .  (  h 2 +   3 H 2 − 4 h H )


    f  ′ ′  ( H ) =   2   𝜋   r 2 h .  ( 3 H − 2 h )


   h 2 +   3 H 2 − 4 h H = 0


  H = h


  H =  h 3


  H =  h 3 ,     f  ′ ′  ( H ) < 0


  h = 3 H


    𝜋   r 2    ( h − H ) 2 H h =   𝜋  h 2    tan 2 ⁡  𝛼    ( h −  h 3 ) 2  h 3   h =   4 𝜋 27  h 4    tan 2 ⁡  𝛼


   4 11


    d v  d t = 100


  v =  1 3 𝜋   r 2 h


  v =  2 9 𝜋   r 3


    d v  d t = 100 =  2 3 𝜋   r 2   d r  d t  


    d r  d t =  150  𝜋   r 2


  A =   𝜋   r 2


    d A  d t = 2 𝜋 r   d r  d t


    d A  d t = 60   c   m 2  


    d h  d t =  4 11


  h = 7


  v =  1 3 𝜋   r 2 h =   3 𝜋  h 3 4


    d v  d t =  9 4 𝜋  h 2 .   d h  d t


    d v  d t = 2 × 7 × 9 = 126   c c / m i n


  a


  b


  x


  b


  x


  x


  b


  b


  = l   b   h


  =     a .   b   .   x


  2 b . b . x


  x =  36    b 2


  2  ( a b + b x + a x ) = 2 ( 2   b 2 + 3 b x )


    f  ( b ) =     4   b 2 +  216  b


    f ′  ( b ) = 8 b −  216    b 2


    f  ′ ′  ( b ) = 8 +  432    b 3


    f ′  ( b ) = 0


    b 3 =  216 8 = 27


    f  ′ ′ ( b )


  a = 6 ,   b = 3 ,   a n d   x =   4


    q  o u t


    q  i n


    q  o u t


    q  i n


    q  o u t


  5 − 3


    d v  d t = 2


  v =   𝜋   r 2 h


    d v  d t =   𝜋   r 2   d h  d t


    d h  d t


   2  𝜋   r 2 =  1 77


    d v  d t = 3


  v = 𝜋   r 2 h = 0 . 3 h


    d v  d t = 0 . 3   d h  d t


    d h  d t =  3  0 . 3 = 10


  v = l b h = 900 h


    d h  d t =  1 900   d v  d t


   3 900 =  1 300  


  y =    tan  − 1 ⁡  x − x


  ( 1 ,   ∞ )


  ( − 1 ,   ∞ )


  ( − ∞ ,   ∞ )


  f ( x )


     tan  − 1 ⁡  x − x


    f ′  ( x ) =  1  1 +   x 2 − 1


  f ( x )


    f ′  ( x ) > 0


   1  1 +   x 2 − 1 > 0


  1 > 1 +   x 2


  x


  f  ( x ) = 2  log ⁡   ( x − 2 ) −   x 2 + 4 x + 1


  ( 3 ,   ∞ )


  ( − ∞ ,   − 3 )


  ( − 3 ,   1 )


  f  ( x ) = 2  log ⁡   ( x − 2 ) −   x 2 + 4 x + 1


    f ′  ( x ) =    2  x − 2 − 2 x + 4


  f  ( x )


    f ′  ( x ) > 0


  2 > ( 2 x − 4 ) ( x − 2 )


   ( x − 3 )  ( x − 1 ) < 0


  x < 3


  x > 1


   


  f  ( x ) =     x 2 − 1    x 2 + 1


  f  ( x ) =     x 2 − 1    x 2 + 1


    f ′  ( x ) =      (   x 2 + 1 )  ( 2 x ) −  (   x 2 − 1 ) 2 x     (   x 2 + 1 ) 2 =     4 x     (   x 2 + 1 ) 2


    f ′  ( x ) = 0


  x = 0


    f  ′ ′  ( x ) =      (   x 2 + 1 ) 2 . 4 − 4 x   2 .  (   x 2 + 1 ) . 2 x     (   x 2 + 1 ) 4


  x = 0


  f ( x )


  − 1


  a


  f  ( x ) =   x 2 + a x + 1


  f  ( x ) =   x 2 + a x + 1


      f ′  ( x ) = 2 x + a


  f


    f ′  ( x ) > 0


  x > −   a 2


  −   a 2


  a


  − 2


      x 2    a 2 +     y 2    b 2 = 1


    P ′


     h 2    a 2 +     k 2    b 2 = 1


    k 2 =     b 2    a 2 (   a 2 −  h 2 )


   1 2 × A M × P   P ′ =  1 2 × ( a + h ) × 2 k


  Z =   A 2 =    ( a + h ) 2 .   k 2 =    ( a + h ) 2 .     b 2    a 2 (   a 2 −  h 2 )


      b 2    a 2  ( a − h )    ( a + h ) 3


  f ( h )


    f ′  ( h ) =     b 2    a 2  [  ( a − h ) 3    ( a + h ) 2 −    ( a + h ) 3 ] =     2 b 2    a 2    ( a + h ) 2  [ a − 2 h ]


    f  ′ ′  ( h ) =       2 b 2    a 2  {    ( a + h ) 2  ( − 2 ) + 2  ( a + h )  [ a − 2 h ] } =     2 b 2    a 2 ( a + h ) ( − 6 h )


     ( a + h ) 2  [ a − 2 h ] = 0


  h = − a


  h =   a 2


  h =   a 2 ,     f  ′ ′  ( h ) < 0


  =   27 16   a 2   b 2  


    3  3 4 a b


    d  d x F  ( x ) = f ( x )


   ∫  f  ( x ) d x  


    d  d x  ∫  f ( x ) d x = f ( x )


   ∫    f ′ ( x ) d x     = f  ( x ) + C


    d  d x  ∫  f ( x ) d x


    d  d x  ∫  g ( x ) d x


   ∫  f ( x ) d x


   ∫  g ( x ) d x


   ∫   ( f  ( x ) ± g ( x ) ) d x


   ∫  f ( x ) d x ±  ∫  g ( x ) d x


   ∫  k f ( x ) d x


   ∫  f ( x ) d x


   ∫   (   k 1   f 1  ( x ) +     k 2   f 2  ( x ) +     k 3   f 3  ( x ) + … … . .   k  n   f  n ( x ) ) d x


    k 1  ∫    f 1 ( x ) d x


    k  n  ∫    f  n ( x ) d x


    p x + q   ( x − a )  ( x − b ) ,   a   ≠ b  


    A  x − a   +     B  x − b


    p x + q     ( x − a ) 2


    A  x − a   +     B     ( x − a ) 2


    p   x 2 + q x + r   ( x − a )  ( x − b )  ( x − c ) ,  


    A  x − a   +     B  x − b +     C  x − c


    p   x 2 + q x + r     ( x − a ) 2  ( x − b )


    A  x − a   +     B     ( x − a ) 2 +     C  x − b


    p   x 2 + q x + r   ( x − a )  (   x 2 + b x + c )


    𝒙  𝟐 + 𝒃 𝒙 + 𝒄


    A  x − a   +     B x + C    x 2 + b x + c


   ∫  f    ( x ) g  ( x ) d x


  f    ( x )  ∫  g  ( x )   d x −  ∫  [   f ′   ( x )  ∫  g    ( x ) d x   ]


  f


    ∫  a  b  f    ( x ) d x


  f


    ∫  a  x  f    ( x ) d x


    p 0


    ∫  a  b  f    ( x ) d x =   ∫  a  b  f    ( t ) d t


    p 1


    ∫  a  b  f    ( x ) d x =


    ∫  b  a  f    ( x ) d x


    ∫  a  a  f    ( x ) d x =   0


    p 2


    ∫  a  b  f    ( x ) d x =   ∫  b  c  f    ( x ) d x


    ∫  c  b  f    ( x ) d x


  < c < b


    p 3


    ∫  a  b  f    ( x ) d x =   ∫  a  b  f    ( a + b − x ) d x


    p 4


    ∫ 0  a  f    ( x ) d x =   ∫ 0  a  f    ( a − x ) d x


    p 5


    ∫ 0  2 a  f    ( x ) d x =   ∫ 0  a  f    ( x ) d x


    ∫ 0  a  f    ( 2 a − x ) d x


    p 6


    ∫ 0  2 a  f    ( x ) d x =  {    2   ∫ 0  a  f    ( x ) d x , i f   f    ( 2 a − x )   =   f   ( x ) ,   0   i f                                       f    ( 2 a − x )   = − f   ( x ) ,


    p 7


    ∫  − a  a  f    ( x ) d x = 2   ∫ 0  a  f    ( x ) d x


  f


  f


  f


    ∫  − a  a  f    ( x ) d x = 0


  f


  f ( − x )


    f ( x


   ∫  f    ( x ) g  ( x ) d x


  f    ( x )  ∫  g  ( x )   d x −  ∫  [   f ′   ( x )  ∫  g    ( x ) d x   ]


   ∫   1    x (  log ⁡  x ) 2   d x


    − 1   log ⁡  x + c


      (  log ⁡  x ) 3 3 + c


   3    (  log ⁡  x ) 3 + c                          


   1  x   d x = d t  


   ∫   1    x (  log ⁡  x ) 2   d x


   ∫      ( t )  − 2 + 1  − 2 + 1   d t


   ∫    − 1  t


    − 1   log ⁡  x + c


    ∫ 0  a    d x  1 + 4   x 2 d x


    𝜋 8


   1 2


   1 3


   1 4   ∫ 0  a    d x   1 4 +   x 2


    𝜋 8     (      1    4  1   1 2


    𝜋 8   (


    𝜋 4


     tan  − 1 ⁡  2 a


    𝜋 4


   1 2


   ∫    e  x  ( c o s x − s i n x ) d x


    e  x c o s x


    e  x s i n x  


  −   e  x c o s x


  −   e  x s i n x


   ∫    e  x  ( f  ( x ) +     f 1 ( x ) ) d x


    e  x f ( x )


    f 1 ( x )


   ∫    d x    s i n 2 x   c o s 2 x


                  a )   t a n x + c o t x + c  


     ( t a n x + c o t x ) 2 + C  


    t a n x −   c o t x


     ( t a n x − c o t x ) 2 + C  


   ∫    d x    s i n 2 x   c o s 2 x


   ∫      s i n 2 x +   c o s 2 x    s i n 2 x   c o s 2 x


   ∫      s i n 2 x    s i n 2 x   c o s 2 x


   ∫      c o s 2 x    s i n 2 x   c o s 2 x


   ∫    s e c 2 x   d x


   ∫    c o s e c 2 x   d x


  t a n x   −   c o t x   +   C          


   ∫    3 a x    b 2 +   c 2   x 2


    3 a  2   c 2  ln ⁡   |   b 2 +   c 2   x 2 |


    3 a  2   c 2  ln ⁡   |   b 2 −   c 2   x 2 |


    3 a  2   c 2  ln ⁡   |     c 2   x 2 − b 2 |


    3 a  2   c 2  ln ⁡   |   b 2 +   c 2   x 2 |


    b 2 +   c 2   x 2


  2   c 2 x


    ∫  − 1 1     | x |  x   d x


  ≠ 0


    ∫  − 1 0     | x |  x d x +   ∫ 0 1     | x |  x d x


    ∫  − 1     0    − x  x


    ∫  0           1    x  x


   ∫     2   1  x    x 2


   1  l o g 2


   1  x


  −  1    x 2 d x ,


   ∫    1 − 2 s i n x    c o s 2 x d x


   ∫   1    c o s 2 x d x


   ∫    s i n x    c o s 2 x d x


   ∫    s e c 2 x d x


   ∫  t a n x   s e c x d x


   ∫    e  x  ( t a n x +   s e c 2 x ) d x  


    e  x t a n x + C


    e  x ( f ( x ) + f   ‘ ( x ) )


    e  x f ( x ) + C


  a p p l y   f ( x )   =   t a n x


    ∫  − 2 2  l o g  (   1 + x  1 − x )


    ∫  − a  a  f  ( x ) d x = 0


    d  d x  ( x ) = 1


   ∫   ( 1 ) d x = x + c


    d  d x  (     x  n + 1  n + 1 )


    x  n


   ∫    x  n   d x =       x  n + 1  n + 1 + C ,     n   ≠ − 1 .


    d  d x  ( x ) = 1   a n d    ∫  d x = x + C


   ∫    e  5 l o g x   d x


      x 6 6


    e  l o g x


   ∫  [  sin ⁡  (  log ⁡  x ) +  cos ⁡  ( l o g x ) ] d x = x   sin ⁡   (  log ⁡  x ) + C


    d  d x   [   x  sin ⁡  (  log ⁡  x ) ]


    d  d x  { x s i n (  log ⁡  x ) } = x   d  d x  sin ⁡   ( l o g x ) + sin ⁡ ( l o g x )   d  d x ( x )


   1  x


   (   𝟐 𝒂   𝒙 −     𝒃    𝒙  𝟐 + 𝟑 𝒄    𝒙  𝟐  𝟑 )


  :  ∫   (   2 a   x −     b    x 2 + 3 c    x 2 3 )   d x


   ∫  2 a   x  −  1 2   d x


   ∫  b   x  − 2   d x


   ∫  3 c   x   2 3


   x


    b  x


    9 c   x   5 3 5


    ∫  − 𝟏  𝟏      𝒙  𝟑 +  | 𝒙 | + 𝟏    𝒙  𝟐 + 𝟐  | 𝒙 | + 𝟏   𝒅 𝒙


    ∫  − 1 1      x 3 +  | x | + 1    x 2 + 2  | x | + 1   d x


    ∫  − 1 1      x 3    x 2 + 2  | x | + 1   d x


    ∫  − 1 1     | x | + 1    x 2 + 2  | x | + 1   d x


    ∫ 0 1     | x | + 1     (  | x | + 1 ) 2   d x


    ∫ 0 1    x + 1     ( x + 1 ) 2   d x


    ∫ 0 1   1  x + 1   d x


    =  [ 2 l o g  | x + 1 | ] 0 1 = 2 l o g 2    


   ∫      𝒙  𝟑  𝒙 + 𝟏   𝒅 𝒙


  𝒙 −     𝒙  𝟐  𝟐 +     𝒙  𝟑  𝟑 − 𝒍 𝒐 𝒈  | 𝒙 + 𝟏 | + 𝑪


    d  d x  ( x −     x 2 2 +     x 3 3 − l o g  | x + 1 | + C )


  1 − x +   x 2 −  1  x + 1


      x 3  x + 1


   ( x −     x 2 2 +     x 3 3 − l o g  | x + 1 | + C )


   ∫      x 3  x + 1   d x


   ∫    𝒅 𝒙  𝟐   𝒔 𝒊 𝒏  𝟐 𝒙 + 𝟓     𝒄 𝒐 𝒔  𝟐 𝒙


    c o s 2 x


   ∫      s e c 2 x  2   t a n 2 x + 5   d x


   ∫    d t  2   t 2 + 5


    s e c 2 x   d x


   1 2  ∫    d t    t  2 +      (   5 2 ) 2


   1 2    2   5    tan  − 1 ⁡   (    2 t a n x   5 )


   1   10    tan  − 1 ⁡   (    2 t a n x   5 )


   ∫   𝟏 𝟎 − 𝟒 𝒙 + 𝟒   𝒙  𝟐


   ∫   10 − 4 x + 4   x 2


   ∫      ( 2 x − 1 ) 2 +  3 2   d x


   1 2  ∫      ( t ) 2 +  3 2   d x


 


   1 2 t      t 2 + 9 2


   9 4   l o g  | t +    t 2 + 9 |


   1 4  ( 2 x − 1 )     ( 2 x − 1 ) 2 + 9


   9    4 l o g  |  ( 2 x − 1 ) +     ( 2 x − 1 ) 2 + 9 |


    ∫  𝟎    𝝅  𝟒   𝟏 + 𝒔 𝒊 𝒏 𝟐 𝒙


    ∫ 0    𝜋 4      ( s i n x + c o s x ) 2   d x


    ∫ 0    𝜋 4  ( s i n x + c o s x   ) d x


     ( − c o s x   +   s i n x ) 0    𝜋 4


    ∫  𝟐  𝟖     𝟏 𝟎 − 𝒙   𝒙 +  𝟏 𝟎 − 𝒙   𝒅 𝒙


    ∫ 2 8     10 − x   x +  10 − x   d x


    ∫ 2 8     10 − ( 10 − x )   10 − x +  10 − ( 10 − x )   d x


    ∫ 2 8     x   10 − x +  x   d x


    ∫ 2 8 1   d x


     [ x ] 2 8


    ∫  𝟎    𝝅  𝟐      𝒕 𝒂 𝒏  𝟕 𝒙    𝒄 𝒐 𝒕  𝟕 𝒙 +     𝒕 𝒂 𝒏  𝟕 𝒙   𝒅 𝒙


    ∫ 0    𝜋 2      t a n 7 x    c o t 7 x +     t a n 7 x   d x


    ∫ 0    𝜋 2      t a n 7 (   𝜋 2 − x )    c o t 7 (   𝜋 2 − x ) +     t a n 7 (   𝜋 2 − x )   d x


    ∫ 0  a  f  ( x ) d x =     ∫ 0  a  f  ( a − x ) d x


    ∫ 0    𝜋 2      c o t 7 x    t a n 7 x +     c o t 7 x   d x


    ∫ 0    𝜋 2      t a n 7 x +     c o t 7 x    c o t 7 x +     t a n 7 x   d x


    ∫ 0    𝜋 2  1   d x


    𝜋 2    


    𝜋 4


   ∫    𝒅 𝒙    ( 𝒙 − 𝜶 ) ( 𝜷 − 𝒙 )


  𝜷 > 𝛼


  𝛼 =   t 2


  𝛽


  𝛽


    t  2   +   𝛼 )


  𝛽


    t  2  


  𝛼


  𝛽 − 𝛼 −   t 2


   ∫    2 t d t     t 2 ( 𝛽 − 𝛼 −   t 2 )


   ∫    2 t d t  t  ( 𝛽 − 𝛼 −   t 2 ) =


   ∫    d t     k 2   −   t 2


    k 2


  𝛽


  𝛼


    s i n  − 1   t  k + C = 2   s i n  − 1    x − 𝛼  𝛽 − 𝛼 + C


   ∫    𝒕 𝒂 𝒏  𝟖   𝒙   𝒔 𝒆 𝒄  𝟒   𝒙   𝒅 𝒙


   ∫    t a n 8   x   s e c 4   x   d x


   ∫    t a n 8


    s e c 2   x )     s e c 2   x d x


   ∫    t a n 8   x


    t a n 2   x + 1 )     s e c 2   x d x


   ∫    t a n 10   x   s e c 2     x d x


   ∫    t a n 8   x s e c 2   x d x


      t a n 11   x 11


      t a n 9   x 9


   ∫      𝒙  𝟑    𝒙  𝟒 +   𝟑 𝒙  𝟐 + 𝟐   𝒅 𝒙


    x 2


   ∫      x 3   d x    x 4 +   3 x 2 + 2


   1 2  ∫    t   d t    t 2 + 3 t + 2


    t    t 2 + 3 t + 2 =   A  t + 1 +     B  t + 2


   1 2


   ∫    d t  t + 2


   ∫    d t  t + 1


   1 2


      x 2 + 2     x 2 + 1


   ∫    𝒙  𝟐   𝒕 𝒂 𝒏  − 𝟏   𝒙   𝒅 𝒙


   ∫    x 2   t a n  − 1   x   d x


    t a n  − 1


   ∫    x 2


   ∫   1  1 +   x 2     x 3 3 d x


      x 3 3   t a n  − 1


   1 3  ∫   ( x −   x  1 +   x 2 )


      x 3 3   t a n  − 1


      x 2 6


   1 6


    x 2


   ∫      𝒙  𝟑 + 𝒙    𝒙  𝟒 − 𝟗 𝒅 𝒙


  I


   ∫      x 3 + x    x 4 − 9 d x


   ∫      x 3    x 4 − 9


   ∫    x d x    x 4 − 9


    I 1 +   I 2


    I 1


   ∫      x 3    x 4 − 9   d x


    x 4 − 9


    x 3


    I 1 =  1 4  ∫    d t  t


   1 4


    c 1


    I 2


   ∫    x d x    x 4 − 9


    x 2


    I 2


   1 2  ∫    d u    u 2 − ( 3  ) 2


   1  2 × 6 l o g


    u − 3  u + 3  


    c 2


   1 12 l o g


      x 2 − 3    x 2 + 3


    c 2


  I =   I 1 +   I 2


  I =  1 4 l o g  |   x 4 − 9 | +  1 12 l o g |     x 2 − 3    x 2 + 3 |


    ∫  𝟎  𝟏  𝒙 (   𝒕 𝒂 𝒏  − 𝟏 𝒙  )  𝟐   𝒅 𝒙


    ∫ 0 1  x (   t a n  − 1 x  ) 2   d x


   [     x 2 2


    t a n  − 1   x  ) 2  ] 0 1 −    1 2   ∫ 0 1    x 2


      t a n  − 1   x  1 +   x 2 d x


      𝜋 2 32 −   ∫ 0 1      x 2  1 +   x 2   t a n  − 1 x d x


      𝜋 2 32


    I 1


    I 1


    ∫ 0 1      x 2  1 +   x 2   t a n  − 1 x d x


    I 1


    ∫ 0 1      x 2 + 1 − 1  1 +   x 2   t a n  − 1 x d x


    ∫ 0 1    t a n  − 1 x d x −     ∫ 0 1   1  1 +   x 2   t a n  − 1 x d x


    I 2


   1 2


    t a n  − 1 x  ) 2  ) 0 1


    I 2


      𝜋 2 32


    I 2


    ∫ 0 1    t a n  − 1 x d x = ( x     t a n  − 1   x ) 0 1 −     ∫ 0 1    x  1 +   x 2 d x


    𝜋 4 −    1 2   ( l o g | 1 +   x 2 |  ) 0 1


    𝜋 4


   1 2


    I 1 =   𝜋 4 −    1 2


      𝜋 2 32


      𝜋 2 32


    𝜋 4


   1 2


      𝜋 2 32


      𝜋 2 16


    𝜋 4


   1 2


      𝜋 2 − 4 𝜋 16


   2


    ∫  𝟎  𝟏  𝒇  ( 𝒙 ) 𝒅 𝒙


  𝒇  ( 𝒙 )


  f


  f  ( x )


   {    2 − x ,   i f − 1   < x   ≤ 0     x + 2 ,       i f   0 < x ≤ 1   3 x ,   i f   1 < x ≤ 2 ) }


    ∫  − 1 2  f  ( x ) d x =   ∫  − 1 0   ( 2 − x ) d x +     ∫ 0 1   ( 2 + x ) d x +     ∫ 1 2  3 x d x


    p 2


      x 2 2  )  − 1 0


      x 2 2 + 2 x  ) 0 1


      3 x 2 2  ) 1 2


  −    1 2


   1 2


   4 2 −  1 2


   5 2 +  5 2 +  9 2 =  19 2


  . 𝑬 𝒗 𝒂 𝒍 𝒖 𝒂 𝒕 𝒆 ,   ∫  𝟎    𝝅  𝟒    𝐥 𝐨 𝐠 ⁡   ( 𝟏 + 𝒕 𝒂 𝒏 𝒙 ) 𝒅 𝒙


  I =   ∫ 0    𝜋 4  log ⁡ ( 1 + t a n x )


  I =   ∫ 0    𝜋 4  log ⁡ ( 1 +  tan ⁡   (   𝜋 4 − x ) ) d x


  I =   ∫ 0    𝜋 4  log ⁡ ( 1 +   t a n   𝜋 4 − t a n x  1 + t a n   𝜋 4 t a n x )


    ∫ 0    𝜋 4  log ⁡ (  2  1 + t a n x )


    ∫ 0    𝜋 4   log ⁡   ( 2 ) d x − I


    ∫ 0    𝜋 4   log ⁡   ( 2 ) d x


    𝜋 4 − 0 ) =   𝜋 4 l o g 2


  I =   𝜋 8 l o g 2


   ∫    𝟐  ( 𝟏 − 𝒙 ) ( 𝟏 +   𝒙  𝟐 ) 𝒅 𝒙


   2  ( 1 − x ) ( 1 +   x 2 ) =   A  1 − x +   B x + C  1 +   x 2


  ⇒ A = 1 , B = 1 , C = 1


  h e n c e   I =  ∫   2  ( 1 − x ) ( 1 +   x 2 ) d x =  ∫   (  1  ( 1 − x ) +   x + 1  1 +   x 2 ) d x


  h e n c e   I =  ∫   2  ( 1 − x ) ( 1 +   x 2 ) d x =  ∫   (  1  ( 1 − x ) +   x + 1  1 +   x 2 ) d x


  =  ∫   1  1 − x d x +  ∫    x + 1  1 +   x 2 d x


  =  ∫   1  1 − x d x +  ∫    x + 1  1 +   x 2 d x


  =  ∫   1  1 − x d x +  1 2  ∫    2 x  1 +   x 2 d x +  ∫   1  1 +   x 2 d x


  =  ∫   1  1 − x d x +  1 2  ∫    2 x  1 +   x 2 d x +  ∫   1  1 +   x 2 d x


  = − l o g  | 1 − x | +  1 2  log ⁡   (   x 2 + 1 ) +   t a n  − 1 x + C


  = − l o g  | 1 − x | +  1 2  log ⁡   (   x 2 + 1 ) +   t a n  − 1 x + C


    ∫  𝟐  𝟖     𝟏 𝟎 − 𝒙   𝒙 +  𝟏 𝟎 − 𝒙


  I =   ∫ 2 8     10 − x   x +  10 − x d x . . . . . . . . . . . . . . . ( 1 )


  I =   ∫ 2 8     x   10 − x +  x d x … … … .  ( 2 )


  ( b y   u s i n g   p r o p e r t y   ∫ 0  a  f ( x ) d x =   ∫ 0  a  f ( a − x ) d x )


  ( b y   u s i n g   p r o p e r t y   ∫ 0  a  f ( x ) d x =   ∫ 0  a  f ( a − x ) d x )


  I + I =   ∫ 2 8     10 − x   x +  10 − x d x +   ∫ 2 8     x   10 − x +  x d x


  2 I =   ∫ 2 8     10 − x +  x   10 − x +  x d x =   ∫ 2 8  1   d x =  ( 8 − 2 ) = 6


  2 I =   ∫ 2 8     10 − x +  x   10 − x +  x d x =   ∫ 2 8  1   d x =  ( 8 − 2 ) = 6


    ∫  𝟎  𝝅    𝒙     𝐭 𝐚 𝐧 ⁡  𝒙    𝐬 𝐞 𝐜 ⁡  𝒙 +   𝐭 𝐚 𝐧 ⁡  𝒙


    ∫ 0  𝛱    x   t a n ⁡  x    s e c ⁡  x +   t a n ⁡  x d x


    ∫ 0  𝜋    ( 𝜋 − x )   t a n ⁡ ( 𝜋 − x )    s e c ⁡ ( 𝜋 − x ) +   t a n ⁡ ( 𝜋 − x ) d x


  ⇒


    ∫ 0  𝜋    ( 𝜋 − x )   t a n ⁡  x    s e c ⁡  x +   t a n ⁡  x d x


    ∫ 0  𝜋    𝜋   t a n ⁡  x    s e c ⁡  x +   t a n ⁡  x d x


          𝜋   ∫ 0  𝜋      t a n ⁡  x    s e c ⁡  x +   t a n ⁡  x d x


    𝜋   ∫ 0  𝜋      t a n ⁡  x    s e c ⁡  x +   t a n ⁡  x X     s e c ⁡  x −   t a n ⁡  x    s e c ⁡  x −   t a n ⁡  x d x


  𝜋   ∫ 0  𝜋  (   t a n ⁡  x   s e c ⁡  x −     t a n 2 ⁡  x ) d x


  𝜋   ∫ 0  𝜋  (   t a n ⁡  x   s e c ⁡  x −     s e c 2 ⁡  x + 1 ) d x


   1 2 { 𝜋     (   s e c ⁡  x −   t a n ⁡  x + x ) ] 0  𝜋


   1 2 𝜋 ( 𝜋 − 2 )


   ∫    𝒄 𝒐 𝒔 𝒙  ( 𝟏 − 𝒔 𝒊 𝒏 𝒙 ) ( 𝟐 − 𝒄 𝒐 𝒔 𝒙 ) 𝒅 𝒙


   ∫    d t  ( 1 − t ) ( 2 − t )


  ⇒ A = 1 , B = − 1


  H e n c e   I =  ∫   1  ( 1 − t ) ( 2 − t ) d t =  ∫   (  1  ( 1 − t ) −  1  2 − t ) d x


  H e n c e   I =  ∫   1  ( 1 − t ) ( 2 − t ) d t =  ∫   (  1  ( 1 − t ) −  1  2 − t ) d x


  =  ∫   1  1 − t d x −  ∫    d t  2 − t


  − l o g  | 1 − t | + l o g  | 2 − t |


  = l o g  |   2 − t  1 − t |


  l o g  |   2 − s i n x  1 − s i n x |


   ∫      𝐱  𝟐 + 𝐱 + 𝟏   (   𝐱  𝟐 + 𝟏 )  ( 𝐱 + 𝟐 ) 𝐝 𝐱


     x 2 + x + 1   (  x 2 + 1 )  ( x + 2 ) =  A  x + 2 +   Bx + C   x 2 + 1


  ⇒


  ⇒ A =  3 5 , B =  2 5     and     C =  1 5


  ⇒    x 2 + x + 1   (  x 2 + 1 )  ( x + 2 ) =  A  x + 2 +   Bx + C   x 2 + 1


  ⇒    x 2 + x + 1   (  x 2 + 1 )  ( x + 2 ) =  A  x + 2 +   Bx + C   x 2 + 1


  ⇒  3 5  ∫   dx  x + 2 +  1 5  ∫    2 x + 1   x 2 + 1 dx


  ⇒  3 5  ∫   dx  x + 2 +  1 5  ∫    2 x + 1   x 2 + 1 dx


  ⇒  3 5  ∫   dx  x + 2 +  1 5  ∫    2 x   x 2 + 1 dx +  1 5  ∫   1   x 2 + 1 dx


  ⇒  3 5  ∫   dx  x + 2 +  1 5  ∫    2 x   x 2 + 1 dx +  1 5  ∫   1   x 2 + 1 dx


  ⇒  3 5  log ⁡   ( x + 2 ) +  1 5  log ⁡   (  x 2 + 1 ) +  1 5    tan  − 1 ⁡  ( x ) + c


    ∫  − 𝟏  𝟐   |   𝒙  𝟑 − 𝒙 |   𝒅 𝒙


    ∫  − 1 2   |   x 3 − x |   d x


    ∫  − 1 0   |   x 3 − x |   d x +   ∫ 0 1   |   x 3 − x |   d x +   ∫ 1 2   |   x 3 − x |   d x


                  =   ∫  − 1 0    ( x 3 − x )   d x −   ∫ 0 1    ( x 3 − x )   d x +   ∫ 1 2    ( x 3 − x )   d x


     (     x 4 4 −     x 2 2 )  − 1 2 −    (     x 4 4 −     x 2 2 ) 0 1 +    (     x 4 4 −     x 2 2 ) 1 2


   3 2 +   − 3 4 + 2 =  11 4


  :  ∫    ( 𝟑 𝒔 𝒊 𝒏 𝜽 − 𝟐 ) 𝒄 𝒐 𝒔 𝜽  𝟓 −   𝒄 𝒐 𝒔  𝟐 𝜽 − 𝟒 𝒔 𝒊 𝒏 𝜽   𝒅 𝜽


   ∫    ( 3 s i n 𝜃 − 2 ) c o s 𝜃  5 −   c o s 2 𝜃 − 4 s i n 𝜃   d 𝜃


   ∫    ( 3 s i n 𝜃 − 2 ) c o s 𝜃    s i n 2 𝜃 − 4 s i n 𝜃 + 4   d 𝜃


  s i n 𝜃 = y


  c o s 𝜃 d 𝜃 = d y


   ∫    ( 3 y − 2 )    y 2 − 4 y + 4   d y


   ∫    ( 3 y − 2 )    ( y − 2 ) 2   d y


  l e t     ( 3 y − 2 )    ( y − 2 ) 2 =       A  y − 2 +   B    ( y − 2 ) 2


   ∫    ( 3 y − 2 )    ( y − 2 ) 2   d y


   ∫   3  y − 2 +  4    ( y − 2 ) 2   d y


  −  4  y − 2


  s i n 𝜃 ) +  4  2 −   s i n 𝜃


   ∫    𝒙 + 𝟐     𝒙  𝟐 + 𝟐 𝒙 + 𝟑 𝒅 𝒙


  x + 2 = A   d  d x  (   x 2 + 2 x + 3 ) + B


  x + 2 = A  ( 2 x + 2 ) + B


  A =  1 2


  B =  1 2


  I =  1 2  ∫    ( 2 x + 2 ) d x     x 2 + 2 x + 3 +  1 2  ∫    2   d x     ( x + 1 ) 2 +    (  2 ) 2 d x


     x 2 + 2 x + 3


   | x + 1 +    x 2 + 2 x + 3 |


  𝐏 𝐫 𝐨 𝐯 𝐞       ∫  𝟎  𝛑    𝐥 𝐨 𝐠 ⁡  𝐬 𝐢 𝐧   𝐱 𝐝 𝐱 = − 𝛑 𝐥 𝐨 𝐠 𝟐     𝐮 𝐬 𝐢 𝐧 𝐠   𝐩 𝐫 𝐨 𝐩 𝐞 𝐫 𝐭 𝐢 𝐞 𝐬   𝐨 𝐟   𝐝 𝐞 𝐟 𝐢 𝐧 𝐢 𝐭 𝐞   𝐢 𝐧 𝐭 𝐞 𝐠 𝐫 𝐚 𝐭 𝐢 𝐨 𝐧 .


  log ⁡ [ sin ⁡ ( 𝜋 − x ) ] = log ⁡ sin ⁡ x


     ∴  I = 2   ∫ 0  π / 2      log ⁡    s i n ⁡  x d x … … … . .  ( 3 )   ⇒  I = 2   ∫ 0  𝜋 / 2     log ⁡ sin ⁡  (   𝜋 2 − x ) d x   ⇒  I = 2   ∫ 0  𝜋 / 2      log ⁡   cos ⁡  x d x … … … . . ( 4 )


     2 I  = 2   ∫ 0  𝜋 / 2     log ⁡ sin ⁡ x cos ⁡ x d x   ⇒ I  =   ∫ 0  𝜋 / 2     log ⁡  (   sin ⁡ 2 x 2 ) d x    =   ∫ 0  𝜋 / 2     log ⁡ sin ⁡ 2 x d x − log ⁡ 2   ∫ 0  𝜋 / 2     1 ⋅ d x   ⇒ I  =   I 1 − log ⁡ 2 [ x  ] 0  π / 2 =   I 1 −   𝜋 2 log ⁡ 2


    I 1 =  ∫ 0  π / 2   log ⁡ sin ⁡ 2 x d x


  2 x = t ⇒ 2 d x = d t


  =  1 2   ∫ 0  𝜋    log ⁡   sin ⁡  t d t =  1 2   ∫ 0  𝜋    log ⁡  s i n x d x


     =  1 2 × 2   ∫ 0  𝜋 / 2     log ⁡ sin ⁡ x d x   ⇒   I 1 =  1 2 I     From   ( 5 ) ⇒ I =  1 2 I −   𝜋 2 log ⁡ 2   ⇒  1 2 I = −   𝜋 2  log ⁡ 2       ;   I = − 𝜋 log ⁡ 2


     =  1 2 × 2   ∫ 0  𝜋 / 2     log ⁡ sin ⁡ x d x   ⇒   I 1 =  1 2 I     From   ( 5 ) ⇒ I =  1 2 I −   𝜋 2 log ⁡ 2   ⇒  1 2 I = −   𝜋 2  log ⁡ 2       ;   I = − 𝜋 log ⁡ 2


   ∫  f  ( x ) d x


   ∫  f  ( x ) d x


    d x  d t


    g ′ ( t )


    g ′  ( t ) d t


   ∫  f ( g  ( t ) )   g ′ ( t )


   ∫  2 x s i n  (   x 2 + 2 ) d x


   ∫  2 x s i n  (   x 2 + 2 ) d x


    x 2 + 2


   ∫  s i n t


    x 2 + 2


    x 2 + 2


  = 2 x s i n  (   x 2 + 2 )


    ∫  a  b  f  ( x ) d x = F  ( x )


    ∫ 2 3    x d x  1 +   x 2 d x


    ∫ 2 3    x d x  1 +   x 2 d x


  1 +   x 2


   1 2   ∫ 5 10    d t  t   =  


   ∫    p ( x )  q ( x )


    p ( x )  q ( x )


    p x + q  ( x − a ) ( x − b )


    A  ( x − a )


    B  ( x − b )


   ∫    d x  ( x + 1 ) ( x + 2 )


   1  ( x + 1 ) ( x + 2 ) =   A  x + 1 +   B  x + 2 ,


   ∫    d x  ( x + 1 ) ( x + 2 )


   ∫   1  x + 1 d x


   ∫   1  x + 2 d x


   log ⁡   (   x + 1  x + 2 ) + C


  a x + b y = c


    x 2 +   y 2 =   r 2


    ( x − h ) 2 +   ( y − k ) 2 =   r 2


    ∫  a  b  y   d x


    ∫  a  b  f ( x )   d x


    ∫  c  d  x   d y


    ∫  c  d  g ( y )   d y


  y =   x 2 ,   0 ≤ x ≤ 2


    ∫ 0 2    x 2 d x


    ∫ 0 2   y   d y


    ∫ 0 4    x 2 d x                


    ∫ 0 4   y   d y


  y =  16 −   x 2  


   


  y = x + 1


  x = 2   a n d       x = 3


   7 2


   9 2


   11 2


   13 2


      y 2 = 36 x


  y = x  | x | ,  


  x = − 1  


  x = 1


   1 3


   2 3


   4 3


  y =   x 2


   32 3


   256 3


   64 3


   128 3


    ∫ 1 3   9 −   y 2 d y


  2   ∫ 1 3   9 −   y 2 d y


    ∫ 0 3   9 −   x 2 d x


    ∫ 0 3   9 −   x 2 d x


  y   =     x 3


  x = 1


  x = 4


   255 4


   225 2


   125 3


   124 3


  x   =   2 y + 3


  y = 1


  y =   − 1  


  y = 2 x − 4


  y − a x i s ,   x − a x i s


  x = 1


    x 2 +   y 2 = 16


    x 2 +   y 2 =   a 2


  4   ∫ 0  a     a 2 −   y 2   d y


  y   =     x 2 ,


  x = 0


  x = 2


    ∫ 0 2   y d y


    ∫ 0 2    x 2 d x


    ∫  − a  a  f  ( x ) d x = 2   ∫ 0  a  f ( x ) d x


    ∫ 0  2 𝜋  c o s   x   d x = 0  


  y =  cos ⁡  x  


  x = 0


  x = 2 𝜋


      x 2 25     +     y 2 16       =   1


  20 𝜋


      x 2    a 2     +     y 2    b 2       =   1


  𝜋 a b


   


  x =  4 −   y 2


  2 𝜋


  x =  4 −   y 2


  y   =   x ,   x   =   0 ,


  y   =   4


    ∫ 0 4  x   d y


    x 2


    ∫ 0 2  2 x −   x 2


   4 3


  A =   ∫ 0 2  x   d x


   |   ∫  − 1 0  x   d x |


       5 2


    x 2 +   y 2


    r 2


  ×   ∫ 0  r     r 2 −   x 2


        𝜋   r 2


      x 2    a 2     +     y 2    b 2       =   1


  A =   4   ×     b  a


    ∫ 0  a     a 2 −   x 2


  𝜋


  y   −   1   =   x


  x   =   − 2


  x   =   3


   |   ∫  − 2  − 1  ( x + 1 )   d x   |


    ∫  − 1 3  x + 1   d x


   17 2


    y 2 = 8 x


    ∫ 0 2   8 x   d x


   32 3  


    x 2


    ∫ 0 1  x   d x     −         ∫ 0 1    x 2   d x


   1 6


   | x   +   1 |


  A =   ∫  − 4  − 1  − ( x + 1 )   d x +   ∫  − 1 2  x + 1


  2 x + y = 8 ,   y = 2 ,   y = 4


    ∫ 2 4   (   8 − y 2 ) d y =     5  


   x


    ∫ 0 1   x


    ∫ 0 1  x  


     2 3     −  1 2  


   1 6


    ∫ 0  𝜋  y d x


    ∫ 0  𝜋  s i n x   d x


     [ − c o s x ] 0  𝜋


    ∫ 0 1  y d x


    ∫ 0 1   (  x −   x 2 ) d x


     [  2 3   x   3 2 −     x 3 3 ] 0 1


  y   =    (  2 2   −     x 2 )


    ∫ 0 2    2 2 −   x 2 d x


     [   x 2   2 2 −   x 2 +    2 2 2    sin  − 1 ⁡    x 2 ] 0 2


  =  2 2   2 2 −  2 2 +    2 2 2    sin  − 1 ⁡   2 2 −    0 2   2 2 −  0 2 +          2 2 2    sin  − 1 ⁡   0 2


  =  1 2    sin  − 1 ⁡ 1


   1 2 ×   𝜋 2


  𝜋


    ∫ 0 2  y d x


    ∫ 0 2  ( 2 − x ) d x


     [ 2 x −     x 2 2 ] 0 2


  × 2 −    2 2 2 −  [ 2 × 0 − 0 ]


    y −   y 1    x 2 −   x 1 =   x −   x 1    x 2 −   x 1 =


    y − 5  7 − 5 =   x − 2  4 − 2


  = > y = x + 3


    y − 7  2 − 7 =   x − 4  6 − 4


    y =   − 5 x 2 + 17


    y − 5  2 − 5 =   x − 2  6 − 2


    y =   − 3 x 4 +  13 2


    ∫ 2 4   ( x + 3 ) d x +   ∫ 4 6   ( −   5 x 2 + 17 ) d x −   ∫ 2 6   ( −   3 x 4 +  13 2 ) d x


     [     x 2 2 + 3 x ] 0 4


     [     − 5 x 2 4 + 17 x ] 4 6 d x −      [     − 3 x 2 8 +   13 x 2 ] 2 4


  y   =   2 x   +   1 ,   y   =   3 x   +   1   a n d   x   =   4


    ∫ 0 4  ( 3 x + 1 ) d x −   ∫ 0 4  ( 2 x + 1 ) d x


     [     3 x 2 2 + x ] 0 4 −    [   x 2 + x ] 0 4


    3 ×  4 2 2 + 4 − 0 − (  4 2 + 4 − 0 )


    ∫ 0 4  x d x +   ∫ 4  4  2     32 − x 2 d x


     [     x 2 2 ] 0 4 +  1 2    [ x     ( 4  2 ) 2 −   x 2 +    ( 4  2 ) 2    sin  − 1 ⁡    x  4  2 ] 4  4  2


     [    4 2 2 −    0 2 2 ]


   1 2  [ 4  2     ( 4  2 ) 2 −    ( 4  2 ) 2 +    ( 4  2 ) 2    sin  − 1 ⁡    4  2  4  2 − ( 4     ( 4  2 ) 2 −  4 2 +    ( 4  2 ) 2    sin  − 1 ⁡   4  4  2 ) ]


   1 2  [ 4  2     ( 4  2 ) 2 −    ( 4  2 ) 2 +    ( 4  2 ) 2    sin  − 1 ⁡    4  2  4  2 − ( 4     ( 4  2 ) 2 −  4 2 +    ( 4  2 ) 2    sin  − 1 ⁡   4  4  2 ) ]


     1 2 ( 16 − 0 )


   1 2  [ 0 +     32   sin  − 1 ⁡   ( 1 ) − 16 − 32    sin  − 1 ⁡   (  1   2 ) ]


   1 2 ( 32   𝜋 2 − 16 − 32   𝜋 4 )


  8 + 8 𝜋 − 8 − 4 𝜋


  4 𝜋


  x  | x |


    ∫ 0 1    x 2   d x =    2 3


    x 2 +   y 2


    a 2


          a   2


    ∫    a   2  a     a 2 −   x 2


     [   x 2    a 2 −   x 2 +     a 2  a    sin  − 1 ⁡    x  a ]  a /  2  a


      a 2 2


   (   𝜋 2 − 1 )


   


    x 2


  A =   ∫ 0 3    ( x 2 + 2 ) d x −   ∫ 0 3  x   d x    


   15 2 −  9 2             =  21 2


   {  ( x , y ) :   y 2 ≤ 2 x   a n d   y ≥ x − 4 }


   {  ( x , y ) :   y 2 ≤ 2 x   a n d   y ≥ x − 4 }


   [   ∫  − 2 4  ( y + 4 ) d y −     ∫  − 2 4      y 2 2 d y ]


   {  ( x , y ) :   100 x 2 + 25   y 2 = 2500 }


      100   x 2 2500 +     25     y 2 2500 = 1


      x 2 25 +     y 2 100 = 1


          y 2 100 = 1 −     x 2 25


  y = 2   ( 25 −   x 2 )


    ∫ 0 5    ( 25 −   x 2 ) d x


  8    [   x 2  25 −   x 2 +  25 2    sin  − 1 ⁡    x 5 ] 0 5


  8  [  25 2    sin  − 1 ⁡   ( 1 ) ]


  8   ×  25 2 ×   𝜋 2


    ∫ 2 4  y d x


  3   ∫ 2 4   x   d x


     [     x   1 2 + 1   1 2 + 1 ] 2 4


  ×  2 3    [   x   3 2 ] 2 4


   [  2 3 −    (  2 ) 3 ]


  16   −   4  2


    ∫  − 2 4   (   3 x + 12 2 −   3   x 2 4 ) d x  


     [   3   x 2 4 + 6 x −     x 3 4 ]  − 2 4


   [   3 ×  4 2 4 + 6 × 4 −    4 3 4 ] −  [   3 × 4 4 − 12 +  8 4 ]


  12 + 24 − 16 − 3 + 12 − 2 = 27


    ∫ 1 4   (   x + 5 3 ) d x −   ∫ 1 2   ( 4 − 2 x ) d x −   ∫ 2 4   (   3 x − 6 2 ) d x


     1 3    [     x 2 2 + 5 x ] 1 4 −    [ 4 x −   x 2 ] 1 2 −  1 2    [   3   x 2 2 − 6 x ] 2 4


     1 3  [  (  16 2 + 2 ) −  (  1 2 + 5 ) ]


   [  ( 8 − 4 ) −  ( 4 − 1 ) ] −  1 2  [  ( 24 − 24 ) −  ( 6 − 12 ) ]


   [  ( 8 − 4 ) −  ( 4 − 1 ) ] −  1 2  [  ( 24 − 24 ) −  ( 6 − 12 ) ]


     1 3 ×  45 2


   15 2 − 4    


       7 2


  y =  {    2 +  ( x + 1 ) = x + 3 ,   f o r   x ≥ − 1   2 −  ( x + 1 ) = 1 − x ,   f o r   x < − 1


  =   ∫  − 4  − 1   ( 1 − x ) d x +   ∫  − 1 3   ( x + 3 ) d x


  =  21 2 + 16 =  53 2 = 26 . 5


  ( 4  2 ,   0 )


    ∫ 0  4  2  x   d x +     ∫  4  2 8   64 −   x 2     d x  


  8 𝜋


    ∫  − 50 50      x 2 250   d x


   1000 3


    ∫  − 50 50    x 2   d x  


   500 3


    x 2 +   y 2 = 32


  𝜋 − 8


    x 3


    x 3


  x = 2


  x =   − 2


  y   =     2 x 3 ,  


  x = − 1   a n d   x = 1 .


  y = 2 x + 4


  y = −  4 3 x + 4


  9   x 2 +   16   y 2   =   144


  y =  3 4  16 −   x 2


   3 8 x  16 −   x 2 + 6    sin  − 1 ⁡   (   x 4 ) + C


  12 𝜋  


  ∆ P O Q )


    x 2   +     y 2   =   64 .


    x 2   +     y 2   =   4


  y =  64 −   x 2


  y =  4 −   x 2


  64 𝜋


  4 𝜋


        d y    d x + p y = q


    d x  d y + p x = q


    d y  d x = f ( x , y )      


    d x  d y     =   g ( x , y )


    d y  d x + P y = Q


    d x  d y + P x = Q


    d y  d x + P y = Q     i s     e     ∫  P ( x ) d x


   ∫  [ Q   . ( I . F ) ] d x   + C


    d x  d y + P x = Q  


    e     ∫  P ( Y ) d y


  x


   ∫  [ Q   . ( I . F ) ] d y   + C


    d  d x  (   d y  d x ) = 0 ,


  ( A ) 0                                         ( B ) 1


  S o l u t i o n :   d  d x  (   d y  d x ) =       d 2 y  d   x 2


  A n s w e r :


      d 4 y    d x 4 + 2   e    d y  d x +   y 2 = 0


  S o l u t i o n :


      d 4 y    d x 4 + 2   e    d y  d x +   y 2


    d y  d x .


  S o   i t s   d e g r e e   i s   n o t   d e f i n e d .


    A n s w e r :


  l o g  (   d y  d x ) = 3 x + 4 y   i s :


  3   e  4 y + 4   e  − 3 x + C = 0


    e  3 x + 4 y + C = 0


  3   e  − 3 y + 4   e  4 x + 12 C = 0


  3   e  − 4 y + 4   e  3 x + 12 C = 0


  S o l u t i o n :


  l o g  (   d y  d x ) = 3 x + 4 y


    d y  d x   =     e  3 x   + 4 y


                                          d y  d x   =     e  3 x     e  4 y


                                          d y    e  4 y =     e  3 x d x


                                          d y    e  4 y =     e  3 x d x


       ∫    e  − 4 y   d y =  ∫    e  3 x   d x        


      e  − 4 y  − 4   =       e  3 x 3   +   C


  3   e  − 4 y   = −   4     e  3 x   − 12   C  


  3   e  − 4 y   +   4     e  3 x   + 12   C   = 0                              


    d y  d x   =   F ( x , y )   w i l l


  c o s   x   −   s i n  (     y    x   )                             ( B )       y  x  


      x 2 +     y 2  x y


    c o s 2  (   x  y )


  c o s x − s i n  (   y  x ) , t h e n F  ( 𝜆 x , 𝜆 y ) ≠   𝜆 0 F  ( x , y )


    d y  d x   =   F ( x , y )


    d y  d x =     x 3 −     y  n    x 2 y   +   x   y 2


   ( x + 2   y 2 )   d y  d x = y   ( y   >   0 )   i s   :


   1  x  


   1  y


  S o l u t i o n :


   ( x + 2   y 2 )   d y  d x = y   ( y   >   0 )


  ⇒   d x  d y   =    1  y x   + 2 y           ⇒     d x  d y   −    1  y x   = 2 y          


  I t   i s   a   l i n e a r   d i f f e r e n t i a l   e q u a t i o n   o f   t h e   f o r m     d x  d y + P x = Q     w h e r e  


  I t   i s   a   l i n e a r   d i f f e r e n t i a l   e q u a t i o n   o f   t h e   f o r m     d x  d y + P x = Q     w h e r e  


  P   =     − 1  y   a n d   Q   = 2 y


    e   ∫  P   d y


    e   ∫      − 1  y   d y


    e  − l o g   y   =   e  l o g     y  − 1 =     e  l o g    1  y   =    1  y   A n s w e r :  


    d y  d x + y = 0


  S o l u t i o n :


    d y  d x + y = 0


  A n s w e r :


  x   d y  d x + y = 0 ,   w h e n   x = 1   a n d   y = 1   i s


  y =   e  x


  y =  1  x


        S o l u t i o n :


  x   d y  d x + y = 0


      x   d y  d x = −   y


    d y  y   =   −   d x  x  


   ∫    d y  y =  ∫  −   d x  x


  l o g   y   =   − l o g   x   + C


  l o g   y   +   l o g   x   = C


  l o g   x y   =   C                        


  ⇒ C =   l o g   1   =   0


  S u b s t i t u t i n g   C = 0   i n   e q n  ( 1 )   w e   g e t   l o g   x y = 0


  x y   =   1


          y   =    1  x


  A n s w e r :


  S o l u t i o n :


    d y  d x


  A c c o r d i n g   t o   t h e   q u e s t i o n   d y  d x   =     x  y


  ⇒   y   d y   =   x   d x


  ⇒   y   d y   =   x   d x


  I n t e g r a t i n g   b o t h   s i d e s   w e   g e t


  I n t e g r a t i n g   b o t h   s i d e s   w e   g e t


     ∫  y   d y =  ∫  x   d x  


     ∫  y   d y =  ∫  x   d x  


      y 2 2   =       x 2 2   +   C


    y 2   −     x 2   = 2 C    


  .


  A n s w e r :


    A 3


  S o l u t i o n : G i v e n   f a m i l y   o f   c u r v e s     y   =   A   x   +     A 3


  ⇒     d y  d x   = A


  P u t t i n g   t h e   v a l u e   o f     d y  d x   i n   e q n  ( 1 )   w e   g e t


  y   =    (   d y  d x ) x   +      (   d y  d x ) 3


  O r d e r   = 1


      d 2 y    d x 2   −   3      (   d y  d x ) 2   =     x  2   l o g  (     d 2 y    d x 2 )


  S o l u t i o n : G i v e n


      d 2 y    d x 2   −   3      (   d y  d x ) 2   =     x  2   l o g  (     d 2 y    d x 2 )


    d y  d x .


  H e r e   A   i s   f a l s e ,   R   i s   t r u e . A n s w e r :


    d y  d x   =   1   +   2  (   y  x )


  x   +   y   =   C   x 2


    d y  d x   = f  (   y  x )   i s   x   =   v y .


  S o l u t i o n : G i v e n


    d y  d x   =   1   +   2  (   y  x )


  P u t   y =   v x ,   i t   r e d u c e s   t o   t h e   f o r m


  v   +   x .   d v  d x   =   1   + 2 v


  v   +   x .   d v  d x   =   1   + 2 v


  ⇒   x .   d v  d x   =   1   + v


  ⇒   x .   d v  d x   =   1   + v


  ⇒   d v  1   +   v =     d x  x


  ⇒   d v  1   +   v =     d x  x


  I n t e g r a t i n g   b o t h   s i d e s ,   w e   g e t


  I n t e g r a t i n g   b o t h   s i d e s ,   w e   g e t


   ∫    d v  1   +   v   =    ∫    d x  x  


   ∫    d v  1   +   v   =    ∫    d x  x  


  ⇒ l o g  | 1 + v | = l o g  | x | + l o g  |   C 1 |


  ⇒ l o g  | 1 + v | = l o g  | x | + l o g  |   C 1 |


  ⇒


   | 1 + v | =  |   C 1 x |


  ⇒       x   +   y   =   ±     C 1   x 2


  ⇒   x   +   y   =   C     x 2


    ±     C 1   =   C


  A   i s   t r u e .  


  R   i s   f a l s e .


  A n s w e r : C


    d y  d x   −   y   c o s   x   =   5


    d y  d x   +   P y   =   Q


    d y  d x   −   y   c o s   x   =   5


    d y  d x   +   P y   =   Q


  H e r e   P   =   − c o s   x     i s   a   f u n c t i o n   o f   x   a n d   Q = 5   i s   a   c o n s t a n t .        


  T h e   d i f f e r e n t i a l   e q u a t i o n   2 y     e    x  y   d x   +    ( y   −   2   x     e    x  y   ) d y   = 0


  y   =   v x


    d x  d y =   h  (   x  y )   c a n   b e   s o l v e d   b y   m a k i n g   t h e   s u b s t i t u t i o n   x   =   v y   a n d   o f   t h e   f o r m     d y  d x = h  (   y  x )  


  S o l u t i o n :


                                          d x  d y =   h  (   x  y )   a n d   c a n   b e   s o l v e d   b y   m a k i n g   t h e   s u b s t i t u t i o n   x   =   v y


             


  A n s w e r :


      d 2 y    d x 2   =   0     i s   2 .


  S o l u t i o n :


      d 2 y    d x 2   =   0


  ⇒     d  d x  (   d y  d x )   =   0


  O n   i n t e g r a t i n g   w e   g e t     d y  d x   =   C


  O n   i n t e g r a t i n g   w e   g e t     d y  d x   =   C


   ∫  d y     =  ∫  C   d x


  y     = C   x   +     C ′


  y     = C   x   +     C ′


  T h e r e


      d 2 y    d x 2   =   0


  x   d y  d x   +   2 y   =   4 x   +   5   x 2


    x 2 .


    d x  d y  


    e   ∫  R   d y


  S o l u t i o n :


  x   d y  d x   +   2 y   =   4 x   +   5   x 2


    d y  d x   +    2  x   y   =   4   +   5 x


    d y  d x   +   P   y   =   Q  


   2  x   ,   Q   =   4 + 5 x


    e   ∫  P   d x   =   e   ∫   2  x   d x  


    e  l o g     x 2 =   x 2


  A n s w e r : B


   ( 1   ,     𝜋 4 )


    y  x     −     c o s 2  (   y  x ) ,  


    y   =   x     t a n  − 1  ( l o g |   e  x | )


    d y  d x + P y = Q     i s     e   ∫  P   d x


   ∫  [ Q   . ( I . F ) ] d x + C


  S o l u t i o n :   G i v e n     d y  d x   =   y  x     −     c o s 2  (   y  x )


  P u t t i n g   y   =   v x   w e   g e t     d y  d x =   v   +   x .   d v  d x


    v   +   x .   d v  d x   =   v   −     c o s 2 v


  ⇒     d v    c o s 2 v   =     − d x  x


  ⇒  ∫    s e c 2 v     d v     =   −    ∫   1  x   d x


  ⇒  ∫    s e c 2 v     d v     =   −    ∫   1  x   d x


  ⇒   t a n   v   =  


  |   x   |   +   C − − − − − − − ( i i )


   ( 1   ,     𝜋 4 )


  t a n    (   𝜋 4 )


  ⇒   C   = 1


  t a n    (   y  x )   =  


  |   x   |   +   1


  t a n    (   y  x )   =   l o g   |   e  x |


  e   = 1


  ⇒           y  x


    t a n    − 1  ( l o g   |   e  x | )


  A n s w e r :


   


    y  x   d y  d x   =     1   +     y 2  1   +     x 2


    1   +     x 2   =   C  ( 1   +     y 2 )


   ∫    x  1   +     x 2   d x   =    1 2   l o g    (   1   +     x 2 )


  S o l u t i o n :


    y  x   d y  d x   =     1   +     y 2  1   +     x 2


  ⇒  ∫    y  1   +     y 2 d y   =  ∫    x  1   +     x 2   d x


  ⇒    1 2   l o g ( 1   +     y 2 ) =    1 2   l o g ( 1   +     x 2 )


  ⇒  ( 1 +   y 2 ) =  ( 1 +   x 2 ) C


  o r            ( 1 +   x 2 ) = C  ( 1 +   y 2 )


  o r            ( 1 +   x 2 ) = C  ( 1 +   y 2 )


  .      


  A n s w e r :


    d y  d x   =   x   +    1    x 2   i s     6 x y   =   3   x 3   +   29 x   −   6


    d y  d x =  4   −     y 2 , y ∈  [ − 2 , 2 ]   i s


  y   =   2   s i n   ( x   +   C )


  S o l u t i o n :


    d y  d x   =   x   +    1    x 2


                   ∫  d y         =  ∫   1  x   d x  


  ⇒         y   =       x 2 2   −    1  x


  G i v e n   ( 1 )   p a s s e s   t h r o u g h   ( 3 , 9 ) .


  S o   9   =    9 2   −    1 3   + C


     29 6


   29 6   i n   (   1 )   w e   g e t y   =       x 2 2   −    1  x


   29 6


  ⇒   y   =     3   x 3   −   6   +   29   x  6 x


  ⇒   6 x y   =   3   x 3   −   6 +   29   x


  ⇒         6 x y   =   3     x 3


  A s s e r t i o n   i s   t r u e .


  G i v e n     d y  d x =  4   −     y 2


   ∫    d y   4   −     y 2   =  ∫  d x  


   ∫    d y   4   −     y 2   =  ∫  d x  


  x   +   C  


    y 2   =   s i n   ( x   + C )


  = 2   s i n   ( x   + C )


  A n s w e r :


                                                                  y   =     C 1   e  x   +     C 2   +     C 3   e  x   +     C 4


  S o l u t i o n : G i v e n


  y   =     C 1   e  x   +     C 2   +     C 3   e  x   +     C 4


  ⇒   y   =       C 1   e  x     e    C 2   +     C 3   e  x     e    C 4  


  ⇒     y =     e  x    ( A   +   B )  


  ⇒     y =     e  x    ( A   +   B )  


    ⇒     y           =   P     e  x


  A   i s   f a l s e .   B u t   R   i s   t r u e .


  A n s w e r :


    d V  d t   𝛼      (   d h  d t )   1 3


    d V  d t   =   K    (   d h  d t )   1 3


  ⇒      (   d V  d t ) 3 =   K  (   d h  d t )


  l o g  (   d y  d x )   =   x   − y


  l o g  (   d y  d x )   =   x   − y


  ⇒   d y  d x   =     e  x   −   y


    e  y   d y   =     e  x d x


         ∫    e  y       d y   =  ∫    e  x d x  


    e  y   =         e  x   +   C


        e  x   −     e  y   +   C   =   0


    d y  d x   +   y   =   c o s   x   −   s i n   x


    d y  d x   +   y   =   c o s   x   −   s i n   x


    d y  d x   +   P y   =   Q .   H e r e   P   =   1     ,   Q     =   c o s   x   −   s i n   x


    e   ∫  P   d x   =     e   ∫  1 .   d x   =     e  x


   ∫  [ Q   . ( I . F ) ] d x     + C


    e  x


   ∫   ( c o s x   −   s i n x )   e  x   d x     ) ⇒  


    e  x   =       e  x c o s   x   +   C  


  ⇒   y   =   c o s   x   +   C     e  − x


   (   2   +   s i n   x  1   +   y )   d y  d x   =   −   c o s   x     a n d   y ( 0 ) = 1 ,   t h e n   f i n d   t h e   v a l u e   o f   y  (   𝜋 2 )


   (   2   +   s i n   x  1   +   y )   d y  d x   =   −   c o s   x


  ⇒  1  1   +   y     d y  d x


    c o s   x  2   +   s i n   x


  ⇒         d y  1   +   y   =   −   c o s   x  2   +   s i n   x d x


  I n t e g r a t i n g   b o t h   s i d e s   w e   g e t


   ∫    d y  1   +   y   =   −  ∫    c o s   x  2   +   s i n   x d x


   ∫    d y  1   +   y   =   −  ∫    c o s   x  2   +   s i n   x d x


  | 2   +   s i n   x   |   +     l o g   C


  | 2   +   s i n   x   |   =     l o g   C


    C  2   +   s i n   x


  ⇒   y   =     C  2   +   s i n   x   − 1


  W h e n   x   =   0   ,   y   = 1


    C 2


    C 2


    y   =    4  2   +   s i n   x   − 1


  y  (   𝜋 2 )


    𝜋 2   ,     y   =    4  2   +   s i n   𝜋 2   − 1


  y   =    4 3   − 1


   1 3


   ( y     −   x ) d y   =   (   1   +     y 2 ) d x


   ( y     −   x ) d y   =   (   1   +     y 2 ) d x


    d x  d y


     ( y     −   x )  (   1   +     y 2 )


    d x  d y   =     y    1   +     y 2   −     x  1   +     y 2


    d x  d y   +     x  1   +     y 2   =       y    1   +     y 2


    d x  d y     +    1  1   +     y 2 x   =     y    1   +     y 2


    d x  d y   +   P   x   =   Q .


  H e r e   P   =      1  1   +     y 2     ,   Q     =     y    1   +     y 2


    e     ∫  P   d y   =     e   ∫   1  1   +     y 2 d y   =     e  y    


    e  y    


    d y  d x   +   1   =  


    e  x   +   y


    d y  d x   +   1   =  


    e  x   +   y


  1   +     d y  d x   =     d t  d x


    d t  d x   =     e  t


    d t    e  t   =   d x


   ∫    e  − t d t   =  ∫  d x


      e  − t  − 1


    − 1    e  t   =   x   +   C


  − 1   =       e  t  


  ⇒       e  x   +   y (   x   +   C )   +   1   = 0


  x   d y  d x = y  ( l o g y − l o g x + 1 )


  x   d y  d x = y  ( l o g y − l o g x + 1 )


    d y  d x =   y  x  ( l o g y − l o g x + 1 )


    d y  d x =   y  x  [ l o g  (   y  x ) + 1 ]


    d y  d x   =   v   +   x .   d v  d x


  v   +   x .   d v  d x   = v   l o g   v   + v


    x .   d v  d x


   1  v   l o g   v     d v   =     d x  x


   ∫   1  v   l o g   v    


  d v     =    ∫   1  x   d x


  l o g   ( l o g v )   =   l o g   x   +   l o g   C


   (   y  x )   =   C   x


    e    d y  d x   =     x 2


  S o l u t i o n :


    e    d y  d x   =     x 2


  T a k i n g   l o g a r i t h m   o n   b o t h   s i d e s


    d y  d x   =   l o g     x 2


        d y  d x   =   2   l o g   x


   ∫  d y           =      ∫  2   l o g   x   d x


   ∫  l o g   x   d x           y   = 2   [   l o g   x  ∫  d x    


   ∫   1  x   . x   d x


  ⇒   y   =   2   (   x   l o g   x   −   x )   +   C


    d V  d t =


   4 3 𝜋 ( 3   r 2 )   d r  d t = − k × 4 𝜋   r 2


    d r  d t = − k


  2 x   d y  d x = 7 + y


   ∫    d y  7 + y    


     ∫    d x  2 x


  l o g ( 7 + y ) =  1 2 l o g x   +   l o g   C


  7 + y =  x C


     ( 7 + y ) 2 = x   C 2


   [ x     s i n 2  (   y  x ) − y ] d x   +   x   d y   = 0


    𝜋 4


   [ x     s i n 2  (   y  x ) − y ] d x   +   x   d y   = 0


    d y  d x   =     y  x     −     s i n 2  (   y  x )


    d y  d x   =   v   +   x .   d v  d x


  v   +   x .   d v  d x   = v   −     s i n 2 v


    x .   d v  d x   =   −     s i n 2 v


    −  ∫    d v    s i n 2 v =  ∫    d x  x      


   ∫    c o s e c 2 v d v   =


   ∫    d x  x


   (   y  x )   =   l o g   | x |   + C


    𝜋 4


   (   𝜋 4 ) =


   (   y  x )   =   l o g   | x |   + 1


    d y  d x −   3   y   c o t   x = s i n   2 x ,   g i v e n   t h a t   y   = 2 ,   w h e n   x   =   𝜋 2 .


    d y  d x −   3   y   c o t   x = s i n   2 x ,


        w h i c h   i s   o f   t h e   f o r m     d y  d x   +   P   y   = Q


       


    e   ∫  P   d x


    e   ∫  − 3 c o t x   d x


    e  − 3 l o g s i n x =  1    s i n 3 x


   ∫  [ Q   . ( I . F ) ] d x   + C


   1    s i n 3 x =    ∫  s i n   2 x . .  1    s i n 3 x   d x


    y    s i n 3 x   =  ∫  2   s i n x   c o s   x .    1    s i n 3 x   d x


    y    s i n 3 x   =   2  ∫  c o t   x   c o s e c x   d x +   C


    y    s i n 3 x   =   − 2   c o s e c   x   +   C


    y    s i n 3 x   =   − 2   c o s e c   x   +   C


  y   =   − 2     s i n 2 x


    s i n 3 x


    𝜋 2 ,   y   = 2


  y   =   − 2     s i n 2 x


    s i n 3 x


    e  x t a n y   d x   +   ( 1 −   e  x )   s e c 2 y   d y = 0


    e  x t a n y   d x   +   ( 1 −   e  x )   s e c 2 y   d y = 0


    e  x t a n y   d x   =


  (   e  x −   1 )   s e c 2 y   d y


      e  x  (   e  x −   1 )


      s e c 2 y   d y  t a n y


   ∫      e  x  (   e  x −   1 ) d x   =  ∫      s e c 2 y   d y  t a n y    


  |   e  x −   1 |


  l o g | t a n y |   +   l o g   | C |


    ( e  x −   1 ) =   ±   C   t a n y


    ( e  x −   1 ) =     C 1 t a n y ,   w h e r e     C 1 = ± C


    x 2   d y  d x   − y   +   x   s i n    (   y  x ) = 0


    x 2   d y  d x   − y   +   x   s i n    (   y  x ) = 0


  x   d y  d x   =   y   −   x   s i n  (   y  x )


    d y  d x   =   y  x   −   s i n  (   y  x )


    d y  d x   =   v   +   x .   d v  d x


  v   +   x .   d v  d x   =   v   −   s i n v


  ⇒   x .   d v  d x =   −   s i n v


  ⇒     d v  s i n   v =   −     d x  x


   ∫    d v  s i n   v = −  ∫    d x  x


  ⇒  ∫  c o s e c v   d v   = −  ∫    d x  x


    c  1 |


  ±   c 1


   ( c o s e c   y  x −   c o t     y  x )


  ±   c 1


  ( 1 − x )   d y   − ( 3 + y ) d x = 0


  ( 1 − x )   d y   − ( 3 + y ) d x = 0


   ( 1 − x ) d y =  ( 3 + y ) d x


    d y  3   + y =   d x  1   − x


         ∫    d y  3   + y   =  ∫    d x  1   − x


  | 3   +   y |   = −   l o g | 1   −   x |


  | 3   +   y |   +   l o g | 1   −   x | =


    y 2 d x +  (   x 2 − x y +   y 2 ) d y = 0


                                S o l u t i o n   :  


                                S o l u t i o n   :  


    y 2 d x +  (   x 2 − x y +   y 2 ) d y = 0


    d x  d y   =


   (     x 2    y 2 −   x  y + 1 )


    d x  d y =   F ( x , y )


  P u t   x   =   v y


    d x  d y =   v   +   y .     d v  d y


  v   +   y .     d v  d y   = −  (   v 2 − v + 1 )


    y .     d v  d y   = −  (   v 2 − v + 1 )


    d v  1   +     v 2 =   −   d y  y


  v   =   −   l o g   | y |   +   C


    x  y   +   l o g   | y |   =   C  


  2   x y   +     y 2 − 2   x 2   d y  d x   = 0 :   y = 2   w h e n   x   = 1


  2   x y   +     y 2 − 2   x 2   d y  d x   = 0


    y 2 =   2   x 2     d y  d x


    d y  d x   =     2 x y   +     y 2  2   x 2


    d y  d x   =   v   +   x .   d v  d x


  v   +   x .   d v  d x   =   2 x . v x   +     v 2   x 2  2   x 2


  v   +   x .   d v  d x     =     2 v   x 2   +   v 2   x 2  2   x 2


  v   +   x .   d v  d x     =     2 v   +     v 2 2


    x .   d v  d x     =     2 v   +     v 2 −   2 v 2  


  ⇒     2   d v    v 2   =   d x  x


    − 1  v   = l o g   | x |   +   C


    − x  y   =   l o g   x   +   C


    G i v e n   y = 2   w h e n   x   = 1


    − 1 2   =   l o g   1   +   C


    − 2 x  y   =   l o g   x   − 1


    d y  d x   +     s e c 2 x   .   y =   t a n x   .   s e c 2 x     ,   g i v e n   t h a t   y ( 0 )   = 0 .


  S o l u t i o n   :


    d y  d x   +     s e c 2 x   .   y =   t a n x   .   s e c 2 x       w h i c h   i s   o f   t h e   f o r m     d y  d x   +   P   y   = Q


    s e c 2 x


  t a n x   .   s e c 2 x      


    e   ∫  P d x


    e   ∫    s e c 2 x   d x


    e  t a n   x


   ∫  [ Q   . ( I . F ) ] d x   + C


    e  t a n   x   =    ∫  t a n x   .   s e c 2 x     e  t a n   x   d x   + C


    s e c 2 x


    e  t a n   x   =  ∫  t     e  t   d t


  ⇒   y     e  t a n   x   =   t     e  t   −     e  t   +   C


  ⇒  


    e  t a n   x   =     e  t ( t   −   1 )   +   C


  ⇒


    e  t a n   x


    e  t a n x ( t a n x   −   1 )   +   C


  G i v e n   y ( 0 ) = 0 .   i . e . ,   W h e n   x = 0 ,   y = 0


    e 0   +   C


  ⇒   0   = − 1   +   C


  ⇒       C   = 1  


    e  t a n   x


    e  t a n x ( t a n x   −   1 )   +   1


  y d x =  ( x + 2   y 2 ) d y


  S o l u t i o n   :


  y d x =  ( x + 2   y 2 ) d y  


    d x  d y     =     x + 2   y 2  y  


    d x  d y     −    1  y x   =   2 y


    d x  d y   +   P   x   =   Q .


  H e r e   P   =     − 1  y     ,   Q     =   2 y


    e   ∫  P d x   =     e   ∫    − 1    y   d y   =     e  y     =     e  l o g     y  − 1 =  1  y  


     ∫  [ Q   . ( I . F ) ] d x   + C


   1  y   =    ∫  2 y .  1  y d y   +   C


  ⇒   x   =   2     y 2 +   C y


  x   +   (   y + 1 )     d y  d x   = 2


  x   +   (   y + 1 )     d y  d x   = 2


  (   y   +   1   )   d y  d x   =   2   − x


  ⇒  ( y + 1 ) d y =  ( 2 − x ) d x


  ⇒  ∫  ( y + 1 )   d y   =  ∫   ( 2 − x ) d x  


  ⇒         y 2 2   +   y   =   2   x   −       x 2     2 +     C 1


  ⇒         y 2 2   +   y   =   2   x   −       x 2     2 +     C 1


  ⇒     y 2 2   +       x 2 2 =   2   x   −   y +     C 1


  ⇒   x 2 +   y 2 = 2  ( 2 x − y +   C 1 )


  ⇒     x 2   −   4 x   +     y 2 + 2 y   = 2     C 1


  ⇒     x 2   −   4 x   +   4   +   y 2 + 2 y   + 1 = 2     C 1 + 5


  ⇒     x 2   −   4 x   +   4   +   y 2 + 2 y   + 1 = 2     C 1 + 5


  ⇒          ( x   −   2 ) 2   +      ( y   + 1 ) 2   = C                 w h e r e   C   =   2     C 1 + 5


  ⇒          ( x   −   2 ) 2   +      ( y   + 1 ) 2   = C                 w h e r e   C   =   2     C 1 + 5


  H e n c e   i t   r e p r e s e n t s   a   f a m i l y   o f   c i r c l e s   w i t h   c e n t r e   a t   (   2   ,   − 1 )


  H e n c e   i t   r e p r e s e n t s   a   f a m i l y   o f   c i r c l e s   w i t h   c e n t r e   a t   (   2   ,   − 1 )


  ( i i )                                                 W e   h a v e   e q u a t i o n   r e p r e s e n t i n g   f a m i l y   o f   c i r c l e s  


  ( i i )                                                 W e   h a v e   e q u a t i o n   r e p r e s e n t i n g   f a m i l y   o f   c i r c l e s  


     ( x   −   2 ) 2   +      ( y   + 1 ) 2   = C   − − − − −   ( 1 )              


     ( x   −   2 ) 2   +      ( y   + 1 ) 2   = C   − − − − −   ( 1 )              


  S i n c e   ( 1 )   p a s s e s   t h r o u g h   ( 0 , 0 )


  S i n c e   ( 1 )   p a s s e s   t h r o u g h   ( 0 , 0 )


     ( 0   −   2 ) 2   +      ( 0   + 1 ) 2   = C


     ( x   −   2 ) 2   +      ( y   + 1 ) 2   = 5


     ( x   −   2 ) 2   +      ( y   + 1 ) 2   =    (  5 ) 2


  C e n t r e   i s   (   2 ,   − 1 )   a n d   r a d i u s   =    5


  S o   i t s   c e n t r e   i s   (   2 , − 1 )   a n d   r a d i u s   =  5   u n i t s


  s i n x   d y  d x =  ( y +    s i n 2 x −   y 2 ) c o s x


  c o s x     d x  d t = 1


    d x  d t =  1  c o s x


    d y  d t =   y +    t 2 −   y 2  t


  S u b s t i t u t e s   y = v t   a n d   g e t s     d y  d t = v +


    d v  d t


  v +


    d v  d t = v +  1 −   v 2   w h e r e   v =   y  t   a n d   r e d u c e s   i t   t o


    d v   1 −   v 2 =   d t  t


    s i n  − 1 v = l o g  | t | + C


    s i n  − 1   y  t = l o g  | t | + C


    s i n  − 1  (   y  s i n x ) = l o g  | s i n x | + C


    x 2   +     y 2 )   d x   +   x y   d y   = 0 ,   y ( 1 ) = 1


    x 2   +     y 2 )   d x   +   x y   d y   = 0 ,   y ( 1 ) = 1


    d y  d x = −     (   x 2   +     y 2 )  x y


    d y  d x   =   −   1   +      (   y  x ) 2    y  x


    d y  d x   =   v   +   x .     d v  d x


    v   +   x .     d v  d x   =     1   +     v 2  v


  ⇒                 x   .     d v  d x =   −   1   +     v 2  v   −   v


                  x   .     d v  d x   = −  (   1   +   2     v 2  v ) ⇒   v  1   +   2     v 2 =   −   d x  x


   ∫    v  1   +   2     v 2 d v = −  ∫    d x  x


   1 4  ∫    4 v  1   +   2     v 2 d v   = −  ∫    d x  x  


   1 4  ∫    4 v  1   +   2     v 2 d v   = −  ∫    d x  x  


   1 4   l o g   (   1   +   2   v 2 )


  | x |   +   l o g   C


  l o g   (   1   +   2   v 2 )   =   l o g       C 4    x 4


     (   y  x )  2   =     D    x 4


    C 4


   ( 2     y 2 +   x 2 )   x 2


  t a n   x   d y  d x   = 2 x   t a n x   +     x 2   − y   (   t a n   x ≠ 0 )   . G i v e n   t h a t   y   = 0   w h e n   x   =     𝜋 2


  t a n   x   d y  d x   = 2 x   t a n x   +     x 2   − y  


    d y  d x   =   2 x   +       x 2  t a n   x −     y  t a n   x


    d y  d x   +    1  t a n   x y


    x 2 c o t   x


  ⇒   d y  d x   +   c o t   x   y


    x 2 c o t   x


    d y  d x   +   P y   =   Q .  


  H e r e   P   =   c o t   x     ,   Q     =   2 x   +   x 2 c o t   x


    e   ∫  P   d x   =     e   ∫  c o t   x   d x   =     e  l o g   ( s i n x ) =   s i n x


   ∫  [ Q   . ( I . F ) ] d x   + C


  y .   s i n x   =


   ∫   (   2 x   +   x 2 c o t   x ) s i n x   d x   +   C


  y .   s i n x


     ∫  2 x   s i n x   d x     +  ∫    x 2   c o s   x     d x   + C


  y .   s i n x


   ∫  2 x   s i n x   d x   +     x 2 s i n x −  ∫  2 x   s i n x   d x   d x


  y .   s i n x  


    x 2 s i n x


    G i v e n   t h a t   y   = 0   w h e n   x   =     𝜋 2


    𝜋 2 a n d y = 0 i n e q n  ( 1 ) w e g e t       0   =     𝜋 2 4 +   C


    − −   𝜋 2 4


    x 2 s i n x


      𝜋 2 4


    x 2   s i n   x   −     𝜋 2


    d y  d t   =   k   y


    e 10


    d y  d t   =   k   y


    d y  y =   k   d t


   ∫    d y  y =  ∫  k   d t


  y   =     e  k t   +   C


    y =     e  k t .   e  C


     


    e  C


    e 10


    e 10


   3 4   e 10   =     e  5 k .   e 10


    e  5 k =    3 4


  l o g  (   e  5 k ) = l o g  (  3 4 )    


    −   0 . 29   5


    d T  d t   =   k   ( T   −   70   )


    d T  d t = k  ( T − 70 )


    d T  T   −   70 = k   d t


    d T  d t   =   k   ( T   −   70   )


   ∫    d T  T   −   70 =  ∫  k   d t


    d y  d x  


    d y  d x   =   k   (   50   − y )


    d y  d x   =   k   (   50   − y )


    d y  d x .   S o   i t s   o r d e r   i s   o n e .


    d y  d x


    d y  d x   =   k   (   50   − y )


    d y  50   −   y =   k   d x


     ∫    d y  50   −   y   =    ∫  k   d x


    d y  d x   =   k   (   50   − y )


    Q  t


    Q  t


     (   d   Q  t  d t )  i n = 0   k g / m i n


     (   d   Q  t  d t )  o u t = R a t e   o f   f l o w   o f   w a t e r   o u t   o f   t h e   t a n k   ×   Q u a n t i t y   o f   s a l t   i n   t h e   t a n k   a t   t i m e   t  A m o u n t   o f   w a t e r   i n   t h e   t a n k   a t   t i m e   t


   [    (   d   Q  t  d t )  i n −    (   d   Q  t  d t )  o u t ]


      d Q  t  d t = 0 − 3000   ×     Q  t  20000 + 5000 t − 3000 t =   − 3   Q  t  20 + 2 t


      d Q  t  d t =   − 3   Q  t  20 + 2 t


      d Q  t  − 3   Q  t =   d t  20 + 2 t


   ∫      d Q  t  − 3   Q  t   =  ∫    d t  20 + 2 t


  −  1 3 l o g   Q  t =  1 2 l o g ( 10 + t ) + C


    Q  t  ( 0 ) = 2000   t o   o b t a i n   c   a s   f o l l o w s :


  −  1 3 l o g   2000 =  1 2 l o g   10   + C


  C = −  1 3 l o g   2 −  3 2 l o g   10  


  C = −  1 3 l o g   2 −  3 2 l o g   10  


  −  1 3 l o g   Q  t =  1 2 l o g ( 10 + t ) −  1 3 l o g   2 −  3 2 l o g   10  


    a →   ,       b →


    a →   .     b →


    a →   .     b → =    |   a →   |  |   b → |   C o s 𝜃


    a →   ,       b →


    a →   .     b → =    |   a →   |  |   b → |   C o s    0 0 =  |   a →   |  |   b → |


    a →   ,       b →  


    a →   .     b → =    |   a →   |  |   b → |   C o s 180 (   = −    |   a →   |  |   b → |


    a →   ,       b →


    a →   .     b → =    |   a →   |  |   b → |   C o s 90 (   = 0


    a →   .       b → = 0  


    a → =   a 1   i ^ +   a 2   j ^ +   a 3   k ^


    b → =   b 1   i ^ +   b 2   j ^ +   b 3   k ^


    a →   .     b →


    a →   .     b →


    a 1   b 1 +   a 2   b 2 +   a 3   b 3


    a →   .     b →


      b →   .       a →  


    a →   .    ( −     b → ) =   −  (   a →   .     b → )


    a →   .     a → =    |   a →   |  |   a → |   Cos   0 (


       |   a →   | 2 =     a 2


   ( m     a →   )


    b →  


  m  (   a →     .     b →   )


    a →   . m  (     b →   )


    a →   ,       b →


    a →   .     b → =    |   a →   |  |   b → |   C o s 𝜃


  ⇒


  C o s 𝜃 =       a →   .     b →       |   a →   |  |   b → |  


    𝒊 ^  


    𝒋 ^


    𝒌 ^


    𝒊 ^


    𝒋 ^


    𝒌 ^


    O A →


    a →


    O B →


    b →


    a →


    b →


    b →


    a →


  O M =       a →   .     b →   |   a →   |


    a →  


    b →


      a →   .     b →   |   b →   |


    a →


    b →


    a →   X     b →


    a →   X     b → =    |   a →   |  |   b → |   Sin (     n ^


    a →


    b →


  𝜋


    n ^


    a →


    b →


    a →   ,       b →  


    n ^


    a →


    𝟎 →    


    b →


    𝟎 →


    a →   ×     b → =   𝟎 →


    a →   ×     b →


    a →     a n d       b →


    a →   ×     b → =   𝟎 →


    a →   ×     b → =    |   a →   |  |   b → |


    i ^  


      j ^


      k ^


    i ^


    k ^


  −   j ^


    j ^


  −   k ^


    i ^


    k ^


    j ^


  −   i ^


    a →   X     b → =    |   a →   |  |   b → |   Sin (     n ^


  ⇒


   |   a →   ×     b →   | =    |   a →   |  |   b → |   Sin (


  ⇒


  Sin (   =      |   a →   X     b →   |   |   a →   |  |   b → |


    𝐚 →     𝐚 𝐧 𝐝     𝐛 →


    a →   X     b → =    |   a →   |  |   b → |   Sin (     n ^


   |   a →   X     b →   | =    |   a →   |  |   b → |   Sin (


    n ^ =       a →   ×     b →   |   a →   ×     b →   |


    a → =   a 1   i ^ +   a 2   j ^ +   a 3   k ^


    b → =   b 1   i ^ +   b 2   j ^ +   b 3   k ^


    a →   ×     b →


    a →   X     b →


   |      i ^      j ^      k ^       a 1    a 2    a 3     b 1    b 2    b 3 |


     |   a →   ×     b →   |


    a →


    b →


   1 2    |   a →   ×     b →   |


      d 1 →


      d 2 →


   1 2    |     d 1 →   ×       d 2 →   |


     (   a → .   b → ) 2 +    |   a →   ×     b → | 2 =    |   a → | 2    |   b → | 2


  O   P → = x   i ^ + y   j ^ + z   k ^


  O   A → = 2   i ^ + 3   j ^ −   k ^


  O   X → = 3   i ^ − 5   j ^ + 4   k ^


    i ^ ,     j ^ ,   k ^


    l 2 + 1 + 2 l +   m 2 + 1 + 2 m =  1 2


  ⟹  1 2 + 2 + 2 l + 2 m =  1 2 ⇒ l + m = − 1 ⇒ l = m =   − 1 2


  𝜆


  ⇒


    b → =


  𝜆   a →


      c →


    𝟎 →  


  𝜃


    𝜃


    𝜃


  ⇒


  ±


    𝟎 →


    𝟎 →


    𝟎 →


    𝟎 →


    𝟎 →


    𝟎 →


    𝟎 →


    𝟎 →


      𝐀 𝐬 𝐬 𝐞 𝐫 𝐭 𝐢 𝐨 𝐧 :   Angle   between     i ^ +   j   ^ and     i     ^ is   4  5 0


  𝐑 𝐞 𝐚 𝐬 𝐨 𝐧 :     i ^ +   j   ^ is   equally   inclined   to   both     i ^   and     j   ^   and   the   angle   between     i ^     and     j ^     is     9  0 0


  ⇒ 𝒄 𝒐 𝒔 𝜽 =     𝒂 → .   𝒃 →   |   𝒂 → |  |   𝒃 → |


    a → =   i ^ + 2   j ^ + 2   k ^


    b → = −   i ^ − 2   j ^ − 2   k ^


   |   a → | =  |   b → |


   |   a → | =  |   b → |


    a → = ±   b →


   |   a → | =  |   b → |


    a → = ±   b →


    a → =   i ^ + 2   j ^ + 2   k ^


    b → = 2   i ^ +   j ^ + 2   k ^


    𝐀 𝐁 →


  𝟑   𝐢 ^


    𝐉 ^


    𝐤 ^


   AB → = 3  i ^ −  J ^ − 5  k ^


   OB → =  J ^ + 3  k ^


   OA →


   AB →


   OB → −  OA →


   OA →


   OB → −  AB →


   OA → =  J ^ + 3  k ^ −  (   3  i ^ −  J ^ − 5  k ^   ) =    J ^ + 3  k ^ − 3  i ^ +  J ^ + 5  k ^ −     =   −   3  i ^ + 2  J ^ + 8  k ^


   |   𝐚 → |


   |   𝐛 → |


   |   𝐚 →   (     𝐛 → |


    𝐚 → (     𝐛 →


   |  a → |


   |  b → |


   |  a →   (    b → |


   a → (    b →


   |  a →   |  |  b → |   Sin (   = 8          


   ( 2 )  ( 5 )   Sin ( = 8      


                                    Sin (   =    4 5       and     Cos (   =    3 5


   a →   .    b → =    |  a →   |  |  b → |   Cos θ =  ( 2 )  ( 5 )  3 5 = 6


    𝐚 →


    𝐛 →


  𝐒 𝐢 𝐧  (   𝛉  𝟐 )


    𝟏  𝟐  |   𝐚 → −     𝐛 → |


   |  a → |


   |  b → |


   a →   .    a → =    |  a →   |  |  a → |   Cos   0 (


     |  a →   | 2 =    a 2


     |  a → −    b → | 2 =      |  a → |   2 +      |  b → |   2 − 2    a →   (      b →  


     ( 1 ) 2 +      ( 1 ) 2 − 2    |  a →   |  |  b → |   Cos θ


  1 + 1 − 2    ( 1 )  ( 1 )   Cos θ


  2  (   1 − Cos θ   )


  2    ( 2     Sin 2  θ 2 )


   |  a → −    b → |


  2   Sin  θ 2


  Sin  (  θ 2 )


   1 2  |  a → −  b → |


    𝐚 →


    𝐢 ^


    𝐉 ^


    𝐤 ^


    𝐛 →


    𝐈 ^


    𝐉 ^


  𝟓   𝐤 ^


    𝐚 → −     𝐛 →


   a →


   i ^ + 2  J ^ −  k ^


   b →


  3  i ^ +  J ^ − 5  k ^


   a → −    b → =    i ^ + 2  J ^ −  k ^   −  (   3  i ^ +  J ^ − 5  k ^ ) =   − 2  i ^ +  J ^ + 4  k ^   =    c →  


   c →


     c →   |  c → |


  o f    c → =      c →   |  c → | =   − 2  i ^   +    J ^   +   4  k ^   4 + 1 + 16 =     − 2  i ^   21 +    J ^   21 +   4  k ^   21


  𝟐   𝐢 ^   + 𝟑   𝐉 ^ −   𝐤 ^


  𝟑   𝐢 ^ + 𝟐   𝐉 ^ +   𝐤 ^


    𝐀 𝐁 →


   OA → = 2  i ^   + 3  J ^ −  k ^


   OB →   =   3  i ^ + 2  J ^ +  k ^


   AB → =  OB → −  OA →   =  i ^ −  J ^ +   2 k ^  


   AB → =      AB →   |  AB → | =    i ^ −    J ^   +   2  k ^   1   +   1   +   4 =      i ^   6 −    J ^   6 +   2  k ^   6


   AB → = 6  (      i ^   6 −    J ^   6 +   2  k ^   6   )


    𝐏 𝐐 →


   OP → =  i ^ + 5  J ^ + 4  k ^                  OQ → = 4  i ^ +  J ^ − 2  k ^


   PQ → =  OQ → −    OP → =   3  i ^ − 4  J ^ − 6  k ^


   PQ →


  𝟑   𝐢 ^ +     𝐉 ^ − 𝟓   𝐤 ^


  𝟑   𝐢 ^ +   𝐉 ^ −  


    𝐤 ^


  3  i ^ +    J ^ − 5  k ^


  3  i ^ +  J ^ −  


   k ^


  𝟑   𝐢 ^ −     𝐉 ^ − 𝟓   𝐤 ^


  𝟐   𝐢 ^ + 𝟑   𝐉 ^ −  


    𝐤 ^


   a → = 3  i ^ −    J ^ − 5  k ^


   b → = 2  i ^ + 3  J ^ −  


   k ^


   a →   and    b →    


   a → (    b → = 0


  →


  −  


    − 3 5


    𝐚 →


  𝟒   𝐢 ^ + 𝟐   𝐉 ^ −     𝐤 ^


    𝐛 →


  𝟓   𝐢 ^ + 𝟐   𝐉 ^ − 𝟑   𝐤 ^


    𝐚 → +     𝐛 →  


    𝐚 → −     𝐛 →


   a →


  4  i ^ + 2  J ^ −    k ^


   b →


  5  i ^ + 2  J ^ − 3  k ^


   a → +    b →   = 9  i ^ + 4  J ^ −   4  k ^ =    c →   ,  


   a → −    b → =   −  i ^ + 2  k ^ =    d →


   c →     and      d → =   Cos θ =    c →   .    d →     |  c →   |  |  d → |   =   9  ( − 1 )   +   4  ( 0 )   −   4 ( 2 )     81   +   16   +   16      1   +   4 =    ( − 17 )     113    5


    𝐚 →


    𝐢 ^ +     𝐉 ^ + 𝟒   𝐤 ^


    𝐛 →


    𝐢 ^


    𝐉 ^


  𝟐   𝐤 ^


   a →


   i ^ +    J ^ + 4  k ^


   b →


  2  i ^ +  J ^ + 2  k ^


   a →  


   b →


     a →   .    b →   |  b →   | =     1  ( 2 )   +   1  ( 1 )   +   4 ( 2 )   4   +   1   +   4     =  11 3


    𝐢 ^   + 𝟐   𝐣 ^ −     𝐤 ^


  −   𝐢 ^   +   𝐣 ^ +     𝐤 ^


   i ^   + 2  j ^ −    k ^


  −  i ^   +  j ^ +    k ^


    𝐎 𝐑 → =     𝐦   𝐛 →   + 𝐧     𝐚 →  𝐦   +   𝐧 =   𝟐  ( −   𝐢 ^   +   𝐣 ^ +     𝐤 ^ )   +   𝟏   (   𝐢 ^   + 𝟐   𝐣 ^ −     𝐤 ^ )  𝟐   +   𝟏 =     − 𝟐   𝐢 ^   + 𝟐   𝐣 ^ +   𝟐   𝐤 ^   +     𝐢 ^   +   𝟐   𝐣 ^   −     𝐤 ^  𝟑 =   −   𝐢 ^   +   𝟒   𝐣 ^   +   𝐤 ^    𝟑


   OA → = 2  i ^ + 6  J ^ + 3  k ^


   OB → =  i ^ + 2  J ^ + 7  k ^


   OC → = 3  i ^ + 10  J ^ −  k ^


   AB → =    OB → −    OA → = −  i ^ − 4  J ^ + 4  k ^


   AC → =  OC → −    OA → =  i ^ + 4  J ^ − 4  k ^


   AB → =  ( − 1 )    AC →     ,  


   AB →   is   parallel   to    AC →


    𝒂 →


    𝒃 →  


    𝒄 →


    𝒂 →  


    𝒃 →    


    𝒄 →


    𝟎 →


    𝒂 →   ×     𝒃 →


    𝒃 →   ×     𝒄 →


    𝒄 →   ×     𝒂 →


   a →


   b →  


   c →


   a → +  b → +  c → = 0  


   a → +  b → =   −  c →


   a →


  b  


   a →   X    (  a → +  b →   ) = −    a →   X    c →


   a →   X    a → +  a →   X    b →   =   −    a →   X    c →


   a →   X    b →   =    c →   X    a →


   b →   X    (  a → +  b →   ) = −    b →   X    c →


  ⇒


   b →   X    a → +  b →   X    b →   =   −    b →   X    c →


  ⇒


   a →   X    b →   =    b →   X    c →


   a →   X    b → =    b →   X    c → =    c →   X    a →


  𝟑   𝒊 ^ +   𝑱 ^ + 𝟐   𝒌 ^


    𝒊 ^ − 𝟑   𝑱 ^ + 𝟒   𝒌 ^


     d 1 →


     d 2 →


   1 2    |    d 1 →   X      d 2 →   |


     d 1 →   X      d 2 → =  |     i ^     j ^     k ^      a 1   a 2   a 3    b 1   b 2   b 3 | =  |     i ^     j ^     k ^     3  1  2   1  − 3  4 |


  =  i ^  ( 4 + 6 ) −  J ^  ( 12 − 2 ) +  k ^ ( − 9 − 1 )


  10  i ^ − 10  J ^ − 10  k ^


   |    d 1 →   X      d 2 →   | =  100 + 100 + 100 =   10  3  


  Area   of   Parallelogram =  1 2    |    d 1 →   X      d 2 →   | = 5  3   square   units


    𝒂 → =   𝒊 ^ − 𝟕   𝑱 ^ + 𝟕   𝒌 ^


    𝒃 → = 𝟑   𝒊 ^ − 𝟐   𝑱 ^ + 𝟐   𝒌 ^


   a → =  i ^ − 7  J ^ + 7  k ^


   b → = 3  i ^ − 2  J ^ + 2  k ^


   a →       and        b →   =    n ^ =      a →   X    b →   |  a →   X    b → |


   a →   X    b → =  |     i ^     j ^     k ^      a 1   a 2   a 3    b 1   b 2   b 3 | =  |     i ^     j ^     k ^     1  − 7  7   3  − 2  2 |


  =  i ^  ( − 14 + 14 ) −  J ^  ( 2 − 21 ) +  k ^ ( − 2 + 21 )


  19  J ^ − 19  k ^


   |  a →   X    b →   | =     ( 19 ) 2 +      ( 19 ) 2 = 19  2  


   a →       and        b →  


   n ^ =      a →   X    b →   |  a →   X    b → | =     19  J ^ − 19  k ^  19  2


        j ^ −   k ^   2


   (   𝐚 → −   𝐛 →   ) 𝐗    (   𝐚 → +   𝐛 →   ) = 𝟐    (   𝐚 →   𝐗     𝐛 →   )


   (  a → −  b →   ) X    (  a → +  b →   )


   a →   X    b → = −    b →   X    a →


   (  a →   X    a →   ) +  (  a →     X    b → ) −  (  b →   X    a → ) −  (  b →     X    b → ) = 0 +  (  a →     X      b → ) +  (    a →   X    b →   ) − 0


  2    (  a →   X    b →   )


    𝒂 →


    𝒃 →


  𝑪 𝒐 𝒔  (   𝜽  𝟐 )


    𝟏  𝟐  |   𝒂 →   +     𝒃 → |


   |  a → |


   |  b → |


   a →   .    a → =    |  a →   |  |  a → |   Cos   0 (


     |  a →   | 2 =    a 2


     |  a →   +    b → | 2 =      |  a → |   2 +      |  b → |   2 + 2    a →   (      b →  


     ( 1 ) 2 +      ( 1 ) 2 + 2    |  a →   |  |  b → |   Cos θ


  1 + 1 + 2    ( 1 )  ( 1 )   Cos θ


  2  (   1 + Cos θ   )


  2    ( 2     Cos 2  θ 2 )


   |  a → +    b → |


  2   Cos  θ 2


  Cos  (  θ 2 )


   1 2  |  a →   +  b → |


    𝒂 →


    𝒃 →  


    𝒄 →


    𝒂 → +   𝒃 → +   𝒄 → =


    𝒂 →   .     𝒃 → +   𝒃 →   .     𝒄 →   +     𝒄 →   .     𝒂 →


   |  a → | = 3 ,        | b |   = 5 ,      |  c → |   = 4


   a → +  b → +  c → =


     (  a → +  b → +  c → ) 2 = (  a → +  b → +  c → ) . (  a → +  b → +  c → )


  =    |  a → |   2 +      | b |   2 +    |  c → |   2 +   2    a →   (      b →   + 2    b →   (      c → + 2    c →   (      a →


  9 + 25 + 16 +   2    (  a →   (      b →   +  b →   (      c → +    c →   (      a →   )


   a →   (      b →   +  b →   (      c → +    c →   (      a → =     − 50 2


    𝐚 → = 𝟐   𝐢 ^ + 𝟐   𝐉 ^ + 𝟑   𝐤 ^


    𝐛 → = −   𝐢 ^ + 𝟐   𝐉 ^ +   𝐤 ^


    𝐜 → = 𝟑   𝐢 ^ +   𝐉 ^


    𝐚 → +   𝛌   𝐛 →


    𝐜 →


  𝛌


   a → = 2  i ^ + 2  J ^ + 3  k ^


   b → = −  i ^ + 2  J ^ +  k ^


   c → = 3  i ^ +  J ^


   a → +   λ  b → =   2  i ^ + 2  J ^ + 3  k ^ + λ  ( −  i ^ + 2  J ^ +  k ^ ) =  ( 2 − λ )  i ^   +  ( 2 + 2 λ )  J ^ + ( 3 + λ )  k ^


   a → +   λ  b →


   c →


  ⇒


   (  a → +   λ  b →   ) .      c → = 0


   ( 3 )  ( 2 − λ )   +  ( 1 )  ( 2 + 2 λ ) +  ( 0 )  ( 3 + λ ) = 0   ⇒   6 − 3 λ + 2 + 2 λ   = 0   ⇒   λ = 8


    𝐚 → =   𝐢 ^ + 𝛂   𝐉 ^ + 𝟐   𝐤 ^ ,         𝐛 → = 𝛃   𝐢 ^ +   𝐉 ^ −   𝐤 ^  


   |       𝐚 → | =  |     𝐛 → |


  𝛂


  𝛃


   a → =  i ^ + α  J ^ + 2  k ^ ,        b → = β  i ^ +  J ^ −  k ^  


   |      a → | =  |    b → |


    a → .   b → = 0 ⇒ 1 . 𝛽 + 𝛼 . 1 + 2 . − 1 = 0 ⇒ 𝛽 + 𝛼 = 2 − − − ( 1 )   a n d


    1 2 +   𝛼 2 +  2 2 =    𝛽 2 +  1 2 +   ( − 1 ) 2 ⇒   𝛼 2 + 5 =   𝛽 2 + 2 ⇒   𝛽 2 −   𝛼 2 = + 3


    1 2 +   𝛼 2 +  2 2 =    𝛽 2 +  1 2 +   ( − 1 ) 2 ⇒   𝛼 2 + 5 =   𝛽 2 + 2 ⇒   𝛽 2 −   𝛼 2 = + 3


  𝛽 −   𝛼 =  3 2 − − − ( 2 )


  𝛼 =  1 4


  𝛽 =  7 4


    𝒊 ^ + 𝟏 𝟎   𝒌 ^ ,     𝟒   𝒊 ^ + 𝟑   𝒋 ^ + 𝟕   𝒌 ^   𝒂 𝒏 𝒅   𝟖   𝒊 ^ + 𝟕   𝒋 ^ + 𝟑   𝒌 ^ .


    A B → =


  4   i ^ + 3   j ^ + 7   k ^


      i ^ + 10   k ^ ) = 3   i ^ + 3 j − 3   k ^  


    B C → =


  8   i ^ + 7   j ^ + 3   k ^


  4   i ^ + 3   j ^ + 7   k ^ ) = 4   i ^ + 4 j − 4   k ^  


    A B →


    B C →


   1 2  | A C |  | O B |


   1 2  |  ( O C ) − ( O A ) |     4 2 +  3 2 +  7 2


   1 2   | ( 7   i ^ + 7   j ^ − 7   k ) ^ |  74


   1 2  10878 =  7 2  222   s q . u n i t s


    a → .  (   b → +   c → ) = 0   ⇒   a → .   b → +   a → .   c → = 0


    b → .  (   c → +   a → ) = 0   ⇒   b → .   c → +   b → .   a → = 0


    c → .  (   a → +   b → ) = 0   ⇒   c → .   a → +   c → . b = 0


  2  (   a → .   b → +   b → .   c → +   c → .   a → ) = 0 − − − − ( 2 )


  3   c o s 2 𝜃 = 1 ⇒ c o s 𝜃 = ±  1   3


  T a n 𝜃 = ±  2


  ⇒ 3 . 4   c o s  (   a → ,   c → ) = 9 ⇒ c o s 𝛼 =  3 4


    a → .   b → +   a → .   c → = 0 )


    a → .   b → = −   a → .   c → = − 9


  ⇒  |   a → |  |   b → | c o s  (   a → ,   b → ) = − 9 ⇒ c o s  (   a → ,   b → ) =   − 3 4


   sin ⁡   (  (   a → ,   b → ) ) =    7 4


  3 . 4   s i n 𝛼 = 12 .    7 4 = 3  7


  3  7


     |   c → | 2 + 2  (   a → .   b → +   b → .   c → +   c → .   a → )


   |   a → +   b → +   c → | =  50 = 5  2


        r 1 → =     a → 1 + 𝜆     b 1   → &         r 2 → =     a → 2 + 𝜇     b → 2   i s    |    (     b 1 → ×     b → 2 )  (     a 2 → −     a → 1 )  |     b → 1 ×     b → 2 | |


    x −   x 1    a 1 =   y −   y 1    b 1 =   z   − z 1    c 1 &


    x −   x 2    a 2 =   y −   y 2    b 2 =   z   − z 2    c 2


     |      x 2 −   x 1    y 2 −   y 1    z 2 −   z 1     a 1    b 1    c 1     a 2    b 2    c 2 |      (   b 1   c 2 −   b 2   c 1 ) 2 +    (   c 1   a 2 −   c 2   a 1 ) 2 +    (   a 1   b 2 −   a 2   b 1 ) 2


      r 1 → =     a → 1 + 𝜆   b →   &       r 2 → =     a → 2 + 𝜇   b →


  |     b → ×  (     a 2 → −     a → 1 )   |   b → | |


      r 1 → =     a → 1 + 𝜆     b 1 → &       r 2 → =     a → 2 + 𝜇     b → 2


   |       b 1 → ⋅     b 2 →   |     b 1 → |  |     b 2 → | | .


    x −   x 1    l 1 =   y −   y 1    m 1 =   z −   z 1    n 1


    x −   x 1    l 2 =   y −   y 1    m 2 =   z −   z 1    n 2


   |   l 1   l 2 +   n 1   m 2 +   n 1   n 2 |


    x − 2 1 =   2 − y  − 3 ; z = 2


  ( 𝟎 , 𝟎 ,   𝟎 ) , ( 𝒂 , 𝟎 , 𝟎 ) , ( 𝟎 , 𝒃 , 𝟎 )


  ( 𝟎 , 𝟎 , 𝒄 )


   (   a 2 ,   b 2 ,   c 2 )


   ( −   a 2 , −   b 2 ,   c 2 )


   (   a 2 , −   b 2 , −   c 2 )


   ( −   a 2 ,   b 2 , −   c 2 )


  𝜆


  𝜇


      𝒃  𝟏 →   ×     𝒃  𝟐 → =    |    𝒊  𝒋  𝒌   𝟐  − 𝟐  𝟏   𝟏  𝟐  𝟐 | =


    𝜋 3


  𝜃 =    (   12 − 12 + 25   50  50 ) =  25 50 =  1 2 ⇒ 𝜃 =     c o s  − 1 ⁡   1 2 =   𝜋 3


  𝛾


  𝛾


  𝛾


    x − b  a =   y 1 =   z − 4 3     a n d     x − 6 2 =   y 1 =   z − d  a ⇒ 2 a + 1 + 3 a = 0 ⇒ a =   − 1 5


    x − 3 2 =   y + 1  − 3 =   z − 3 0


   (   x 1 ,   y 1 ,   z 1 )


   (   x 2 ,   y 2 ,   z 2 )


    x −   x 1    x 2 −   x 1 =   y −   y 1    y 2 −   y 1 =   z −   z 1    z 2 −   z 1


  𝑺 𝒐 𝒍


    r → =     a 1 → + 𝜆     b 1 →   a n d     r → =     a 2 → + 𝜇     b 2 →   a r e   p a r a l l e l   i f       b 1 → .       b 2 → = 0


      b 1 → .       b 2 → = 0


  ≠


  𝛼 , 𝛽 , 𝛾


    c o s 2 𝛼 +   c o s 2 𝛽 +   c o s 2 𝛾 = 1


    r → =  ( 6   i ^ − 4   j ^ + 5   k ^ ) + 𝜇  ( − 3   i ^ + 8   j ^ − 4   k ^ ) .


    a →  


    b →


    r → =   a → +   𝜇 (   b → −   a → )


    𝒙 + 𝟐  𝟑 =   𝒚 + 𝟏  𝟐 =   𝒛 − 𝟑  𝟐


    x + 2 3 =   y + 1 2 =   z − 3 2 = 𝜇


  𝜇 − 2 ,   2 𝜇 − 1 ,   2 𝜇 + 3 )


  ∴


  𝜇 = 0 ,   2 .


  ∴


  𝟓 𝒙 − 𝟑 = 𝟏 𝟓 𝒚 + 𝟕 = 𝟑 − 𝟏 𝟎 𝒛


  5 x − 3 = 15 y + 7 = 3 − 10 z


  x ,   y


  z


    5 x − 3 30 =   15 y + 7 30 =   3 − 10 z 30


    5 ( x −  3 5 ) 30 =   15 ( y +  7 15 ) 30 =   − 10 ( z −  3 10 ) 30


    5 ( x −  3 5 ) 30 =   15 ( y +  7 15 ) 30 =   − 10 ( z −  3 10 ) 30


    x −  3 5 6 =   y +  7 15 2 =   z −  3 10  − 3


    x −   x 1  a =   y −   y 1  b =   z −   z 1  c


    6 2 +  2 2 +   ( − 3 ) 2 =  49 = 7


   6 7 ,      2 7 ,       − 3 7 .


  𝜶 , 𝜷 , 𝜸


  𝜶  


  𝜷


  𝜸  


  𝛼 , 𝛽 , 𝛾


  𝛼


  𝛽


  𝛾


    c o s ⁡ 2 𝛼 +   c o s ⁡ 2 𝛽 +   c o s ⁡ 2 𝛾 + 3 = 2


  𝛼  


  𝛽  


  𝛾  


  𝜶 , 𝜷


  𝜸


  𝒙


  𝒚


  𝒛


      𝐬 𝐢 𝐧  𝟐 ⁡  𝜶 +     𝐬 𝐢 𝐧  𝟐 ⁡  𝜷 +     𝐬 𝐢 𝐧  𝟐 ⁡  𝜸 = 𝟐


     cos 2 ⁡  𝛼 +    cos 2 ⁡  𝛽 +    cos 2 ⁡  𝛾 = 1


  ⇒ 1 −    sin 2 ⁡  𝛼 + 1 −    sin 2 ⁡  𝛽 +   1 −  sin 2 ⁡  𝛾 = 1


    𝒙 − 𝟑  𝟏 =   𝒚 + 𝟐  − 𝟐 =   𝒛 + 𝟒  𝟐


    𝒙 − 𝟓  − 𝟑 =   𝒚 + 𝟐  𝟐 =   𝒛  𝟔


  𝜃


   cos ⁡  𝜃 =   − 3 − 4 + 12  3 × 7 =  5 21 ⇒ 𝜃 =    cos  − 1 ⁡   (  5 21 )


    𝒙 − 𝟏  − 𝟑 =   𝟐 𝒚 − 𝟐  𝟒 𝒌 =   𝟑 − 𝒛  − 𝟐


    𝒙 − 𝟏  𝟑 𝒌 =   𝟑 𝒚 − 𝟏  𝟔 =   𝒛 − 𝟔  − 𝟓


  𝒌


    x − 1  − 3 =   y − 1  2 k =   z − 3 2


    x − 1  3 k =   y −  1 3 2 =   z − 6  − 5


  − 9 k + 4 k − 10 = 0 ⇒ k = − 2


    𝒙 − 𝟓  𝜶 =   𝒚 + 𝟐  − 𝟓 =   𝒛 +   𝟐 𝟒  𝟓  𝜷


    𝒙  𝟏 =   𝒚  𝟎 =   𝒛  𝟏


    𝝅  𝟒


  𝜶


  𝜷


    𝛼


  𝛽


  𝜃


    𝜋 4


  c o s   𝜋 4 =   𝛼 + 𝛽   (    𝛼 2 +   𝛽 2 + 25   ) .  2 ⇒  1   2 =   𝛼 + 𝛽     𝛼 2 +   𝛽 2 + 25     .  2 ⇒ 𝛼 𝛽 =  25 2


  ( 𝟏 , − 𝟏 , 𝟐 )


    𝒙 − 𝟑  𝟏 =   𝒚 − 𝟏  𝟐 =   𝒛 + 𝟏  − 𝟐


   a →


   b →


  r   ⃗ = a   ⃗ + 𝜆 b   ⃗ ,     w h e r e   𝜆 ∈ R


  ( 1 , − 1 , 2 )


  a   ⃗ = i ˆ − j ˆ + 2 k ˆ


    ( x − 3 ) 1 =   ( y − 1 ) 2 =   ( z + 1 )  − 2


  b   ⃗ = i ˆ + 2 j ˆ − 2 k ˆ  


    a r e   1 , 2   a n d   − 2


  r   ⃗ = ( i ˆ − j ˆ + 2 k ˆ ) + 𝜆 ( i ˆ + 2 j ˆ − 2 k ˆ ) ,   w h e r e   𝜆 ∈ R


  𝑨 ( 𝟏 , 𝟐 , − 𝟏 )


  𝟓 𝒙 − 𝟐 𝟓 = 𝟏 𝟒 − 𝟕 𝒚 = 𝟑 𝟓 𝒛 .


    x − 5   1 5 =   y − 2  −  1 7 =   z   1 35


  A ( 1 , 2 , − 1 )


    x − 1   1 5 =   y − 2  −  1 7 =   z + 1   1 35   o r     x − 1 7 =   y − 2  − 5 =   z + 1 1


    r   → =   i ^ + 2   j ^ −   k ^ + 𝜆 ( 7   i ^ − 5   j ^ +   k ^ )


  = 𝒂 𝒚 + 𝒃


  𝒛 = 𝒄 𝒚 + 𝒅


  𝒙 − b = a y   a n d   z − d = c y


    𝒙 − 𝒃  𝒂 = 𝒚   𝒂 𝒏 𝒅       𝒛 − 𝒅  𝒄 = y


  a   , 1 , c


  ( b , 0 , d )


    x + 1 6 =   y − 1  − 3 =   z + 8 18 = 𝜆


  =  1 3


    𝒓 → =  ( 𝟑   𝒊 ^ + 𝟐   𝒋 ^ − 𝟒   𝒌 ^ ) + 𝝀 (   𝒊 ^ + 𝟐   𝒋 ^ + 𝟐   𝒌 ^ )


    𝒓 → =  ( 𝟓   𝒊 ^ −   𝒋 ^ ) + 𝝁 ( 𝟑   𝒊 ^ + 𝟐   𝒋 ^ + 𝟔   𝒌 ^ )


    r → =  ( 3   i ^ + 2   j ^ − 4   k ^ ) + 𝜆  (   i ^ + 2   j ^ + 2   k ^ )


    r → =  ( 5   i ^ −   j ^ ) + 𝜇  ( 3   i ^ + 2   j ^ + 6   k ^ )


      a 1 → = 3   i ^ + 2   j ^ − 4   k ^


      b 1 → =   i ^ + 2   j ^ + 2   k ^


      a 2 → = 5   i ^ −   j ^


      b 2 → = 3   i ^ + 2   j ^ + 6   k ^


   |    (     a 2 → −     a 1 → ) . (     b 1 → ×     b 2 → )   |     b 1 → ×     b 2 → | |


   (     a 2 → −     a 1 → ) = 2   i ^ − 3   j ^ + 4   k ^


      b 1 → ×     b 2 → =  |      i ^    j ^    k ^   1  2  2   3  2  6 | = 8   i ^ + 0   j ^ − 4   k ^


   |     b 1 → ×     b 2 → | =  80


   |   ( 2   i ^ − 3   j ^ + 4   k ^ ) . ( 8   i ^ + 0   j ^ − 4   k ^ )   80 |


   0   80 = 0


  𝑨 𝑩 :   𝒙 + 𝟏  𝟏 =   𝒚 − 𝟐  − 𝟐 =   𝒛 − 𝟏  𝟐


  𝑩 𝑪 :   𝒙 − 𝟏  𝟑 =   𝒚 + 𝟐  − 𝟓 =   𝒛 − 𝟓  𝟑


  𝑪 𝑫 :   𝒙 − 𝟒  𝟏 =   𝒚 + 𝟕  − 𝟐 =   𝒛 − 𝟖  𝟐


  𝑫 𝑨 :   𝒙 − 𝟐  𝟑 =   𝒚 + 𝟑  − 𝟓 =   𝒛 − 𝟒  𝟑


  𝜇


  𝜇 −


  𝜇


  𝜇


  ⇒  ( λ   −   1 ,   − 2 λ   +   2 ,   2 λ   + 1 ) = ( 3 𝜇 +   1 ,   − 5 𝜇 − 2 ,   3 𝜇 + 5 )


  ( 1 , − 2 , 5 )


  − 7


  𝜇


  𝜇 −


  𝜇


  ( 2 , − 3 , 4 )


  T h e   e q u a t i o n   o f   a   l i n e   p a s s i n g   t h r o u g h   t h e   p o i n t s   B ( 1 , − 2 , 5 )   a n d   D  ( 2 , − 3 , 4 ) i s


  


    x − 1 1 =   y + 2  − 1 =   z − 5  − 1


    𝒙 − 𝟏  𝟐 =   𝒚 − 𝟐  𝟑 =   𝒛 − 𝟑  𝟒


    𝒙 − 𝟒  𝟓 =   𝒚 − 𝟏  𝟐 = 𝒛


      a 1 → =   i ^ + 2   j ^ + 3   k ^


      a 2 → = 4   i ^ +   j ^


      b 1 → = 2   i ^ + 3   j ^ + 4   k ^


      b 2 → = 5   i ^ + 2   j ^ +   k ^


      a 2 → −     a 1 → = 3   i ^ −   j ^ − 3   k ^


      b 1 → ×     b 2 → = − 5   i ^ + 18   j ^ − 11   k ^


   (     a 2 → −     a 1 → ) .  (     b 1 → ×     b 2 → ) =  ( 3     X − 5 ) +  ( − 1   X   18 ) + ( − 3     X − 11 )


  𝑨 ( 𝟐 , 𝟑 , 𝟒 )


  𝑩 ( 𝟒 , 𝟓 , 𝟖 )


    𝒙 − 𝟖  𝟑 =   𝒚 + 𝟏 𝟗  − 𝟏 𝟔 =   𝒛 − 𝟏 𝟎  𝟕


    𝒙 − 𝟏 𝟓  𝟑 =   𝒚 − 𝟐 𝟗  𝟖 =   𝒛 − 𝟓  − 𝟓


  A ( 2 , 3 , 4 )


  B ( 4 , 5 , 8 )


  ( 3 , 4 , 6 )


  ( 3 , 4 , 6 )


    x − 3  a =   y − 4  b =   z − 6  c


    x − 8 3 =   y + 19  − 16 =   z − 10 7


    x − 15 3 =   y − 29 8 =   z − 5  − 5


  ⇒ 3 a − 16 b + 7 c = 0


  ⇒ 3 a + 8 b − 5 c = 0


    x − 3 2 =   y − 4 3 =   z − 6 6


    𝒙 + 𝟐  𝟏 =   𝒚 − 𝟑  𝟐 =   𝒛 + 𝟏  𝟒   𝒂 𝒏 𝒅     𝒙 − 𝟏  𝟐 =   𝒚 − 𝟐  𝟑 =   𝒛 − 𝟑  𝟒


    x − 1  a =   y − 1  b =   z − 1  c


    x + 2 1 =   y − 3 2 =   z + 1 4   a n d     x − 1 2 =   y − 2 3 =   z − 3 4


  ∴


  ∴


    x − 1 4 =   y − 1  − 4 =   z − 1 1


  𝜇 ( 4 i − 4 j + k )


  𝒑


    𝒓   → = 𝝀   𝒊 ^ +  ( 𝟐 𝝀 + 𝟏 )   𝒋 ^ + ( 𝟑 𝝀 + 𝟐 )   𝒌 ^


    𝒓   → =   𝒊 ^ − 𝟑 𝝁   𝒋 ^ + ( 𝒑 𝝁 + 𝟕 )   𝒌 ^


  ⇒


  1 × 0 + 2 ×  ( − 3 ) + 3 × p = 0 ⇒ p = 2


    r   → = 𝜆   i ^ +  ( 2 𝜆 + 1 )   j ^ + ( 3 𝜆 + 2 )   k ^


  ( 𝜆 , 2 𝜆 + 1 , 3 𝜆 + 2 )


    r   → =   i ^ − 3 𝜇   j ^ + ( p 𝜇 + 7 )   k ^


  ( 1 ,   − 3 𝜇 ,   2 𝜇 + 7 )


   ( 𝜆 , 2 𝜆 + 1 , 3 𝜆 + 2 ) = ( 1 ,   − 3 𝜇 ,   2 𝜇 + 7 )


  𝜆 = 1


  𝜇 = − 1


  ( 1 , 3 , 5 )


  𝒑


    𝒍  𝟏 :   𝟏 − 𝒙  𝟑 =   𝟕 𝒚 − 𝟏 𝟒  𝒑 =   𝒛 − 𝟑  𝟐   𝐚 𝐧 𝐝     𝒍  𝟐 :   𝟕 − 𝟕 𝒙  𝟑 𝒑 =   𝒚 − 𝟓  𝟏 =   𝟔 − 𝒛  𝟓


  ( 𝟑 , 𝟐 , − 𝟒 )


    𝒍  𝟏


    ( x − 1 )  − 3 =   y − 2    p 7 =   z − 3 2 =   r 1 ( l e t )


    x − 1    − 3 p 7 =   y − 5 1 =   z − 6  − 5 =   r 2 ( l e t )


    a 1 ,     b 1 ,     c 1


    a 2 ,     b 2 ,     c 2


    a 1   a 2 +   b 1   b 2 +   c 1   c 2 = 0


  − 3  (   − 3 p 7 ) +   p 7  ( 1 ) + 2  ( − 5 ) = 0


    9 p 7 +   p 7 = 10


    10 p 7 = 10 ⟹ p = 7


  (   x 1 ,   y 1 ,   z 1 )


  a   ,   b ,   c  


    x −   x 1  a =   y −   y 1  b =   z −   z 1  c


    l 1


  a = − 3 ,   b =    7 7 = 1   a n d   c = 2


    x − 3  − 3 =   y − 2 1 =   z + 4 2


  ⇒


    3 − x 3 =   y − 2 1 =   z + 4 2


  ( 𝟏 , 𝟐 , − 𝟒 )


  𝑨 ( 𝟑 , 𝟑 , − 𝟓 )


  𝑩 ( 𝟏 , 𝟎 , − 𝟏 𝟏 )


  A ( 3 , 3 , − 5 )


  B ( 1 , 0 , − 11 )


    r → =   i ^ + 2   j ^ − 4   k ^ + 𝜆 ( 2   i ^ + 3   j ^ + 6   k ^ )


    x − 1 2 =   y − 2 3 =   z + 4 6


    r → = 3   i ^ + 3   j ^ − 5   k ^ + 𝜆 ( 2   i ^ + 3   j ^ + 6   k ^ )


  d =    | (     a 2 → −     a 1 → ) ×   b → |   |   b → |


    b → = 2   i ^ + 3   j ^ + 6   k ^


      a 1 → =   i ^ + 2   j ^ − 4   k ^


      a 2 → = 3   i ^ + 3   j ^ − 5   k ^


   (     a 2 → −     a 1 → ) = 2   i ^ +   j ^ −   k ^


   (     a 2 → −     a 1 → ) ×   b → = 9   i ^ − 14   j ^ + 4   k ^


   |  (     a 2 → −     a 1 → ) X   b → | =  81 + 196 + 16 =  293   a n d      |   b → | =  4 + 9 + 36 = 7


  s o ,   d =    293 7


    𝒍  𝟐


    𝒍  𝟏


  :   𝒙  𝟏 =   𝒚 − 𝟏  𝟐 =   𝒛 − 𝟐  𝟑


    𝒍  𝟏


  𝟏 , 𝟔 , 𝟑 )


  𝒍


    𝒍  𝟏


  l


    𝒍  𝟐


    l 1


  1 ,   6 ,   3 )


  l


    l 1


    x − 1 1 =   y − 6 2 =   z − 3 3 = µ


    l 2


    l 1


  l


    l 2


  l


  l


    l 2


  l


    l 2


  ( 1 , 0 , 7 )


  l


    x − 1 1 =   y 2 =   z − 7 3


  𝑨  ( − 𝟏 ,   𝟖 ,   𝟒 )


  𝑩  ( 𝟎 ,   − 𝟏 ,   𝟑 )


  𝑪  ( 𝟐 ,   − 𝟑 ,   − 𝟏 )


  𝑨


  𝑩 𝑪


    r   → =  ( 0   i ^ −   j ^ + 3   k ^ ) + 𝜆  [  ( 2   i ^ − 3   j ^ − 1   k ^ ) −  ( 0   i ^ −   j ^ + 3   k ^ ) ]


  ⇒   r   → =  ( −   j ^ + 3   k ^ ) + 𝜆  ( 2   i ^ − 2   j ^ − 4   k ^ )


  ⇒   r   → =  ( 2 𝜆 )   i ^ +  ( − 2 𝜆 − 1 )   j ^ +  ( − 4 𝜆 + 3 )   k ^ ,   𝜆 ∈ ℝ


    𝒙 − 𝟑  𝟏 =   𝒚 + 𝟏  𝟐 =   𝒛 − 𝟏  𝟑


  P ( 1 , 2 , 1 )


  L


  P


  AB


    x − 3 1 =   y + 1 2 =   z − 1 3 = λ


  x = λ + 3 , y = 2 λ − 1 , z = 3 λ + 1


  L


  ( λ + 3 , 2 λ − 1 , 3 λ + 1 )


  PL


  ( 𝜆 + 3 − 1 , 2 𝜆 − 1 − 2 , 3 𝜆 + 1 − 1 ) i . e . , ( 𝜆 + 2 , 2 𝜆 − 3 , 3 𝜆 )


  1 , 2


  3


  PL


  ( 𝜆 + 2 ) ⋅ 1 + ( 2 𝜆 − 3 ) ⋅ 2 + 3 𝜆 ⋅ 3 = 0 ⇒ 14 𝜆 = 4 ⇒ 𝜆 = 2 / 7


  λ + 3 =  2 7 + 3 =  23 7 ;   2 λ − 1 = 2  (  2 7 ) − 1 = −  3 7 ; 3 λ + 1 = 3  (  2 7 ) + 1 =  13 7


  L


   (  23 7 , −  3 7 ,  13 7 )


  Q  (   x 1 ,  y 1 ,  z 1 )


  P ( 1 , 2 , 1 )


  L


  PQ


    1 +   x 1 2 =  23 7 ,   2 +  y 1 2 = −  3 7 ,   1 +  z 1 2 =  13 7 ⇒   x 1 =  39 7 ,  y 1 = −  20 7 ,  z 1 =  19 7


  P ( 1 , 2 , 1 )


  Q  (  39 7 , −  20 7 ,  19 7 )


  P ( 1 , 2 , 1 )


  Q  (  39 7 , −  20 7 ,  19 7 )


    x − 1  32 / 7 =   y − 2  − 34 / 7 =   z − 1  12 / 7 ⇒   x − 1 16 =   y − 2  − 17 =   z − 1 6


    𝒍  𝟏


    𝒍  𝟐


    𝒓 → = ( − 𝒊 ˆ − 𝒋 ˆ − 𝒌 ˆ )   +   𝝀 ( 𝟕 𝒊 ˆ − 𝟔 𝒋 ˆ + 𝒌 ˆ )


    𝒓 → = ( 𝟑 𝒊 ˆ + 𝟓 𝒋 ˆ + 𝟕 𝒌 ˆ )   +   𝝁 ( 𝒊 ˆ − 𝟐 𝒋 ˆ + 𝒌 ˆ )


  𝝀


  𝝁


        r → =  ( − 𝚤 ˆ − 𝚥 ˆ − k ˆ ) + 𝜆  ( 7 𝚤 ˆ − 6 𝚥 ˆ + k ˆ ) …  ( i )   a n d      


  r   ⃗ = ( 3 𝚤 ˆ + 5 𝚥 ˆ + 7 k ˆ ) + 𝜇 ( 𝚤 ˆ − 2 𝚥 ˆ + k ˆ ) … … . ( i i )  


  r   ⃗ = ( 3 𝚤 ˆ + 5 𝚥 ˆ + 7 k ˆ ) + 𝜇 ( 𝚤 ˆ − 2 𝚥 ˆ + k ˆ ) … … . ( i i )  


  7 𝚤 ˆ − 6 𝚥 ˆ + k ˆ


  𝚤 ˆ − 2 𝚥 ˆ + k ˆ


  P Q


  ( i )


  Q


  ( ii )


  P Q


  = P Q


  P


   r → = ( − 𝚤 ˆ − 𝚥 ˆ − k ˆ ) + 𝜆 ( 7 𝚤 ˆ − 6 𝚥 ˆ + k ˆ )


    𝜆 ′


  ( 7 𝜆 − 1 ) 𝚤 ˆ − ( 6 𝜆 + 1 ) 𝚥 ˆ + ( 𝜆 − 1 ) k ˆ


  𝜆


  Q


   r → = ( 3 𝚤 ˆ + 5 𝚥 ˆ + 7 k ˆ ) + 𝜇 ( 𝚤 ˆ − 2 𝚥 ˆ + k ˆ )


  𝜇


  ( 𝜇 + 3 ) 𝚤 ˆ + ( − 2 𝜇 + 5 ) 𝚥 ˆ + ( 𝜇 + 7 ) k ˆ


  𝜇


   PQ → =  OQ → −  OP → ˆ


   PQ → = ( μ + 3 − 7 λ + 1 ) ı ˆ + ( − 2 μ + 5 + 6 λ + 1 ) ȷ ˆ + ( μ + 7 − λ + 1 ) k


   PQ → = ( μ + 3 − 7 λ + 1 ) ı ˆ + ( − 2 μ + 5 + 6 λ + 1 ) ȷ ˆ + ( μ + 7 − λ + 1 ) k


  ( PQ )   ⃗ = ( 𝜇 − 7 𝜆 + 4 ) 𝚤 ˆ + ( − 2 𝜇 + 6 𝜆 + 6 ) 𝚥 ˆ + ( 𝜇 − 𝜆 + 8 ) k ˆ


  O


    P Q →


  7 ı ˆ − 6 𝚥 ˆ + k ˆ


  𝚤 ˆ − 2 𝚥 ˆ + k ˆ


  ⇒ ( 𝜇 − 7 𝜆 + 4 ) ⋅ 7 + ( − 2 𝜇 + 6 𝜆 + 6 ) ⋅ ( − 6 ) + ( 𝜇 − 𝜆 + 8 ) ⋅ 1 = 0


  & ( 𝜇 − 7 𝜆 + 4 ) ⋅ 1 + ( − 2 𝜇 + 6 𝜆 + 6 ) ⋅ ( − 2 ) + ( 𝜇 − 𝜆 + 8 ) ⋅ 1 = 0        


  & ( 𝜇 − 7 𝜆 + 4 ) ⋅ 1 + ( − 2 𝜇 + 6 𝜆 + 6 ) ⋅ ( − 2 ) + ( 𝜇 − 𝜆 + 8 ) ⋅ 1 = 0        


  ⇒ 20 𝜇 − 86 𝜆 = 0 = > 10 𝜇 − 43 𝜆 = 0 & 6 𝜇 − 20 𝜆 = 0 ⇒ 3 𝜇 − 10 𝜆 = 0  


  ⇒ 20 𝜇 − 86 𝜆 = 0 = > 10 𝜇 − 43 𝜆 = 0 & 6 𝜇 − 20 𝜆 = 0 ⇒ 3 𝜇 − 10 𝜆 = 0  


  𝜇 = 𝜆 = 0


  P


  Q


  − 𝚤 ˆ − 𝚥 ˆ − k ˆ


  3 𝚤 ˆ + 5 𝚥 ˆ + 7 k ˆ


  ( PQ )   ⃗ = 4 𝚤 ˆ + 6 𝚥 ˆ + 8 k ˆ   a n d           | ( P Q )   ⃗ | = √ (  4 2 +  6 2 +  8 2   ) = √ 116 = 2 √ 29     u n i t s .    


    𝐱   +   𝟏  𝟕 =   𝐲   +   𝟏  − 𝟔 =   𝐳   +   𝟏      𝟏


    𝐱   −   𝟑  𝟏 =   𝐲   −   𝟓  − 𝟐 =   𝐳   −   𝟕      𝟏


    x   +   1 7 =   y   +   1  − 6 =   z   +   1     1


    x   −   3 1 =   y   −   5  − 2 =   z   −   7     1


     |  (    a 2 →   −      a 1 → )   .      (    b 1 →   X      b 2 → ) |   |    b 1 →   X      b 2 → |


     a 1 → = −  i ^ −  J ^ −  k ^                    a 2 →   = 3  i ^ + 5  J ^ + 7  k ^                          a 2 → −      a 1 → = 4  i ^ + 6  J ^ + 8  k ^  


     b 1 →     = 7  i ^ − 6  J ^ +  k ^                    b 2 → =    i ^ − 2  J ^ +  k ^      


     b 1 →   X        b 2 → =  |     i ^   J ^   k ^   7  − 6  1   1  − 2  1 | =  i ^  ( − 6 + 2 ) −  J ^  ( 7 − 1 ) +  k ^    ( − 14 + 6 ) = − 4  i ^ − 6  J ^ − 8  k ^  


   |    b 1 →   X        b 2 → | =  16 + 36 + 64 =  116


     |  (    a 2 →   −      a 1 → )   .      (    b 1 →   X      b 2 → ) |   |    b 1 →   X      b 2 → | =  |    ( 4  i ^   +   6  J ^   +   8  k ^ ) .  ( − 4  i ^   −   6   J   ^ −   8  k ^ )     116 |


   |    ( 4 )  ( − 4 ) +  ( 6 )  ( − 6 ) + ( 8 ) ( − 8 )   116 | =  |   − 16 − 36 − 64   116 | =  116   116 =  116 = 2  29


    𝐫   → =    ( 𝟏 − 𝐭 )   𝐢 ^ −    ( 𝟐 − 𝐭 )   𝐉 ^ +  ( 𝟑 − 𝟐 𝐭 )   𝐤 ^  


    𝐫   → =    ( 𝐬 + 𝟏 )   𝐢 ^ +    ( 𝟐 𝐬 − 𝟏 )   𝐉 ^ −  ( 𝟐 𝐬 + 𝟏 )   𝐤 ^


     |  (    a 2 →   −      a 1 → )   .      (    b 1 →   X      b 2 → ) |   |    b 1 →   X      b 2 → |


     a 1 → =  i ^ − 2  J ^ + 3  k ^                    a 2 →   =  i ^ −  J ^ −  k ^                          a 2 → −      a 1 → = 0  i ^ +  J ^ − 4  k ^  


     b 1 →     = −  i ^ +  J ^ − 2  k ^                    b 2 → =    i ^ + 2  J ^ − 2  k ^      


     b 1 →   X        b 2 → =  |     i ^   J ^   k ^   − 1  1  − 2   1  2  − 2 | =  i ^  ( − 2 + 4 ) −  J ^  ( 2 + 2 ) +  k ^    ( − 2 − 1 ) = 2  i ^ − 4  J ^ − 3  k ^  


   |    b 1 →   X        b 2 → | =  4 + 16 + 9 =  29


     |  (    a 2 →   −      a 1 → )   .      (    b 1 →   X      b 2 → ) |   |    b 1 →   X      b 2 → | =  |    ( 0  i ^ +  J ^ − 4  k ^ )   .  ( 2  i ^ − 4  J ^ −   3  k ^ )   29 |


   |    ( 0 )  ( 2 ) +  ( 1 )  ( − 4 ) + ( − 4 ) ( − 3 )   29 | =  |   − 4   +   12   29 | =  8   29 =   8  29 29


    𝐱   +   𝟓  𝟏 =   𝐲   +   𝟑  𝟒 =   𝐳   −   𝟔      − 𝟗


  𝑩  ( 𝜶 , 𝜷 , 𝜸 )


    x   +   5 1 =   y   +   3 4 =   z   −   6      − 9


    x   +   5 1 =   y   +   3 4 =   z   −   6      − 9 = k


    x   +   5 1 =   y   +   3 4 =   z   −   6      − 9


  B  ( α , β , γ )


   (   α + 2 2 ,     β + 4 2 ,     γ − 1 2 ) = ( − 4 ,   1 ,   − 3 )


    α   +   2 2 = − 4


  α + 2 =   − 8


  α =   − 10


    β   +   4 2 = 1


  β + 4 = 2


  β = − 2


      γ   −   1 2 = − 3


  γ − 1 =   − 6


        γ =   − 5


  ( − 10 ,   − 2 ,   − 5 )


   (   3 k + 1  k + 1 ,   4 k + 2  k + 1 ,   5 k + 4  k + 1 ) .


    3 k + 1  k + 1 − 2 ,     4 k + 2  k + 1 − 1 ,     5 k + 4  k + 1 − 3


    k − 1  k + 1 ,   3 k + 1  k + 1 ,   2 k + 1  k + 1


  P Q ⊥ A B ,  


  𝟐  (   k − 1  k + 1 ) + 2  (   3 k + 1  k + 1 ) + 1  (   2 k + 1  k + 1 ) = 0


  k =   − 1 10


   (  7 9 ,  16 9 ,  35 9 )


      (  7 9 − 2 ) 2 +    (  16 9 − 1 ) 2 +    (  35 9 − 3 ) 2


    121 81 +  49 81 +  64 81 =    234 9 u n i t s


    x − 1 2


    y − 2 2


    z − 4 1


    𝒓 → = 𝟔   𝒊 ^ + 𝟐   𝒋 ^ + 𝟐   𝒌 ^ + 𝝁 (   𝒊 ^ − 𝟐   𝒋 ^ + 𝟐   𝒌 ^ )


    𝒓 → = − 𝟒   𝒊 ^ −   𝒌 ^ + 𝜷 (   𝟑 𝒊 ^ − 𝟐   𝒋 ^ − 𝟐   𝒌 ^ )


  ∴ P Q   i s   ⊥ t o   b o t h   l i n e   1   a n d   l i n e   2


   ( 𝜆 + 6 ,   − 2 𝜆 + 2 ,   𝜆 + 2 )


   ( 3 𝜇 − 4 ,   − 2 𝜇 , − 2 𝜇 − 1 )


    𝜇 − 𝜆 − 10 ,   − 2 𝜇 + 2 𝜆 − 2 ,   − 2 𝜇 − 2 𝜆 − 3 >


  ⟹ − 3 𝜆 + 𝜇 = 4       a n d       l i n e − 2   i s   p e r p e n d i c u l a r   t o   P Q   t h e n − 3 𝜆 + 17 𝜇 = 20


  𝜇 = 1   a n d   𝜆 = − 1


      ( 5 + 1 ) 2 +    ( 4 + 2 ) 2 +    ( 0 + 3 ) 2 =  36 + 36 + 9 =  81 = 9   u n i t s


    r →


  (   i → + 2   j → + 2   k →


  + 𝜇 ( −   i → − 3   j → + 0   k → )


    l 1 :     x + 9 7 =   y − 15  − 5 =   z − 7  − 1 = 𝜆


    l 2 :   x − 33  − 14 =   y − 5 0 =   z 1 3 = 𝜇


   ( 7 𝜆 − 9 , − 5 𝜆 + 15 ,   − 𝜆 + 7 )


   ( − 14 𝜇 + 33 ,   5 , 3 𝜇 − 1 )


  𝜆


  7 𝜆 − 9 = − 14 𝜇 + 33 ,


  − 5 𝜆 + 15 = 5 ,


  − 𝜆 + 7 = 3 𝜇 − 1


  𝜇 = 2


  𝜆 = 2


    O A → = − 9   i ^ + 15   j ^ + 7   k ^   a n d     O B → = 33   i ^ + 5   j ^ −   k ^


    A B → = 42   i ^ − 10   j ^ − 8   k ^


    | A B →


   1764 + 100 + 64 =  1928 ≅ 44   u n i t s = 44 X 500   m t r s = 22000   m t r s


  P =  ( 1 − 𝜇 , 2 − 3 𝜇 , 2 ) )


      ( 1 − 𝜇 ) 2 +    ( 2 − 3 𝜇 ) 2 +    ( 2 ) 2 =  1 +   𝜇 2 − 2 𝜇 + 4 + 9   𝜇 2 − 12 𝜇 + 4


   10   𝜇 2 − 14 𝜇 + 9


  10   𝜇 2 − 14 𝜇 + 9


  𝜇 =   − ( − 14 )  2 ( 10 ) =  7 10


  𝜇   i n   P   t h e n   P = (  3 10 ,   − 1 10 , 2 )


  𝒛 = 𝒂 𝒙 + 𝒃 𝒚 + 𝒄


  𝒂 ,   𝒃


  c


   ( a ) 5 x + 4 y ≥ 20 , x ≤ 6 , y ≥ 3 , x ≥ 0 , y ≥ 0


      ( b ) 5 x + 4 y ≤ 20 , x ≤ 6 , y ≥ 3 , x ≥ 0 , y ≥ 0


  ( d ) 5 x + 4 y ≥ 20 , x ≥ 6 , y ≤ 3 , x ≥ 0 , y ≥ 0


  2 . ASSERTION (   A   ) :   If   the   open   half   plane   represented   ax     +   by   > M   has   no   point   common


  


        REASON   (   R   ) :   A   solution   that   also   satisfies   the   non − negativity   restriction  


  z = 3 x + 4 y


  x + 3 y ≤ 12 ,     3 x + y ≤ 12 ,   x ≥ 0 , y ≥ 0


  Constraints   are   x + y ≥ 3 , x + y ≤ 10 & x , y ≥ 0


  a x + b y < − 30


  a x + b y  


  a x + b y < − 30


  Z = 600 x + 400 y


  x + 2 y ≤ 12


  2 x + y ≤ 12


  x + 1 . 25 y ≥ 5


  x , y ≥ 0


  2 .     Minimize       Z = 3 x + 5 y


  − 2 x + y ≤ 4 ,     x + y ≥ 3 , x − 2 y ≤ 2 & x , y ≥ 0


  3 .     MinimizeZ = − 50 x + 20 y   Sub   to :     2 x − y ≥ − 5 , 3 x + y ≥ 3 , 2 x − 3 y ≤ 12 & x , y ≥ 0


  4 .     Maximize   &   MinimizeZ = 5 x + 2 y


  Sub   to :


  − 2 x − 3 y ≥ − 6 , x − 2 y ≤ 2 , 6 x + 4 y ≤ 24 , − 3 x + 2 y ≤ 3 & x , y ≥ 0


  P  (   E 1 / A ) =   P  (   E 1 ) P  ( A /   E 1 )  P  (   E 1 ) P  ( A /   E 1 ) + P  (   E 2 ) P  ( A /   E 2 ) + P  (   E 3 ) P  ( A /   E 3 )  


  P  (     A ′    B ′ ) i s  


     2 3


   1 2


   2 4


   1 2


      F      E   ) =  1 3  


  E


  F


  P ( E ∣ F ) =  1 4


  P ( F ∣ E ) =  1 3


  P  (   E  F   ) =  1 4


  P  (   F  E   ) =


    P ( E ∩ F )  p ( E )


   1 13


  P ( A ∩ B ) = P ( A ) . P ( B )


  Assertion   ( A ) :   If   P ( A ) = 0 . 3   and   P ( A ∪   B ̄ ) = 0 . 8   then   P ( B )   is   2 / 7


     56 165   85 99


        168 425


  P  ( E ) = 0 . 7 ,   P  [  ( E ∩   F ′ ) U  (   E ′ ∩ F ) ] = 0 . 6


  P ( A − W i n s ) = p + q q p + q q q q p + … …


    P (   A ̄ ∩ B ) =  2 15 a n d P ( A ∩   B ̄ ) =  1 6 , ​ ​ ​ f i n d P ( A ) & P ( B ) .


  ( a ) Reqd   Prob = P ( A ∪ ( B ∩ C ) ) = P ( A ) + P ( B ∩ C ) − P ( A ∩ B ∩ C ) = P ( A ) + P ( B ) P ( C ) − P ( A ) P ( B ) P ( C ) = 5 / 8


  P ( B / C ) =   P ( B ) . P ( C / B )  P ( A ) . P ( C / A ) + P ( B ) . P ( C / B )       =    5 8 .  4 8   3 8 .  3 8 +  5 8 .  4 8 =  20 29

